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1. fejezet

Bevezetés

A kvantummechanika legfeltűnőbb jellegzetessége a mozgás hullámszerű jel-
legéből eredő interferencia. Ezt elektronoktól az óriási molekulákig számtalan
fajta tárgy repülésén megfigyelték, akár méteres távolságokon is: a méret nö-
velésével semmi jele annak, hogy a kvantummechanika érvényességének vége
szakadhatna. A makroszkópikus tárgyak - almák, macskák, autók - viszont
soha nem interferálnak. Ezek nem csak méretükben, hanem tömegükben
is eltérnek az óriási molekuláktól. Kézenfekvő arra gondolni, hogy talán a
tömeg az a paraméter, amelynek skáláján feltérképezhető az eddig még meg-
lehetősen ködös határ a kvantumos és klasszikus viselkedés között. Kı́sérleti
adatok h́ıján egyelőre többféle úton folyik az elméleti kutatás a két határeset
közötti átmenet modellezésére; az átmenet nélküli merev kettősségre épü-
lő ”koppenhágai interpretáció” végső helyességét a nanovilág puszta léte is
cáfolni látszik.

A legkönnyebb mozgó nanomechanikai eszközök - rugalmas rezgő nyel-
vek, membránok, szén nanocsövek, vagy fénnyel lebegtetett dielektromos
golyócskák - legalább négy-öt nagyságrenddel nehezebbek, mint az inter-
ferenciakészséget mutató legnagyobb molekulák. Ezek kvantummechanikai,
esetleg valamilyen módośıtott kvantummechanika szerinti viselkedésének ḱı-
sérleti igazolására vagy cáfolatára óriási versenyfutás folyik a világ számos
laboratóriumának részvételével. A kutatásnak két követelményt kell kieléǵı-
tenie:

• Mivel a kvantumos interferenciát gyorsan elmossa a környezetből eredő
termikus zaj (”dekoherencia”), amely a mechanikai csillaṕıtásnál sokkal
erősebben zavaró hatás, a vizsgált tárgyak előkésźıtésének lényeges ré-
sze a környezettől való maximális elszigetelés és a tárgy lehűtése a kvan-
tummechanika szerinti alapállapot közelébe. Ez νm frekvenciájú mecha-
nikai oszcillátor esetében egy rezgési kvantum (fonon) energiájánál nem
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nagyobb termikus átlagenergiát, vagyis a kBT ≤ ~ωm feltételnek meg-
felelő hőmérséklet elérését jelenti (kB a Boltzmann-állandó, ~ = h/2π,
h a Planck-állandó, ωm = 2πνm), ami 1 GHz-es oszcillátornál nagyjá-
ból 50 mK hőmérsékletnek felel meg. Láthatóan kisebb frekvenciájú
oszcillátor esetén alacsonyabb hőmérsékletet kell elérni. Nagyobb frek-
venciájú (”kemény”) oszcillátort könnyebb lehűteni, de minden további
művelet végrehajtása nehezebb. Hűtés tekintetében a kutatás már je-
lentős sikereket ért el.

• A kvantumos viselkedés megfigyelésére a nanomechanikai tárgyat mar-
káns interferenciát mutató kvantumállapotba kell hozni (”kvantumállapot-
preparálás”), majd az interferencia kialakulása után ezt ellenőrizni kell
(”kvantumálapot-rekonstrukció”, ”tomográfia”). Mindehhez a tárgyat
eléggé erősen össze kell csatolni egy ismert kvantumos tulajdonságo-
kat mutató rendszerrel: legtöbbször fénnyel (”optomechanika”), vagy
valamilyen kétállapotú kvantumrendszerrel (”qubittel”): legtöbbször
szupravezető Josephson-qubitet tartalmazó áramkörrel (”elektromecha-
nika”); igéretesnek látszik a gyémánt vagy hasonló kristályok ponthi-
báihoz tartozó spinállapotok felhasználása is. Ez a terület az intenźıv
kutatás ellenére egyelőre kevésbé mondható sikeresnek, erre koncentrá-
lódik jelenleg a legtöbb ḱısérleti és elméleti erőfesźıtés.

Ezeket a témákat tekintjük át az alábbiakban. Itt emĺıtjük meg, hogy
a röptükben megfigyelhető nagy molekulák és a szilárdan befogott rugalmas
rezgő lemezek közötti öt nagyságrendnyi tömeg-résben található még egy ér-
dekes rendszer: a csapdázott hideg gázokban kialaḱıtható, nagyméretű kon-
denzátumok; ezek kollekt́ıv mozgásának vizsgálata lényeges eredményekkel
járulhat hozzá a kvantum-klasszikus határ feldeŕıtéséhez.



2. fejezet

Hűtés a nanomechanikában

2.1. Hı́ǵıtásos hűtés

A 3He izotópban gazdag folyékony hélium h́ıǵıtása 4He folyadékkal erős hűtést
eredményez (adiabatikus körülmények között a keverési entrópia növekedését
a lehűléssel járó entrópiacsökkenés kompenzálja). Ez 0.1K körül rutinszerűen
használható, de különleges körülmények között mK alá is lehet vele hűteni.
A különleges körülményeket az adott
esetben a mechanikailag erősen rögźıtett, kis térfogatú, közel śık geomet-
riájú, chip-szerűen integrált technikákkal (párologtatás-maratás) előálĺıtott
ḱısérleti elrendezések jelentik. Nevezetes példák: O’Connell et al. [2] 0.25
mK-es hőmérsékleti rekordot ért el h́ıǵıtásos hűtéssel; Teufel et al. [3] 15
mK-es előhűtésre használta a hélium-h́ıǵıtást, majd a végső 0.1 mK-es célt
mikrohullámú ”oldalsáv-hűtéssel” érte el (lásd alább).

2.2. Optikai hűtés

Nagyon kis elmozdulásoknál a hűtés a hőmozgás fékezését jelenti. Erre a
célra a fénynyomást is fel lehet használni, ha a mozgás sebességével arányos
és ellenkező irányú. Ez valósul meg egy Fabry-Perot rezonátorban, amely-
nek egyik tükrét egy nanomechanikai oszcillátorhoz kapcsoljuk (1. ábra).
Ha a rezgő tükör közelebb kerül az állóhoz, a fotonok sűrűbben pattognak a
két tükör között: a fénynyomás a tükör elmozdulásával arányos mértékben
nő, vagyis a rezonátorba zárt fény rugóként működik, amelynek visszatéŕıtő
ereje hozzáadódik a mechanikai rugóéhoz. Ez az erő azonban késleltetéssel
valósul meg, mert a tükör elmozdulásakor a rezonátorbeli tér szerkezetének,
a visszapattanások és kiszökések finom egyensúlyának újrarendezéséhez sok
pattogásnyi idő kell. A késleltetett ”fényrugó-erőt” pedig a mechanikai osz-
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cillátor sebességétől függően átlagolja erre a felépülési időre, ami számára se-
bességfüggő erőként jelenik meg, vagyis súrlódásként, ami hűti a rezgő tükör
termikus mozgását. Ezt a mechanizmust először Metzger és Karrai [8] ı́rta le,
akik a rezonátorból kicsatolt fény zajspektrumának mérésével demonstrálták
a rezgő tükör lehűtését 300 K-ről 18 K hőmérsékletre.

Ez az egyszerű kép csak kis mechanikai frekvenciáknál ı́rja le helyesen
a csillaṕıtást. Ha a frekvencia összemérhető a rezonátorbeli tér felépülési
idejének reciprokával, akkor a felépülési folyamat közben is több periódust
rezeghet a mechanikai oszcillátor. Ilyenkor a súrlódási erő érdekes rezonan-
ciákat mutat, amelyek sokszorosára növelhetik a hűtés hatékonyságát. Ez
az oldalsáv-hűtésnek nevezett jelenség [4] nem csak a lézeres optikai tarto-
mányban működik, hanem a szupravezető áramkörökre épülő mikrohullámú
összeálĺıtásokban is [3].

A mechanizmus lényegét legegyszerűbben a fotonok és fononok nyelvén
lehet elmondani: ha az elektromágneses rezonátort pumpáló lézert a rezo-
nátor νrez frekvenciája alá hangoljuk éppen a νm mechanikai frekvenciával,
vagyis νrez− νm frekvenciára, akkor a rendszer úgy tud egy fotonnyi energiát
felvenni a lézertől, ha közben egy fononnyit elvesz a rezgő tükörtől, vagyis
fékezi annak mozgását. Egyszerre több fononnyit is el lehet venni a mechani-
kai oszcillátortól; a megfelelően csökkentett frekvenciák alkotják az alaprezo-
nancia oldalsávjait. Talán kicsit bonyolultabban, de klasszikus nyelven is el
lehet mondani a mechanizmust, vagyis működése semmiben sem bizonýıtja
a mechanikai oszcillátor kvantáltságát, de működni minden esetre kiválóan
működik, amint a már emĺıtett Teufel et al. cikkben [3] léırt 0.1 mK-es hűtés
példája mutatja.

Az eddigieknek egy érdekes interpretációja úgy szól, hogy a tükörről
visszaverődő fény megméri a tükör helyzetét, és ennek a kvantummérésnek
visszahatása a konjugált változóra: a tükör impulzusára (lendületére) éppen
az a fénynyomás, amely a hűtést létrehozza [5]. A ”kvantummérés visszaha-
tása” sémát, amely a Heisenberg-féle határozatlansági relációnak megfelelő-
en bármely konjugált változópárra vonatkoztatható, közvetlenül is próbálják
nanomechanikai hűtésre alkalmazni; ezek a próbálkozások jelentős előreha-
ladást hoztak a kis elmozdulások pontos mérési stratégiáiban [6], de hűtést
eddig csak korlátozott körülmények között, hasznośıtásra kevéssé alkalmas
formában eredményeztek [7].

Az optikai hűtésnek egy anekdotikusan különleges, de igen hatékony vál-
tozata a Maxwell-démonra emlékeztető módon, a termikus mozgás akt́ıv sza-
bályozásával oldja meg a rezgő tükör hűtését (Kleckner és Bouwmeester [14]).
A módszer a tükör pillanatnyi sebességét méri egy helymérést és idő szerinti
numerikus deriválást használó nano-trafipaxszal. Amikor azt találja, hogy a
tükör a lesbenálló fékezőlézer felé mozog, akkor az szembelövi egy fényim-
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pulzussal. Ezzel a maga idején rekordnak számı́tó 135 mK-es hőmérsékletet
lehetett elérni.

2.3. Termikus szigetelés a környezettől

Az optikailag hűtött mechanikai oszcillátor kétféle módon csatlakozik a nála
jóval melegebb környezethez: a mechanikai befogáson és a pumpáló-letapogató
lézeren keresztül; ezekkel a hatásokkal szemben dolgozik az optikai hűtés. A
mechanikai befogáson át történő hőbeáramlás megértésében lényeges felisme-
rés volt [9], hogy az alacsony hőmérsékleten a hőáramban domináló hosszú-
hullámú akusztikus fononok a hullámhossznál szűkebb tűszerű alátámasztá-
son csak a kvantummechanikai alagutazásra (klasszikus szóhasználattal: a
hullámvezetők küszöbfrekvenciája alatti evaneszcens hullámmozgásra) emlé-
keztető lassú folyamattal jutnak át. Ez motiválta az újabb konstrukciókban
a minél hegyesebb tűszerű alátámasztás [4] elterjedését.

A lézerek termikus zajforrásként kevéssé zavaróak, mert frekvenciájuk
magasan fölötte helyezkedik el a környezeti hősugárzásnak, de fázis-zajuk
lényeges forrása lehet a mechanikai oszcillátor dekoherenciájának [10].



3. fejezet

Csatolás különböző
kvantumrendszerekhez

Amint már az eddigiekből kiderült, egy nanomechanikai oszcillátor lehetséges
kvantummechanikai viselkedésének vizsgálatához szükséges azt egy könnyebb,
jól erőśıthető jelet adó, már ismert kvantummecanikai tulajdonságokkal ren-
delkező rendszerhez csatolni. A csatolás fő célja a nanooszcillátor mozgásá-
nak letapogatása és benne esetleges kvantummechanikára jellemző tulajdon-
ságok azonośıtása. Hasznos mellékhatásként a mérést biztośıtó kölcsönhatás
a nanooszcillátor hűtéséhez is hozzá tud járulni.

3.1. Optomechanika

3.1.1. A foton-tükör csatolás

Egy nanomechanikai oszcillátort - általában egy vagy két ponton befogott rez-
gő rugalmas lemezt - a fénynyomás által csatolhatunk a fény kvantumaihoz,
a fotonokhoz. Ha a lemez felületére tükröt erőśıtünk, az erről visszapattanó
foton impulzust ad át az oszcillátornak; az időegység alatt átadott impul-
zus a fény által kifejtett erő, ennek visszahatását a fényről tudjuk leolvasni
interferometriai eszközökkel. A csatolás erőssége lényeges: a ḱıvánt kvan-
tummechanikai állapotváltozásoknak a dekoherencia idejénél hamarabb kell
bekövetkezniük. Hogy ennek esélyét megnöveljük, a fotonokat általában egy
Fabry-Perot rezonátorba zárjuk, amelynek egyik tükrét hordozza a mechani-
kai oszcillátor, a másik tükör szolgálhat a lézerforrás becsatolására. Ennek
sematikus képét mutatja a 3.1. ábra; konkrét megvalóśıtása (pl. száloptikai
környezetben) lényegesen más geometriájú is lehet.

A csatolás erősségét a következőképpen számı́thatjuk ki: egy λ hullám-
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3.1. ábra. Fabry-Perot rezonátor rezgő tükörrel és lézerforrással. A rögźıtett
tükör véges áteresztőképessége teszi lehetővé a pumpáló lézerfény bejutását,
ami rezonanciánál felerősödik.

hosszú foton impulzusa ~k (k = 2π/λ), egy visszapattanáskor a foton ennek
kétszeresét, 2~k impulzust ad át a tükörnek és ezen keresztül a nanomecha-
nikai oszcillátornak. Egy L hosszúságú Fabry-Perot rezonátorban c fényse-
bességgel oda-vissza pattogó foton másodpercenként c/2L-szer pattan vissza
a rezonátor egyik végét lezáró rezgő tükörről, ami

F =
c

2L
2~k =

~ω
L

(3.1)

erőnek felel meg (az utolsó lépésben felhasználtuk, hogy ω = 2π(c/λ) = ck).
Ez az erő az oszcillátor x elmozdulása esetén

Ĥ = F x̂ (3.2)

munkát végez; ez az optomechanikai csatolás Hamilton-operátora (Law 1994).
Az eredményt úgy is interpretálhatjuk, hogy ennyivel változtatja meg a

tükör x elmozdulása a foton energiáját, a rezonáló hullámhossz eltolásán ke-
resztül (”paraméteres csatolás”). A levezetés elhanyagolja a mozgó tükör által
történő fotonkeltés vagy fotoneltüntetés lehetőségét, ami azért jogos, mert a
tükör a fénysebességnél sokkal lassabban mozog (”adiabatikus közeĺıtés”).
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3.1.2. A kvantumosság vizsgálata fotonokkal

A mechanikai rezgés kvantumos vagy klasszikus jellegének feltárását min-
denekelőtt az neheźıti, hogy nagyon kis elmozdulásokat kell vizsgálni. A
harmonikus oszcillátor jól ismert eseténél maradva, az alapállapoti hullám-
függvény (lásd bármelyik kvantummechanika könyvnek a harmonikus osz-
cillátorról szóló fejezetét)

√
~/(2Mωm) kiterjedésének nagyságrendjébe eső

méretű hullámcsomagokat kell interferáltatni, ı́gy ezek egymástól is csak
ennyivel távolodhatnak el. A képletben M az oszcillátor effekt́ıv tömege,
egy rugalmas rezgő lemez esetén ennek pontos kiszámolása nem egyszerű fel-
adat, de nem nagyon tér el a szabadon rezgő szakasz valóságos tömegétől [1].
Kvantumjelenségek keresésekor a cél nyilván minél kisebb tömegű oszcillá-
tor késźıtése; a jelenleg elérhető tömegek 10−18 - 10−20 kg (a legkönnyebbek
a szén nanocső oszcillátorok, amelyek ḱısérleti kezelése még különösen ke-
mény diónak számı́t; egyelőre inkább a lehetőségek elméleti feltérképezése
folyik [11]). A legnagyobb frekvenciák a MHz és GHz közötti nagyságrendbe
esnek. Ekkor a hullámcsomagok kiterjedésének

√
~/(2Mωm) nagyságrendje

nanométer és femtométer közé esik, ekkorák azok az interferencia-mintázatok,
amelyeket tükör-foton csatolás útján a kilépő fényen, vagy kapacit́ıv csatolás
útján (lásd a következő alpontban) valamilyen nanoelektronikai eszközökön
megjelenő lenyomatukból akarunk felismerni.

Az első olyan javaslatot, amely ezzel a kih́ıvással szembenézett, Marshall
et al. cikke ([12]) tartalmazza. Elrendezésük (3.2. ábra) egy Michelson-
interferométer, amelynek egyik ágán a tükör egy mechanikai oszcillátorhoz
csatolja a fényt. Mindkét ágon egy-egy Fabry-Perot rezonátor erőśıti a csa-
tolást.

Az összeálĺıtás elképzelt működésének minimális elmélete a következő. Az
interferométer A és B ágának egy-egy fotonmódus felel meg, a fény beérke-
zése előtt egyikben sincs foton, ugyanakkor tegyük fel, hogy a rezgő tükör (a
formulákban m, mint ”mirror” vagy mint ”mechanikai oszcillátor”) is kvan-
tummechanikai alapállapotában van: 0 fonon van benne.

Ha egy foton a forrás felől beérkezik a D ágon, azt a BS Michelson-
nyalábosztó egyidőben az A és a B ágra küldi szét (ez az, amit egy macskával
nem lehet megtenni): az interferométer állapota a két lehetőség szuperpozi-
ciója, szokásos kvantummechanikai jelöléssel

(
i|A〉+ |B〉

)
/
√

2. Az i szorzó
komplex jelölésben azt fejezi ki, hogy az A ágra egy reflexióval eljutó foton
a továbbhaladó B ághoz képest π/2 fázistolást szenved; az amplitudókban
megjelenő 1/

√
2 szorzó intenzitásban fele-fele arányú szétosztást jelent. A

rezgő tükörrel ekkor még nem történt semmi: a foton+tükör összetett rend-
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3.2. ábra. A Marshall-Simon-Penrose-Bouwmeester projekt. A fotonok egyen-
ként lépnek be az I egyfoton-forrásból, és a folyamat végén a D1, D2 detek-
torok valamelyike jelzi a megérkezésüket. A PBS polarizáló nyalábosztó és a
λ/4 lemez célja az, hogy azok a fotonok, amelyek a folyamat végén ugyanott
lépnek ki, ahol az egyfoton-forrásból beléptek, ne a forrásba jussanak vissza,
hanem a detektorba.

szer állapota

|Ψ(0)〉 =
i|A〉+ |B〉√

2
|0m〉. (3.3)

Ettől kezdve azonban az oszcillátor sorsa összefonódik a kétfelé menő fo-
tonéval. Ha a foton B felé megy, az oszcillátor ott marad az alapállapotban;
ha a foton A felé megy, az oszcillátor a (3.1) optomechanikai erő hatására ki-
lendül valamilyen időfüggő |tm〉 állapotba. Az összefonódott foton-oszcillátor
rendszer állapota ı́gy alakul:

|Ψ(t)〉 =
i|A〉 |tm〉+ |B〉 |0m〉√

2
. (3.4)

Most következik a feladat lényege: hogyan lehet eldönteni, hogy a mecha-
nikai oszcillátor valóban a kvantummechanikát követve, akt́ıvan részt vesz
a fenti szuperpozicióban? Ehhez a kétféle állapotának, |0m〉-nek és |tm〉-nek
az interferenciáját kellene látnunk. Ez csak úgy lehetséges, ha a hozzájuk
fonódott, nem egy helyen levő, ezért (kvantummechanikai értelemben) egy-
másra ortogonális |A〉 ill. |B〉 fotonállapotot újra egy helyre hozzuk össze.
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Ez történik meg a Michelson-nyalábosztón való második áthaladáskor, amely
az akár A, akár B felől beérkező fotont a C és D ág között osztja szét. Ennek
megfelelően az összefonódott foton+tükör rendszer végső állapota

|Ψ(t)〉 =
1

2

[
i|C〉

(
|0m〉+ |tm〉

)
+ |D〉

(
|0m〉 − |tm〉

)]
.

(3.5)

Az eredményből láthatóan a C és a D ágra helyezett fotondetektorok
külön-külön is ”látják” a rezgő tükör kétféle állapotának egy-egy különböző
szuperpozicióját. Ebből azonban csak akkor lesz interferencia-jel, ha a kétféle
tükör-állapot (a fotontól meglökött |tm〉 és a békén hagyott |0m〉) hullámfügg-
vénye átfed egymással. Elég nagy lökés esetén ez a mechanikai oszcillátor
minden periódusában csak kétszer fordul elő: valahányszor a tükör áthalad
a saját nyugalmi helyzetén. Ezekben a rövid áthaladási időintervallumokban
reméljük megfigyelni a rezgő tükör interferenciájának lábnyomát a fotonok
Michelson-interferenciájában.

Itt lehet megfogalmazni a ḱısérlettel szemben támasztott fő követelményt:
a tükröt hordozó nanomechanikai oszcillátor kvantummechanikai koherenci-
áját meg kell őrizni legalább egyetlen visszatérés idejéig! Ez pedig egyelőre
nagyon nehéz feladat ([13]), de a mérést tervbevevő csoport intenźıven fej-
leszti mind a hűtést ([14]), mind a mérési elrendezést ([15]).

A klasszikus Michelson-interferométerrel nem merülnek ki a lehetőségek.
Emĺıtést érdemel az a konstrukció [4], amelyben a mechanikai oszcillátor egy
vékony, középpontjában tűszerűen alátámasztott kristálykorong, amely úgy
rezeg, mint egy dob membránja, a csatolódó elektromágneses hullám pedig a
dob megvastaǵıtott peremén fut körbe (felejtsük el a dobot egy pillanatra: a
körbefutó hullámmódus neve, a londoni Szent Pál székesegyház kupolájának
h́ıres, titkokat messze röṕıtő karzatára utalva, ”suttogó galéria”).

A fényhez való csatolást nagy mértékben felerőśıti az a néhány évvel
későbbi, korszerű nanotechnológiára épülő konstrukció [16], amely a nano-
mechanikai rezonátort lyukak befúrásával egyben a fényre rezonáló fotoni-
kus kristállyá alaḱıtja, a rezonátor befogását pedig a fényt át nem eresztő
(tilos sávot képező) fotonikus kristállyá. A śıkba integrált szerkezet alkal-
mas az erőteljes h́ıǵıtásos előhűtésre; a fényt elvékonyodó (”tapered”) opti-
kai szálon becsatolva, ezt igen hatékony oldalsáv-hűtés követheti. A rezgési
alapállapot közelébe való hűtés már eljutott a ḱısérleti igazolásig; a nano-
kvantummechanikai lehetőségek irányába tett lépések még a kezdetnél tarta-
nak.
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3.1.3. Csatolás szupravezető qubithez

A kvantumoptika sok évtizedes fejlettsége ellenére jelentős előnyöket ḱınál-
nak a szupravezető áramkörök, amelyek mK körüli hőmérsékletre hűtve, egy
rosszul vezető, de Cooper-párok alagutazását megengedő Josephson-átmenet
beiktatásával számos lehetőséget ḱınálnak jóldefiniált, elektronikusan kont-
rollálható és megfigyelhető, kétállapotú kvantumrendszer kialaḱıtására. Ez
erős kapacit́ıv csatolásba hozható egy hozzá integrált nanomechanikai osz-
cillátorral, ha a szupravezető áramkör egy kinyúló elektródját az oszcillátor
közvetlen közelébe helyezzük el. Az ı́gy létrejövő ”nanoelektromechanikai”
(NEM) rendszerek fő előnye az erős csatolás; ezzel áll szemben a fényhez ké-
pest zajosabb környezet hátránya, már csak a kisebb frekvencia miatt is: a
fény frekvenciája messze kiemelkedik a környezeti fluktuációk spektrumából,
a mikrohullámé nem. Ez a kettősség tartja fenn párhuzamosan fejlesztett
alternat́ıvaként az optomechanikát és a nanoelektromechanikát.

A szupravezető mikrohullámú forrás első megvalóśıtásának [2] kutatócso-
portja igen nagy frekvenciájú, GHz-es mechanikai oszcillátort használt, amit
h́ıǵıtásos hűtéssel az alapállapot közelébe lehetett vinni, ı́gy nem bajlódtak
további oldalsáv-t́ıpusú hűtéssel, hanem mindjárt nekiláttak vizsgálni a me-
chanikai rezgés kvantumosságát. A kapacit́ıv csatolást azáltal erőśıtették fel,
hogy a mechanikai oszcillátort piezoelektromos kristályból késźıtették. Ennek
hátránya, hogy a felhasznált piezoelektromos kristály hibahelyei jelentékeny
zajforrást jelentenek, ami részben elvitte az erős csatolás hozta előnyt. Végül
is, bár a vizsgálatnak szokatlanul nagy sajtóvisszhangja lett, a kvantumos-
ságot nem sikerült érdemben tesztelniük - amit láttak, az csak a mechanikai
oszcillátor és a szupravezető kétállapotú kvantumrendszer közötti rezonancia.

A két kvantumállapot közötti átmenetnek mikrohullámú frekvencia felel
meg; a csatolás erősségét megfelelő, ugyancsak szupravezetőből készült mik-
rohullámú rezonátor beiktatásával is lehet fokozni. Ennek egy már emĺıtett
megvalóśıtása [3] a szupravezető kétállapotú áramkör hangolhatóságát fel-
használva igen hatékony, alapállapot-közeli oldalsáv-hűtést tett lehetővé. A
mechanikai rezgés kvantumosságának vizsgálata felé ugyanezen csoport egy
későbbi munkája [17] tett fontos előrelépést, egyelőre még világos konklúzió
nélkül.

3.1.4. Csatolás nitrogén-vakancia centrumhoz

A kétállapotú kvantumrendszer egzotikusabb megvalósulási formái közül em-
ĺıtsük meg a kvantum-információkezelés új sztárját, a gyémántban létrehoz-
ható, NV (nitrogén-vakancia) centrumnak nevezett ponthibát: két hiányzó
szomszédos szénatom helyére egy nitrogénatom ül be, ennek egy szabad elekt-
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ronja erőteljes és a környezettől igen jól védett elektronspin-rezonancia jelet
ad, ami a qubit egyik esélyes fizikai megvalóśıtása lehet. Egy érdekes ḱısér-
letben [18] ezt sikerült csatolni egy SiC szál mechanikai rezgéseihez; az NV-
centrumban lokalizált elektron spinjének mikrohullámú mágneses rezonancia-
átmenetéből fluoreszcens jelet kapnak, amit egy konfokális mikroszkópon ke-
resztül megfigyelve és analizálva, információ kapható a nanoszál mozgásáról.

3.2. Igazolni vagy cáfolni a kvantumosságot

A kvantumosság kimutatásának útján számos csapda leselkedik: a kutató
gyakran láthat olyan jelenségeket, amelyeket a kvantumosság nyelvén könnyű
elmondani, pedig valójában klasszikus mechanikai mozgásból erednek, és a
kvantumosságot nem bizonýıtják. Ilyen a már emĺıtett oldalsáv-hűtés is, de
az igazán fontos ősi példa a fotoelektromos effektus Lénárd Fülöp által talált
összefüggésének Einstein által való magyarázata. A Lénárd-féle összefüggés:
a kilépő elektron Ekin kinetikus energiája csak a beeső fény frekvenciájától
függ (intenzitásától nem), és a frekvenciának egy küszöbértéket el kell érnie,
azon túl a frekvenciával nő a kinetikus energia. Einstein ezt úgy magyarázta,
hogy a fényáram hν energiájú kvantumokból (fotonokból) áll, egy elektron ki-
szabad́ıtásakor egyetlen fénykvantum nyelődik el, amelynek energiájából egy
rész a kiszabadulásra ford́ıtódik (”kilépési munka”). Aki azonban valaha is ta-
nult a kvantummechanikában időtől függő perturbációszámı́tást, az könnyen
belátja, hogy a Lénárd-ḱısérlet nem a fény kvantumosságát bizonýıtja, csak
azt, hogy az elektron viselkedik kvantumosan, és a kiszabadulásához szük-
séges ∆E energiabefektetésnek megfelelő ∆E/h frekvenciára a bejövő fény
rezonál, akár mint klasszikus, akár mint kvantumos elektromágneses hul-
lám. Einstein tudatában volt ennek a kétértelműségnek, később utánament
a problémának, és a spontán és indukált emisszió fogalmának bevezetésé-
vel közelebb hozta a foton fogalmát, de a probléma teljes kvantumelméleti
tárgyalásához Dirac feladatmegoldó képességeire volt szükség.

Hasonló feladattal néznek most szembe a nanomechanikában kvantu-
mos effektusokat kereső kutatók. A feladat azonban most még nehezebb:
a kvantumosság azonośıtásához többlépéses méréssorozatok végrehajtására
van szükség, ez azonban időbe telik, és ez alatt az idő alatt meg kell őrizni a
nanomechanikai rendszer koherenciáját.

A Marshall et al. [12] projekt tanulságaiból okulva, olyan erős inter-
ferenciajelenséget kellene produkálni, amelynek nincs klasszikus mechanikai
megfelelője - ez negat́ıv követelmény, amelynek ellenőrzése minden konkrét
esetben megköveteli az alapos elméleti elemzést.

Az anaĺızisben kritikus lehet a környezeti zajok korrekt kezelése. A könnyen
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kezelhető matematikai modellek többnyire Markov-folyamatot feltételeznek,
ami a természetre (pl. fonon-alagutazási vagy magspin-billegési folyama-
tokra) nem mindig illik rá, ı́gy nem kicsi az esélye hibás következtetések
levonásának.

A legtöbb vizsgálat [19] a foton-fonon konverzió lehetőségéből indul ki:
ehhez vezet a 3.2 paraméteres csatolás, ha a lézert vagy a szupravezető mik-
rohullámú oszcillátort az elektromágneses rezonátor νrez−νm vörös-elhangolt
oldalsávjára hangoljuk: a lézerfény koordinátarendszeréből nézve (kvantum-
mechanikában ez egy unitér transzformációt jelent) itt cserélődik ki egy foton
rezonánsan egy fononra. Megjegyezzük, hogy ez történik oldalsáv-hűtéskor
is: a rezgő tükör lead egy fonont, ami később foton alakjában szökik ki az
elektromágneses rezonátorból, hogy visszaford́ıthatatlanná tegye a hűtésnek
ezt az elemi lépését.

A foton-fonon konverzió felhasználásával, megfelelően méretezett amplitu-
dójú és időtartamú lézer-impulzusok seǵıtségével tetszőleges fonon-kvantumállapotokat
lehetne létrehozni, ha nem lenne a környezeti dekoherencia. De van: emiatt
csak rövid impulzussorozatok jöhetnek szóba. A mérések végén a visszaka-
pott elektromágneses jelet tovább kell analizálni, fázisérzékeny, pl. homodyn
elrendezésben; az eredmények interpretációja nagy óvatosságot, a szóbajöhe-
tő kvantumos és klasszikus modellek elfogulatlan értékelését követeli meg.

A foton-fonon konverziótól lényegesen különböző szituációk valósulnak
meg, ha a lézert a νrez + νm kék-elhangolt oldalsávra hangoljuk; ekkor a
foton-fonon rendszerben ”préselt”(squeezed) állapotok lépnek fel, foton-fonon
összefonódással; ez utóbbit tipikus kvantumjelenségnek mondanánk, de a
klasszikus korrelációktól való megkülönböztetése egy zajos környezetben a
nehéz feladatok közé tartozik.

A kvantum-optomechanika birodalma tovább bővült az utóbbi években:
lézercsipesz-szerűen, a polarizáló fény vonzásával egy fény-állóhullám intenzitás-
maximumában lebegtetett dielektromos golyókkal, amelyeknek nincs me-
chanikai felfüggesztése, de ennek fejében erősebb lézerzajnak vannak kité-
ve [20, 21], valamint a jóval kisebb tömegük miatt a mikrovilághoz közeĺıtő
csapdázott hideg gázokkal [22, 23].

Bár a mechanikai mozgás kvantumossága a legtöbb várt alkalmazásnak
nem igazán előfeltétele, a kérdéskör kiemelkedő alapkutatási jelentőségét a
kutató közösség mélyen átéli, a verseny óriási erőbedobással folyik, naponta
jelennek meg új cikkek, amelyek valamilyen előrelépésről számolnak be. Aki a
részletekkel meg akar ismerkedni, annak még mindig érdemes lehet elolvasni
Schwab és Roukes klasszikus összefoglalóját [24], amelynek jelentékeny szere-
pe volt az ezirányú kutatások fellendülésében. A legújabb fejleményekről az
Olvasó egy ugyanott, hét évvel később megjelent félig népszerű összefoglaló-
ban [25], valamint a szakmaibb közönségnek szánt [19] cikkben talál további
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részleteket.



Bevezető

A szén a természet és életünk egyik legfontosabb kémiai eleme. Két módosu-
lata, a grafit és a gyémánt régóta ismert. Köztük csak a kristályszerkeztük a
különbség, mégis teljesen eltérő tulajdonságokkal rendelkeznek. A grafit hat-
szöges, mı́g a gyémánt az ún. gyémánt-szerkezetben kristályosodik [26]. A
grafit nagyon puha, átlátszatlan, elektromosan vezető és olcsó, mı́g a gyémánt
nagyon kemény, átlátszó, szigetelő és drága anyag. Jóval később, 1985-ben
fedezték fel a C60 molekulát, másnéven a fullerén molekulát , ami egy focilab-
dához hasonĺıt, hatvan szénatom egy gömb felsźınén ötös és hatos gyűrűket
alkot [27]. A felfedezésért 1996-ban F. Curl, H. W. Kroto és R. E. Smalley
megosztva kaptak kémiai Nobel-d́ıjat. A szén másik, nemrégen, 1991-ben
felfedezett módosulata a szén nanocső , amit először egyértelműen Ijima izo-
lált ḱısérletileg [28]. A szén nanocsövekről számos összefoglaló található az
irodalomban [29, 30].

A manchesteri egyetemen Geim kutatócsoportjának 2004-ben sikerült a
grafitból egyetlen atom vastagságú réteget, ún. grafént leválasztani [31]. Ez-
zel a munkával érdemelte ki 2010-ben a fizikai Nobel-d́ıjat Andre Geim és
Konstantin Novoselov. Rögtön ezután Kim csoportjának is sikerült grafént
előálĺıtani, és megerőśıtették Geim csoportjának az eredményeit [32]. A gra-
fénben a szénatomok méhsejtszerű alakzatban helyezkednek, ahogy ez a 3.3
ábrán látható. A grafénnek kitüntett szerepe van hiszen a fullerént, a szén
nanocsövet és a grafitot is elvben a grafénből lehet származtatni. A fullerén-
nél a grafén szerkezetbe 12 darab ötszöges gyűrűt kell beéṕıteni (ez poźıtiv
gürbületű hibát eredményez a grafénben), és ı́gy fizikai szempontból a fulle-
rén egy zérus dimenziójú objektum, diszkrét energiaszintjei vannak. A szén
nancsövek a grafénnek hengerré való feltekerésével, és a megfelelő szénato-
mok összekötésével kaphatók. A szén nancső ı́gy egy kvázi egydimenziós
objektumnak tekinthető. Végül a grafit megfelelően elrendezett grafén réte-
gek egymás főle helyezésével származtatható, ezért a grafit a grafénnek egy
háromdimenziós módosulata.

Mermin–Wagner-tétel szerint kétdimenzióban nem létezik hosszútávú rend,
kétdimenziós kristály termodinamikailag insatbil, ezért nem létezhet [33,

15
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3.3. ábra. A grafén kristályszerkezete az a1 és a2 elemi cella vektorokkal
jellemezhető. Minden elemi cellában két bázisatom (két szénatom) van (az
ábrán a kék körök az A t́ıpusú, a piros körök a B t́ıpusú szénatomokat jelöli).

34]. Fizikailag, a termikus fluktuációk olyan nagyságrendű elmozdulások-
hoz vezetnek, melyek összemérhetők a rácsállandóval. Így egészen mostanáig
úgy gondolták, hogy kétdimenziós szerkezet csak egykristályon növeszthető.
Ezért is nagy jelentőségű Geim csoportjának a felfedezése, az akár 100 µm
méretű grafénpikkelyek izolálása. Ilyen nagyságú minták már alkalmasak to-
vábbi kutatásokra, mint például transzport-tulajdonságok vizsgálatára. Az
egy-, kétrétegű grafén mintákat grafitból választották le. A grafitból me-
chanikai haśıtással különböző vasatgságú kristályszemcséket álĺıtottak elő, a
cellux ragasztófelületére ragadt pikkelyeket többszörösen újrahaśıtották, úgy,
hogy a ragasztószalag még tiszta részeit használták a soronkövetkező haśı-
táshoz. Majd végül az utolsó haśıtás eredményét meghatározott vastagságú
oxiddal boŕıtott Si egykristály felületére nyomták rá. A kritikus lépés, hogy
az egyrétegű grafén szabadszemmel (optikai mikroszkóppal) is láthatóvá
válik, ha a szemcséket olyan Si lapkára helyezzük, melynek felületén jól meg-
választott vastagságú, tipikusan 300 nm vastag, SiO2 található. Talán soha
se fedezték volna fel a grafént, ha nem ezzel a módszerrel keresték volna.
Megjegyezzük, hogy ha a SiO2 vastagsága akárcsak 5 % -kal eltér a gra-
fén már nem látható. A kérdést részletesebben a 6.4 fejezetben ismertetjük.
Az MTA Természettudományi Kutatóközpontban Biró László Péter vezette
csoportban Dobrik Gergely késźıtett [35] egy-, két- és háromrétegű grafén
mintákat, amelyek optikai mikroszkópos felvételei a 3.4 ábrán láthatóak. A
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SiO2 lapra helyezett mintán jól kivehető a rétegek számától függő kontraszt.
Így a látszólag egyszerűnek tűnő eljárás valójában komoly ḱısérleti felkészült-

3.4. ábra. Az egy-, két- és háromrétegű grafén minta optikai mikroszkópos
felvétele (késźıtette: Dobrik Gergely, MTA Természettudományi Kutatóköz-
pont).

séget igényel. A Mermin–Wagner-tétellel azért nincs ellentmondás, mert a
szénatomok közti kölcsönhatás még szobahőmérsékleten is olyan erős, hogy a
termikus fluktuációk nem elegendőek diszlokációk, más kristályhibák keltésé-
re vagy a grafénśık harmadik dimenzióban való kis torzulására. Ugyanakkor,
a minta méretének növelésével a grafén

”
behullámosodik”. A 6.4 fejezetben

megadunk néhány cikket, amelyekben ezeket a kérdéseket részletesebben ta-
nulmányozzák.

A grafén egyik fontos tulajdonsága, hogy benne a töltéshordozók moz-
gékonysága rendiḱıvül nagy, például 100 K hőmérsékleten elérheti a µ =
185000 cm2/Vs [36] értéket is, mı́g 5 K-en µ = 230000 cm2/Vs [37]. Ezek az
értékek a szokásos félvezetőknél jóval nagyobbak, például Si-ra µ = 1350 cm2/Vs [38].
Igaz, hogy InSb-ra µ = 77000 cm2/Vs, de ez az érték csak dópolatlan fél-
vezetőre igaz, mı́g grafénre a mozgékonyság dópolt esetben is megmarad
nagy értékűnek. Így a grafén elektromos transzportja ballisztikus marad
akár a szubmikronos méretskálán (0,3µm) is. A másik fontos ok, amiért
a grafén nagyon rövid időn belül a kutatás középpontjába került az a ben-
ne lévő töltéshordozók különleges jellege. Kondenzált anyagok fizikájában a
Schrödinger-egyenlet határozza meg az anyagok elektromos tulajdonságait.
A grafén kivétel: itt a töltéshordozók dinamikája a Schrödinger-egyenlet he-
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lyett a Dirac-egyenlettel ı́rható le. Habár az elektronok mozgása egyáltalán
nem relativisztikus, az elektronok kölcsönhatása a méhsejt-rácsban elren-
dezett szénatomok periodikus potenciáljával olyan kvázirészecske gerjesztést
eredményez, ami alacsony energián nagy pontossággal ı́rható le a 2+1 dimen-
ziós zérus tömegű Dirac-egyenlettel. Emiatt gyakran a neutrinókhoz hason-
ĺıtják a grafénben fellépő Dirac-fermionokat. Azonban egy fontos különbség,
hogy grafénben az effekt́ıv fénysebesség kb. 300-szor kisebb a vákuumban ter-
jedő fény sebességénél. A grafén felfedezése és elektromos tulajdonságának
mérése mostantól lehetőséget nyújt a kvantum-elektrodinamikában ismert
különleges jelenségek tesztelésére. Mágneses térben a Dirac-fermionok a

”
ha-

gyományos” elektronokhoz képest szokatlan módon viselkednek, és új fizikai
jelenségek figyelhetők meg, mint például az anomális Hall-effektus. A fen-
ti gondolatokat a következő, bevezető jellegű fejezetekben részletesebben is
kifejtjük.

Itt érdemes megemĺıteni a grafén további különleges fizikai tulajdonsá-
gait is. A grafén rendḱıvül könnyű, 1 m2-es minta súlya mindössze 0,77
mg. Ugyanakkor, mechanikai deformációk szempontjából az egyik legerősebb
anyag, 100-szor erősebb, mint a hipotetikus acél film, a szaḱıtószilárdsága 1
TPa [39]. A nagy szaḱıtószilárdság annak köszönhető, hogy a grafit rácsá-
ban a szén śıkokban az atomok közelebb vannak egymáshoz, mint a gyémánt
rácsában. A grafén a világ legvékonyabb és legerősebb anyaga. A 2010-es
Fizikai Nobel-d́ıj bejelentéshez készült illusztráció azt mutatja, hogy a grafén-
ből készült 1 m2-es függőágy meg tudna tartani egy 4 kg súlyú macskát [40].
Majdnem tökéletesen átlátszó, a fényáteresztő-képessége 98 % (lásd részle-
tesebben a 6.4 fejezetben), de olyan sűrű, hogy a legkisebb gázatom se tud
áthatolni rajta. Jobb elektromos vezető, mint a réz, de annak ellenére, hogy
a semleges grafénben a töltéshordozók száma zérus, mégis mérhető egy mini-
mális vezetőképesség (lásd a 6.3 fejezetet). A grafén hővezetőképessége 5000

W
m K

, azaz 10-szer jobb, mint a rézé [41, 42, 43]. Ezen különleges fizikai tulaj-
donságok miatt a grafén lehetséges alkalmazásait illetően az utóbbi években
igencsak megnőtt az érdeklődés, és ezekre a 6.4 fejezetben még kitérünk.

Hazánkban az MTA Természettudományi Kutatóközpontban Biró László
Péter vezette csoport 2005-ben kezdte el grafén minták előálĺıtását, és az első
cikkük 2007-ben jelent meg [44]. Pásztázó alagútmikroszkóppal nanométeres
pontossággal tudtak grafén mintákat

”
méretre szabni”, ami lehetővé teszi a

grafén elektromos tulajdonságainak tervezését [45]. Az MTA Wigner Fizikai
Kutatóközpontban Kamarás Katalin vezette csoport, illetve a BME Fizikai
Intézetben Mihály György és Szunyogh László vezette csoportok ḱısérletileg
és elméletileg tanulmányozzák a grafént.

A legfontosabb célunk, hogy az érdeklődő olvasónak egy, az egyetemi ok-
tatásban is hasznos összefoglalót nyújtsunk megalapozva a grafén elektromos
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tulajdonságait léıró elméletet, és a további ḱısérleti és elméleti munkákhoz
adjunk kiindulási alapot. Ezért a 4 fejezetben részletesen ismertetjük a gra-
fén sávszerkezetének elméleti alapjait, illetve az 5 fejezetben az effekt́ıv-tömeg
közeĺıtésnek egy kevéssé ismert tárgyalását. Ennek a két fejezetnek az isme-
rete szűkséges a 6 részben vázolt legérdekesebb, legmeglepőbb ḱısérleti és
elméleti eredmények megértéséhez. Az elmúlt pár év alatt a grafénről több
ezer cikket ı́rtak (lásd például az 1. ábrát a [46] cikkben). Nehéz lenne er-
ről számot adni ebben a rövid áttekintésben. Ehelyett a 6.4 összefoglalóban
összegyűjtöttünk néhány fontosabb áttekintő művet az érdeklődők számára.



4. fejezet

A grafén sávszerkezete

A grafén méhsejtszerű szerkezetének a stabilitása az elektromos tulajdonsá-
gainak következménye. A szén s-pályája és a két p-pályája között fellépő sp2

hibridizáció eredményezi a hatszöges szerkezet stabilitását, kialaḱıtva az ún.
σ-kötést, más néven a σ-sávot. Ez a σ-kötés felelős a szén összes módosula-
tának stabilitásáért. A Pauli-elv miatt ez a sáv teljesen be van töltve, és egy
alacsony energiás vegyértékkötési sávnak felel meg. A szénatom harmadik
p-pályája, ami merőleges a hatszöges śıkra (egyszerűség kedvéért legyen ez
a pz pálya) kovalens kötéssel kapcsolódik a szomszédos szénatom pz pályájá-
hoz, létrehozva az ún. π-kötést, más néven a π-sávot. Mivel a pz pályán egy
elektron van a π-sáv félig van betöltve.

A grafén sávszerkezetét először Wallace tanulmányozta 1947-ben, de ab-
ban az időben a tisztán kétdimenziós grafén szerkezet vizsgálatát pusztán
elméleti modellnek tekintették [47]. Valójában, maga Wallace is kiindulási
pontnak tekintette ezt a számolást a grafit jobb megértése érdekében, ami
nagyon fontos volt az atomreaktorok kifejlesztésében a II. világháború ide-
jén. Később a Slonczewski-Weiss-McClure sávszerkezeti-modell nagyon jól
léırta a grafit sávszerkezetét, és sikeresen alkalmazták a ḱısérleti eredmények
megértéséhez [48, 49]. Így Wallace eredményei feledésbe merültek, és csak
napjainkban a nanocsövek és a grafén iránt megnőtt érdeklődés miatt vált
ismét fontossá.

Ebben a fejezetben Reich és munkatársai munkáját követve [50, 30] össze-
foglaljuk a számolás legfontosabb pontjait a szénatomok közti első három
szomszéd-kölcsönhatást figyelembe véve. Szoros kötésű közeĺıtésben (tight-
binding approximation) [38, 51] a π-sáv meghatározásához meg kell oldani a
Schrödinger-egyenletet:

HΨk(r) = E(k)Ψk(r), (4.1)

20
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ahol E(k) a sajátérték adott k hullámszám vektor mellett1 és a Ψk(r) saját-
függvényt két Bloch-függvény szuperpoźıciójaként ı́runk fel (tekintettel, hogy

grafénben elemi cellánként két bázisatom van2): Ψk(r) = CA(k) Φ
(A)
k (r) +

CB(k) Φ
(B)
k (r), ahol

Φ
(A)
k (r) =

1√
N

∑
RA

eikRA ϕ(r−RA), (4.2a)

Φ
(B)
k (r) =

1√
N

∑
RB

eikRB ϕ(r−RB), (4.2b)

és ϕ(r) a szénatom 2pz állapotához tartozó normált hullámfüggvény. N az
elemi cellák száma a mintában, RA és RB az A, illetve B t́ıpusú szénatomok
rácsvektora.

Beszorozva a (4.1) egyenletet balról a Φ
(A)
k (r), illetve Φ

(B)
k (r) hullám-

függvényekkel, és integrálva r szerint a CA(k) és CB(k) együtthatókra ka-
punk egy-egy egyenletet. Az ı́gy kapott két egyenletben az egyes tagokat
az RA és RB elemi rácsvektorok közti távolság szerint csoportośıthatjuk.
Könnyű belátni, hogy a méhsejt-rácsszerkezetben az első-, másod-, és har-
madszomszéd távolság

√
3 a/3 ≈ 0,577 a, a, illetve 2

√
3 a/3 ≈ 1,155 a, ahol

a = |a1| = |a2| =
√

3 aC−C az elemi cella vektor hossza, ami a szén-szén
atomok közti, mérésekből ismert aC−C ≈ 1,42 távolsággal adható meg3. Így
például a 3.3 ábrán jelölt, mondjuk R0 rácsvektorral adott helyen lévő A
t́ıpusú atomtól elsőszomszéd távolságra lévő három darab B t́ıpusú atom
RB = R0 + δ1 rácsvektorú pontokban vannak, mı́g a hat darab másodszom-
széd távolságra lévő A t́ıpusú atom az RA = R0 + δ2, illetve a három darab
harmadszomszéd távolságra lévő B t́ıpusú atom az RB = R0+δ3 rácsvektorú
pontokban találhatók, ahol

δ1 =
1

3
(a1 − 2a2),

1

3
(a2 − 2a1),

1

3
(a1 + a2), (4.3a)

δ2 = ±a1,±a2,±(a1 − a2), (4.3b)

δ3 = −2

3
(a1 + a2),

2

3
(2a1 − a2),

2

3
(2a2 − a1). (4.3c)

1A k vektor a Brillouin-zónában van, amit a reciprokrács b1 és b2 elemi cella vektorai
határoznak meg.

2A 3.3 ábrán az a1 és a2 elemi cella vektorokkal meghatározott elemi cellában a két
bázisatom az A t́ıpusú szénatom (kék körök) és a B t́ıpusú szénatom (piros körök).

3Megjegyezzük, hogy ha az elsőszomszéd közeĺıtésen túl figyelembe akarunk venni távo-
labbi szomszédokat is, akkor a másodszomszéd kölcsönhatás mellett számı́tásba kell venni
a harmadszomszéd kölcsönhatást is, mert a másod-, és harmadszomszéd távolságra lévő
atomok viszonylag közel vannak egymáshoz.
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Rövid számolás után adott k mellett a Ψk(r) hullámfüggvényt meghatározó
CA(k) és CB(k) együtthatókra a következő sajátérték-egyenletet kapjuk:(

HAA HAB

HBA HBB

) (
CA(k)
CB(k)

)
= E(k)

(
SAA SAB
SBA SBB

) (
CA(k)
CB(k)

)
, (4.4)

ahol a hopping mátrix és az S hullámfüggvény-átfedési integrálokból képzett
mátrix az első három szomszédot figyelembe véve a következő alakú:

HAA = HBB = ε0 + γ1

∑
δ2

eikδ2 , (4.5a)

HAB = H∗BA = γ0

∑
δ1

eikδ1 + γ2

∑
δ3

eikδ3 , (4.5b)

SAA = SBB = 1 + s1

∑
δ2

eikδ2 , (4.5c)

SAB = S∗BA = s0

∑
δ1

eikδ1 + s2

∑
δ3

eikδ3 , (4.5d)

ahol ε0 =
∫
ϕ∗(r)H(r)ϕ(r) d2r a pz állapothoz tartozó atomi energiaszint (on-

site energia), mı́g a hopping integrálok: γi =
∫
ϕ∗(|r|)H(r)ϕ(|r − δi+1|) d2r,

illetve az átfedési integrálok: si =
∫
ϕ∗(|r|)ϕ(|r − δi+1|) d2r, ahol i = 0, 1, 2

és ∗ a komplex konjugálást jelenti.
Adott k állapotú Bloch-függvényhez tartozó E(k) energiát a (4.4) CA(k)-

ra és CB(k)-re homogén egyenlet deteminánsának zérushelyei adják. Az eljá-
rás egyszerűen általánośıtható és programozható még távolabbi szomszédok
figyelembe vételével. A γ0, γ1, és γ2 hopping elemek, illetve az s0, s1, és s2

átfedési integrálok megtalálhatók Reich és munkatársai cikkében, ahol ezeket
az értékeket az első elvekből nyert sávszerkezetből, illesztéssel kapták [50]. A
tipikus értékek: γ0 = −2,97 eV, γ1 = −0,073 eV, γ2 = −0,33 eV, illetve
s0 = 0,073, s1 = 0,018, és s2 = 0,026.

Legegyszerűbb közeĺıtésben elhanyagoljuk az átfedési integrálokat (ekkor
az S mátrix egységmátrix lesz), és csak elsőszomszéd kölcsönhatásokat ve-
szünk figyelembe (csak γ0 nem zérus). Könnyű belátni, hogy ekkor a (4.4)
egyenletben a H hopping mátrix (ebben az esetben H a rendszer Hamilton-
operátorának tekinthető) a következő alakú:

H(k) =

(
ε0 f(k)

f ∗(k) ε0

)
, (4.6)

ahol f(k) = γ0

∑
δ1
eikδ1 = γ0 e

i 1
3
k(a1+a2) (1 + e−ika1 + e−ika2), és ı́gy H saját-

értékei adják a grafén diszperziós relációját a legegyszerűbb közeĺıtésben:

Es(k) = ε0+s|f(k)| = ε0+s|γ0|
√

3 + 2 cos ka1 + 2 cos ka2 + 2 cos k(a1 − a2),
(4.7)



4. FEJEZET. A GRAFÉN SÁVSZERKEZETE 23

ahol s = ±1 a sávindexet jelöli, az s = +1 a vezetési sávot (más néven π sáv),
az s = −1 a vegyértékkötési sávot (más néven π∗ sáv) ı́rja le. A pz pályákból
kialakuló π-kötésben az E±(k) diszperziós relációk k függése a 4.1 ábrán
látható. Az irodalomban gyakran az s = +1 vezetési sávot — a félvezetőkkel
analóg módon — részecskesávnak vagy n-t́ıpusú tartománynak, és az s =
−1 vegyértékkötési sávot pedig lyuksávnak vagy p-t́ıpusú tartománynak is
nevezik. Látható, hogy a diszperziós reláció szimmetrikus az ε0 energiára,
azaz E+(k)−ε0 = − (E−(k)− ε0). Az irodalomban ezt királis szimmetriának
(vagy alrács szimmetriának) nevezik [52].

Megmutatható, hogy az ábrán látható fekete hatszög alakú sokszög a
méhsejt-rács Brillouin-zónája . A hatszög csúcsait Dirac-pontoknak nevezik
(az elnevezés okát később indokoljuk). A hatszög csúcspontjai közül csak két
nem-ekvivalens Dirac-pont tartozik a Brillouin-zónához, melyeket az iroda-
lomban szokásosan K-val és K′-vel jelölnek. Két lehetséges nem-ekvivalens
Dirac-pontnak választhatjuk a K = (2b2 + b1)/3 és K′ = (2b1 + b2)/3
pontokat, ahol b1 és b2 a reciprokrács elemi cella vektorai (aibj = 2πδij,
ahol i, j = 1, 2). Hasonlóan könnyű belátni a (4.7) egyenlet alapján, hogy
E±(K) = E±(K′) = ε0, azaz a Dirac-pontokban az E−(k) vegyértékkötési
sáv (részecske sáv) és a E+(k) vezetési sáv (lyuksáv) összeér.

Amint korábban emĺıtettük, a π-kötéssel kialakuló két sáv (részecske- és
lyuksáv) semleges grafén lap esetén félig van betöltve, azaz a grafén Fermi-
energiája ε0, melyet az energia nulla-szintjének választásával zérusnak vehe-
tünk (és veszünk a továbbiakban). A Fermi-energia éppen a Dirac-pontokon
megy át. Mivel az anyagok elektromos vezetési tulajdonságait a Fermi-
energia közelében lévő energiájú elektronok határozzák meg, érdemes a (4.7)
diszperziós relációt sorba fejteni a Dirac-pontok környékén. Vezessük be a
k′ = k − K, illetve a k′′ = k − K′ Dirac-pontoktól való eltérést, és te-
gyük fel, hogy |k′|, illetve |k′′| sokkal kisebb, mint |K| = |K′| = 4π/(3a)!
Használjuk a Descartes-koordináta rendszert, azaz k′ = (k′x, k

′
y) (hasonlóan

k′′-ra), és válasszuk a 3.3 ábrán látható módon az a1 = a(
√

3/2,−1/2) és
a2 = a(

√
3/2, 1/2) vektorokat! Ekkor a K, illetve a K′ Dirac-pontok közelé-

ben kapjuk:

Es(k) = s~v|k|, ahol (4.8a)

~v = |γ0|a
√

3/2. (4.8b)

Az egyszerűség kedvéért elhagytuk a vesszőt a k vektorról. A továbbiakban
a k hullámszámvektort a K Dirac-ponttól mérjük. Ugyanezt az eredményt
kapjuk a többi Dirac-pont közelében is. A diszperziós reláció kúpos alakú,
az energia a k hullámszámvektor nagyságától lineárisan függ. A 4.2 ábrán
látható a hat darab Dirac-kúp.
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Végezetül levezetés nélkül feĺırjuk a grafén Hamilton-operátorát másod-
kvantált alakban szoros kötésű közeĺıtésben csak elsőszomszéd kölcsönhatást
figyelembe véve:

Ĥ = −γ0

∑
R,δ

[
A+(R)B(R + δ) +B+(R + δ)A(R)

]
, (4.9)

ahol A+ és A (B+ és B) az elektronok keltő és eltüntető operátorai az A
(B) t́ıpusú rácspontokban, és az R rácsvektor az A t́ıpusú rácspontokon
fut végig, és δ az elsőszomszéd vektorokat jelöli (a jelölések egyszerűśıtése
érdekében a (4.3a) egyenletben adott elsőszomszéd vektoroknál az 1 indexet
a továbbiakban elhagyjuk). A fenti eredmény elég nyilvánvaló, a szokásos
másodkvantált alak szoros kötésű közeĺıtésben.
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(a) Háromdimenziós ábra

(b) Kontúrábra

4.1. ábra. A grafén E±(k) diszperziós relációja k = (kx, ky) függvényében
a (4.7) egyenletből számolva. A bal oldali ábrán az E+(k) vezetési és az E−(k)
vegyértékkötési sáv háromdimenziós képe, mı́g a jobb oldali ábrán a vezetési
sáv kontúrvonalai láthatók. Az energiát |γ0| egységekben mértük, és ε0 = 0.
A 3.3 ábrán látható a1 = a(

√
3/2,−1/2) és a2 = a(

√
3/2, 1/2) elemi cella

vektorokhoz tartozó b1 = 2π/a(1/
√

3,−1) és b2 = 2π/a(1/
√

3, 1) vektorok
a reciprokrács elemi cella vektorai. A fekete hatszög jelöli a Brillouin-zónát,
és a csúcsai a Dirac-pontok . A K = (2b2 + b1)/3 és K′ = (2b1 + b2)/3 pont
a két nem-ekvivalens Dirac-pont a Brillouin-zónában.
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4.2. ábra. A Dirac-pontok közelében a diszperziós reláció kúpos. Ezeket
Dirac-kúpoknak nevezik . A piros/kék a részecskesáv/lyuksáv.



5. fejezet

Effekt́ıv-tömeg közeĺıtés

A Dirac-pontok közelében az elektron dinamikájának léırásához szükség van
egy effekt́ıv Hamilton-operátorra. Az irodalomban több módszer is ismeretes
ennek levezetésére, például DiVincenzo és Mele [53], McClure [54], Ando és
munkatársainak [55], illetve Castro Neto és munkatársainak a cikkeiben [103].
Itt most Semenoff [56] eljárását fogjuk követni1.

Induljunk ki a grafén Hamilton-operátorának másodkvantált alakjából
(lásd a (4.9) egyenletet)! Bevezetve a keltő és eltüntető operátorok A(k) és
B(k) Fourier-transzformáltjait:

A(R) =

∫
d2k

(2π)2 e
ikRA(k), B(R) =

∫
d2k

(2π)2 e
ikRB(k) (5.1)

a (4.9) Hamilton-operátor a következő alakba ı́rható:

Ĥ =

∫
d2k

(2π)2

[
A+(k), B+(k)

]
H(k)

[
A(k)
B(k)

]
, (5.2)

ahol H(k) éppen a (4.6) egyenletben adott mátrix (az integrálást a Brillouin-
zónára végezzük). Az A és B operátorok megfelelő lineárkombinációjával Ĥ
diagonalizálható, és visszakapjuk a (4.7) egyenletben feĺırt Es(k) diszperziós
relációt.

A továbbiakban az alacsonyenergiás határesetet vizsgáljuk (olyan k álla-
potokat, melyekre Es(k) � |γ0|). Ekkor csak a K és K′ pontok közelében
lévő elektron-állapotok vesznek részt a dinamikában, és a Hamilton-operátor

1Az eredeti cikkben a levezetés meglehetősen tömör. Ezért itt a fontosabb lépéseket
részletesebben ismertetjük.
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jó közeĺıtéssel két tagra esik szét:

Ĥ ≈
∫

d2k

(2π)2

[
A+(k−K), B+(k−K)

]
H(k−K)

[
A(k−K)
B(k−K)

]
+

∫
d2k

(2π)2

[
A+(k−K′), B+(k−K′)

]
H(k−K′)

[
A(k−K′)
B(k−K′)

]
.

(5.3)

Az A(k−K), A(k−K′) eltüntető operátorok (és hasonlóan a B operátorok)
csak olyan k állapotokra adnak lényeges járulékot, amelyek közel vannak a K
és K′ pontokhoz. Az A(k−K), A(k−K′) operátorok Fourier-transzformáltjai
a térbeli koordináták lassan változó függvényei, ezt nevezik az irodalomban
burkoló-függvény (envelope) közeĺıtésnek. Kontinuum közeĺıtésben (azaz, ha
a rácsállandó a→ 0) δ-ban első rendig ı́rhatjuk:

ei (k−K) δ = e−iK δeik δ ≈ e−iK δ (1 + ik δ). (5.4)

Itt az e−iK δ konstans, ha a → 0, hiszen |K| ∼ 1/a és |δ| ∼ a. Az (5.4)
közeĺıtéssel a H(k−K) mátrix δ-ban első rendig:

H(k−K) ≈ HK(k) ≡ −γ0

(
0 k g(K)

k g∗(K) 0

)
, g(K) = i

∑
δ

δ e−iK δ,

(5.5)
ahol kihasználtuk, hogy

∑
δ e
−iK δ = 0. Hasonló igaz a K′-re is. Az (5.5)

alakot béırva az (5.3) egyenletbe kapjuk:

Ĥ =

∫
d2k

(2π)2

[
A+(k−K), B+(k−K)

]
HK(k)

[
A(k−K)
B(k−K)

]
+

∫
d2k

(2π)2

[
A+(k−K′), B+(k−K′)

]
HK′(k)

[
A(k−K′)
B(k−K′)

]
. (5.6)

Vezessük be a kvázi fermion téroperátorokat (kétkomponensű spinorok):

ψ̂+(k) = U

[
A(k−K)
B(k−K)

]
, és ψ̂−(k) = U

[
A(k−K′)
B(k−K′)

]
, (5.7a)

ahol az U unitér 2x2-es mátrix a következő alakú:

U = ei
2π
3
σz Qσx, Q =

[
1 0
0 i

]
, (5.7b)

és σx, σz a Pauli-mátrixok! Ekkor az (5.6) Hamilton-operátor alakja:

Ĥ =

∫
d2k

(2π)2

(
ψ̂+(k)

)+

H+(k) ψ̂+(k) +

∫
d2k

(2π)2

(
ψ̂−(k)

)+

H−(k) ψ̂−(k),

(5.8)



5. FEJEZET. EFFEKTÍV-TÖMEG KÖZELÍTÉS 29

ahol H+(k) = U HK(k) U+ és H−(k) = U HK′(k) U+. Ezeknek a 2x2
mátrixoknak a szorzása egyszerű, de kissé hosszadalmas. Érdemes az (5.5)-
ben adott 2x2-es mátrixot egy adott koordinátarendszerben kiszámolni, pl.
a 4.1 ábra feliratában adott vektorokat használva. A számolás a következő
egyszerű eredményre vezet:

H+(k) = ~ v (σxkx + σyky), H−(k) = ~ v (σxkx − σyky), (5.9)

ahol kihasználtuk a v sebesség (4.8b) defińıcióját. Egyszerűen belátható,
hogy a H+(k) és H−(k) operátorok unitér transzformációval egymásba vi-
hetők, hiszen σxH+(k)σx = H−(k). Ezért a diszperziós reláció a K és
K′ Dirac-pontok közelében azonos. Az (5.8) egyenletbe béırva H±(k) (5.9)
eredményét, majd áttérve valós térbeli reprezentációra a Hamilton-operátor
másodkvantált alakjára a következőt kapjuk:

Ĥ = v

∫
d2r
(
ψ̂+(r)

)+

(σxpx+σypy) ψ̂+(r)+v

∫
d2r
(
ψ̂−(r)

)+

(σxpx−σypy) ψ̂−(r),

(5.10)
ahol bevezettük a p = (px, py) = ~/i (∂/∂x, ∂/∂y) impulzus-operátort. Meg-
jegyezzük, hogy az inverz Fourier-transzformációt formálisan a ~k → p cse-
rével végezhetjük el. Az eredményből jól látható, hogy az eredeti Hamilton-
operátor szétesett két azonos másolatra, az egyik a K, a másik a K′ pont
közelében lévő k állapotok dinamikáját ı́rja le. Az (5.10) eredmény alapján
feĺırhatjuk a Hamilton-operátor elsőkvantált alakját is:

H =

(
H+ 0
0 H−

)
= v

(
σxp̂x + σyp̂y 0

0 σxp̂x − σyp̂y

)
. (5.11)

A fenti Hamilton-operátorral léırható kvázirészecskét Dirac-fermionnak ne-
vezik. Belátható, hogy a H+ operátor śıkhullám-megoldásaihoz tartozó sa-
játértékek megegyeznek a (4.8a)-ben számolt Es(k) diszperziós relációval. A
H Hamilton-operátor blokk-diagonális szerkezetű, a K és K′ pontok körül
degenerált (az angol irodalomban valley degeneration). Ezért legtöbb szá-
molásban ezt a degenerációt egyszerűen egy 2-es szorzóval lehet figyelembe
venni. Az elektron spinje szerinti degenerációt (a Hamilton-operátor nem
függ az elektron spinjétől) egy további 2-es szorzóval lehet számı́tásba venni.

A H+ Hamilton-operátor hasonĺıt a kétdimenziós elektron relativisztikus
Dirac-egyenletéhez. Ezért h́ıvják a Brillouin-zóna csúcsait Dirac-pontoknak,
és a diszperziós relációt a Dirac-pontok közelében Dirac-kúpoknak. A grafén-
ben az elektron dinamikája megfeleltethető egy Dirac-fermion dinamikájával.
Ezt az analógiát először Wallace [47] alkalmazta számolásában, majd később
McClure [54], és DiVincenzo és Mele [53]. Az elektron sebessége a (4.8b)
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egyenlet alapján és |γ0| ≈ 3,16 eV-tal számolva [57] v = |γ0|a
√

3/(2~) ≈
c0/300, ahol c0 a fény terjedési sebessége vákuumban.

Fotoelektromos effektussal (az irodalomban ARPES módszernek nevezik
az angol Angle Resolved Photoemission Spectrometer alapján) kimérhető
a szilárd testekben az elektron-sávszerkezet. Monokromatikus és polarizált
fénnyel megviláǵıtva a mintát abból elektronok repülnek ki, melyeknek meg-
mérve az energiáját és a kirepülés irányát következtetni lehet a minta sávszer-
kezetére. Nemrégen az ARPES módszert alkalmazták grafén esetében is, és
látványos eredményekkel sikerült igazolni a Dirac-fermionok létezését [58, 59].
A mérést majdnem vákuumban, kb. 20 K-en, 95 eV energiájú fotonnal, és
25 meV energiafelbontással végezték. A mérési eredmények kitűnően egyez-
nek a (4.7) diszperziós relációval |γ0| = 2,82 eV és ε0 = 0,435 eV illesztési
paraméterekkel. Az ARPES módszer alkalmas többrétegű grafén, illetve az
elektron-fonon, elektron-elektron kölcsönhatások vizsgálatára is.

Megmutatható, hogy szoros kötésű közeĺıtésben, figyelembe véve harmad-
szomszédok kölcsönhatásait is a sebesség renormálódik, és a korábban adott
hopping elemekkel, illetve átfedési integrálokkal ssámolva: v ≈ c0/380. A
diszperziós reláció Dirac-kúp jellege nem változik, csak a sebesség numerikus
értéke módosul kissé.

Végül, könnyen kiszámolthatjuk a Dirac-pont közelében a %(E) =
∑

k,s δ(E−
Es(k)) állapotsűrűséget is a (4.8a)-ben számolt Es(k) diszperziós reláció alap-
ján, és az Ac =

√
3a2/2 elemi cellára vonatkoztatva kapjuk:

%(E) =
2

π

Ac
~2v2

|E|, (5.12)

ahol egy 2-es szorzóval vettük figyelembe az elektron spinjei szerinti degene-
rációt, illetve egy további 2-es szorzót jelent a K és K′ degeneráció. Fontos
megjegyezni, hogy ez az állapotsűrűség eltér a jól ismert kétdimenzió nem-
relativisztikus elektrongáz konstans állapotsűrűségétől.



6. fejezet

Néhány fontos ḱısérleti és
elméleti eredmény

Ebben a fejezetben néhány alapvető ḱısérleti és elméleti eredményt ismerte-
tünk, amelyek a grafént különlegessé teszik. A grafénnel kapcsolatos kutatás
igen széleskörű, több ezer cikk jelent meg az első mérések óta. Ezért ebben
a rövid áttekintésben — a teljesség igénye nélkül — csak néhány fontosabb
jelenséget szeretnénk megemĺıteni.

6.1. Dirac-fermion mágneses térben, anomális

kvantum Hall-effektus

Geim csoportjának első és legfontosabb mérésében a grafént mágneses térbe
helyezték és tanulmányozták a minta longitudinális és Hall-ellenállását [31].
A Landau-ńıvók miatt a hagyományos kétdimenziós vezetőkhöz (az angol
irodalomban gyakran ı́rják two dimensional electrongas, röviden 2DEG) ha-
sonlóan [60] platók jelennek meg a Hall-vezetőképességben, a vezetőképesség
kvantált. Azonban a platók szekvenciája eltér a hagyományosétól. Az el-
térés oka, hogy grafénben az elektronok diszperziós relációja — ellentétben
a 2DEG-ben ismert parabolikus függéstől — lineárisan függ az impulzus-
tól. Ez a mérés szolgált arra, hogy egyértelműen kimutassák, grafénben az
elektronok dinamikáját a kétdimenziós relativisztikus, zérus nyugalmi töme-
gű fermionok ı́rják le. Geim csoportjának mérési eredményét pár héttel ké-
sőbb Kim [32] csoportja megerőśıtette. Azóta számos laboratóriumban meg-
ismételték a ḱısérletet, és a grafén Hall-vezetőképessége valóban kvantált.
Hazánkban nemrégen Tóvári Endre végezte el a mérést [61], az eredményeit
a 6.1 ábra mutatja. Jól láthatók a platók a σxy tranzverzális vezetőképesség-

31
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6.1. ábra. Grafénben mért longitudinális ellenállás (%xx) és a tranzverzális ve-
zetőképesség (σxy) a Vg kapufeszültség függvényében 4,2 K-en, 12 T mágneses
térben.

ben1.
Először röviden ismertetjük a Landau-ńıvók kiszámı́tását. A grafén śıkjá-

ra merőleges irányú B homogén mágneses térben a Dirac-Hamilton-operátor
alacsony energiás közeĺıtésben az (5.11) alapján a következő alakú:

H± = v (σxπx ± σyπy) , (6.1)

ahol a + (−) indexek K (K′) pontoknak felelnek meg, mı́g a kinetikus im-
pulzus a szokásos módon a π = (πx, πy) = p − eA, ahol p a kanonikus
impulzus és A a vektorpotenciál, melyet a B = rotA egyenlet határoz meg.
A Hamilton-operátor K és K′ pontok szerint degenerált, azaz tetszőleges
mágneses térre (inhomogén térben is) σxH±σx = H∓, és ı́gy elegendő csak
egy K pont körül vizsgálni a rendszert.

1A Vg kapufeszültség változtatásával ugyanazt érjük el, mintha a B mágneses tér változ-
tatásakor átlépnénk a szomszédos Landau-ńıvókra rögźıtett Fermi-energián. Ugyanakkor,
ez 2DEG-ban nem alkalmazható.
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AH+ Dirac-Hamilton-operátor spektruma aH+ Ψ(x, y) = EΨ(x, y) egyen-
letből kapható (lásd pl. [62, 63]). A számı́tások szerint az En Landau-ńıvók:

En = sgn(n) ~ωc
√
|n|, (6.2)

ahol ωc =
√

2v/l a ciklotron frekvencia, l =
√

~/|eB| a mágneses hossz, n =
0,±1, . . . , és sgn(·) az előjelfüggvény. Hasonló eredményt ad a K′ pont körüli
H− operátor spektruma. A degenerációkat is figyelembe véve, azt kapjuk,
hogy minden Landau-ńıvó 4-szeresen elfajult (2-es faktor a spin, 2-es faktor
a K és K′ pontok szerint degeneráció miatt), kivéve az n = 0 állapothoz
tartozó E = 0 energiájú szintet, mely csak a spin szerint degenerált.

A ḱısérletileg megfigyelt kvantum Hall-effektus grafénben [31, 32] megért-
hető a fenti Landau-ńıvók degenerációja alapján. A hagyományos kvantum
Hall-effektushoz hasonlóan [64, 65] minden betöltött Landau-ńıvóhoz tartozó
állapot G0 = e2/h vezetőképesség-kvantumnyit járul a minta teljes vezetőké-
pességéhez. Az E = 0 zérus mód miatt 2 × (2N + 1) betöltött állapot van
EN energiaszint alatt (N pozit́ıv vagy negat́ıv egész), és ı́gy

σxy = 2× (2N + 1)G0 =

(
N +

1

2

)
4e2

h
. (6.3)

A tranzverzális vezetőképesség (Hall-vezetőképesség) kvantált, a 4G0 vezetőképesség-
kvantum félegész számú többszöröse, ellentétben a nemrelativisztikus kétdi-
menziós elektrongáz esetével, ahol a vezetőképesség egész számú többszöröse
2G0-nak. Ezért nevezik a jelenséget anomális Hall-effektusnak. A 6.1 ábrán
jól látható, hogy a Hall-vezetőképesség a (6.3) egyenletnek megfelelő platókat
alkot.

A mágneses tér függvényében mért vezetőképesség-platók szekvenciája,
ḱısérletileg egyértelműen kimutatható módon, eltér a nemrelativisztikus eset-
ben mért platók szekvenciájától. Fontos megjegyezni, hogy az anomális Hall-
effektus szobahőmérsékleten is megfigyelhető. Ez azzal magyarázható, hogy
például B ≈ 10 T mágneses térnél a szomszédos Landau-ńıvók közti különb-
ség 1000 K, ellentétben a hagyományos kétdimenziós vezetőkkel (2DEG)2

, ahol ez az érték néhány K. Hasonlón, a Zeeman-felhasadás nagyon ki-
csi, gµBB ≈ 5 K, és ı́gy elhanyagolható. Az elektronok közti Coulomb-
kölcsönhatás szerepét pl. Ezawa vizsgálta [63], és számı́tásai szerint a köl-
csönhatás további felhasadásokat eredményez. Geim [31] és Kim [32] cso-
portja által mért anomális Hall-effektus volt az első bizonýıték arra, hogy
grafénben az elektron dinamikáját a Dirac-egyenlet határozza meg.

2Más szóval nemrelativisztikus kétdimenziós elektrongáz (az angol irodalomban two
dimensional electrongas, röviden 2DEG).
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6.2. Királis alagutazás, a Klein-paradoxon, ne-

gat́ıv törésmutató

Ebben a részben a királis Dirac-fermion kétdimenziós potenciállépcsőn törté-
nő szórását vizsgáljuk. A relativisztikus Dirac-egyenlet alapján Klein mutat-
ta meg először, hogy az elektron T transzmissziós valósźınűsége csak gyen-
gén függ a potenciálgát V0 magaságától, ha értéke nagyobb az elektron mc2

nyugalmi energiájának 2-szeresénél [66]. Sőt végtelen nagy V0 esetén is elér-
heti a tökéletes transzmissziót, azaz a T = 1 értéket. Ez szöges ellentétben
van a nemrelativisztikus Schrödinger-egyenletből kapott eredménnyel, ahol T
exponenciálisan csökken V0 növekedésével. Ezt a

”
józan észnek” ellentmon-

dó eredményt Klein-paradoxonnak nevezik [66, 67]. Ugyanakkor, ḱısérletileg
nehéz kimutatni a jelenséget, mert a potenciálváltozásnak nagyobbnak kell
lennie 2mc2-nél a ~/(mc) Compton-hullámhossz nagyságrendjébe eső távol-
ságon, ami óriási elektromos teret jelent (E > 1016 V/cm).

Szén nanocsöveknél, először Ando, Nakanishi és Saito fedezte fel a tö-
kéletes transzmisszió lehetőségét [55]. Grafénben, először Katsnelson, No-
voselov és Geim mutatták meg a Klein-paradoxon létezését [68]. Mivel a
v sebbesség jóval kisebb a fénysebességnél, egy realisztikus méretű grafén
mintában is könnyen megvalóśıtható a szükséges nagyságú elektromos tér
(E > 105 V/cm), és ı́gy a Klein-paradoxon kimutatható ḱısérletileg. Áttéte-
lesen a Klein-paradoxon befolyásolja a transzport-tulajdonságokat is, ezért a
jelenség megértése mind elméleti, mind ḱısérleti szempontból rendḱıvül fon-
tos. Továbbiakban, ismertetjük a jelenség lényegét.

Śıkhullám-megoldást feltételezve, egyszerű számolással belátható, hogy
az (5.11)-ben definiált H+ operátornak a (4.8a) egyenletben adott Es(k) sa-
játértékeihez tartozó sajátfüggvényei a K pont közelében:

ψs,k(r) =
1√
2

(
e−iθk/2

seiθk/2

)
eikr, ahol θk = arctg

ky
kx
. (6.4)

A fenti hullámfüggvényt gyakran kvázirészecske állapotnak is nevezik. A hul-
lámfüggvény a K′ pont közelében megegyezik a fenti hullámfüggvény időtük-
rözöttjével, azaz, ha végrehajtjuk a k→ −k transzformációt.

Vegyük észre, hogy ha a θ szög elfordul 2π szöget, akkor a hullámfüggvény
előjele megváltozik, ami egy extra π fázist jelent. A hullámfüggvénynek ez a
tulajdonsága a spinor jellegére utal (az irodalomban Berry-fázisnak nevezik).

A hullámfüggvény jellemezhető a helicitásával, ami az impulzus-operátor
vetülete a σ pszeudospin irányra. A helicitás-operátor alakja

ĥ = σ · p̂

|p̂|
, (6.5)
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és a definicióból világos, hogy a (6.4) egyenlettel adott ψs,k(r) energia-sajátfüggvény
egyben sajátfüggvénye a helicitás-operátornak is s = ±1 sajátértékkel:

ĥψs,k(r) = s ψs,k(r). (6.6)

A (6.6) egyenlet szerint a σ operátor két sajátértékéhez tartozó várhatóérték
iránya vagy megegyezik a p irányával, vagy azzal ellentétes irányú. A heli-
citás vagy másnéven kiralitás jól meghatározott kvantumszám, amı́g a rend-
szer Hamilton-operátora léırható az (5.11) által adott H+ Dirac-Hamilton-
operátorral. Megjegyezzük, hogy a kiralitás nem az elektron spinjével kap-
csolatos (amint láttuk, az elektron spinje közvetlenül nem is szerepel a prob-
lémában), hanem a σ pszeudospinnel, ami a ψs,k(r) hullámfüggvény kétkom-
ponensű jellegével van összefüggésben.

A továbbiakban megvizsgáljuk, hogy hogyan szóródik az elektron egy
potenciállépcsőn. Az irodalomban ezt gyakran p− n átmenetnek is nevezik.
Feltesszük, hogy az elektron p − n átmeneten történő áthaladáskor nem lép
fel a K és K′ pontok közti szórási folyamat, azaz a rendszer léırható az (5.11)
egyenlettel adott Hgrafén Hamilton-operátorral. Feltesszük továbbá, hogy a
grafén tetejére helyezett kapukkal (vagy kémiai dópolással) megváltoztatjuk
az elektronok energiáját a grafénben úgy, hogy a potenciál V (x) = 0, az x < 0
féltérben (I. tartomány), és V (x) = V0, az x ≥ 0 féltérben (II. tartomány),
ahol V0 egy konstans, pozit́ıv érték (lásd a 6.2 a. ábrát). A p-n átmenet
Hamilton-operátora a K pontra az (5.11) alapján:

Hp-n = H+ + V (x) = vσp̂ + V (x). (6.7)

Az II. tartományban a Dirac-kúp V0 értékkel megemelkedik, ahogy ez a 6.2 b.
ábrán látható. A potenciál nem függ az y koordinátától, a rendszer transzlá-
ció invariáns az y irányban, és ı́gy az elektron y irányú impulzusa megmarad.

Legyen az I. tartományból balról érkező elektron energiája E < V0, és
haladjon α szögben a határfelület normálisához képest (lásd a 6.2 c. ábrát)!

Ekkor a hullámszámvektora kI = k
(I)
F (cosα, sinα), ahol k

(I)
F = E/(~v). A

bejövő hullám egy része visszaverődik. A reflektált kvázirészecske hullám-
számvektora kIr = k

(I)
F (− cosα, sinα), ahogy ez a 6.2 b. ábrán látható.

A potenciállépcsőn való áthaladás után a kvázirészecske E energiája ki-
sebb a V0 potenciálnál. A II. tartományban a lyuksáv két állapota (a 6.2 b.
ábrán az üres és teli piros karika) közül csak az egyiket töltheti be. Az I.
tartományból bejövő kvázirészecske helicitása +1 (mivel s = 1), a II. tarto-
mányban pedig −1 (mivel s = −1). A potenciállépcsőn való áthaladás után
a σ pszeudospin megmarad (például elektrosztatikus potenciál esetében),
ezért az impluzus x komponensének előjelet kell váltania. A lyuksávban a
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6.2. ábra. A p − n átmenet léırása. a) Az E energiájú elektron balról, az I.
tartományból érkezik a határfelületre, és átmegy a V (x) potenciállépcsőn a
II. tartományba. b) A II. tartományban a Dirac-kúp V0 értékkel megemelke-
dik az I. tartományhoz képest. Az elektron-szerű állapot (a teli kék karika)
átalakul lyuk-szerű állapottá (a teli piros karika, melynél a csoportsebesség
x komponense pozit́ıv). c) Az elektron a határfelület normálisához képest
α szögben érkezik (folytonos kék vonal), és ezután egyrészt elektronként
reflektálódik (szaggatott kék vonal), másrészt lyukként halad tovább a II.
tartományban (folytonos piros vonal), ahol az impulzusának x komponense
negat́ıv.

két lehetséges állapot közül a teli piros karikával jelzett állapotba szóród-
hat az elektron a p− n átmeneten való áthaladáskor. Ez azt jelenti, hogy a
II. tartományban a lyuk impulzusának x komponense negat́ıv lesz, de az y
komponense változatlan marad az ebben az irányban érvényes impulzusmeg-
maradás miatt. Az impulzusnak ezt a furcsa viselkedését megérthetjük úgy
is, hogy II. tartományban a részecske csoportsebbességének pozit́ıvnak kell
lennie, ha a határfelülettől jobbra távolodó hullámcsomagot vizsgálunk. Így
a diszperziós reláció miatt a lyuk impulzusának x komponense negat́ıv lesz.

Másképpen szólva, a kvázirészecske hullámcsomagja a II. tartományban
— az optikában megszokottól eltérően — negat́ıv szögben törik meg. A to-
vábbiakban β < 0 konvenciót vesszük. Így ı́rhatjuk, hogy kII = k

(II)
F (cos(π+

β), sin(π+ β)), ahol k
(II)
F = |E−V0|/(~v). Mivel a bejövő és az átmenő kvá-
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zirészecske hullámszámvektorának y komponense változatlan, adódik:

sinα

sin β
≡ n = −k

(II)
F

k
(I)
F

= −|E − V0|
E

. (6.8)

Ez nem más, mint a Snellius-Descartes-féle törési törvény , csak a törésmu-
tató negat́ıv . Grafénben az elektronnak erre a különös viselkedésére először
Cheianov, Fal’ko és Altshuler h́ıvták fel a figyelmet [69, 70]. A jelen szerző
MTA doktori dolgozatában [71], illetve munktársaival és PhD hallgatóival ı́rt
publikációkban [72, 73, 74, 75] további példákat láthatunk a negat́ıv törés-
mutatójú rendszerek elektron-optikai viselkedésére.

6.3. Minimális vezetőképesség

Az előzőekben taglalt szokatlan transzport-tulajdonságok mellett egy másik
fontos ḱısérleti tény az ún. minimális vezetőképesség [31, 32]. A mérések sze-
rint ha változtatjuk a töltéshordozók ε energiáját például kapufeszültséggel
vagy a töltéshordozók számának változtatásával, akkor grafénben a fajla-
gos vezetőképesség minimális értéket vesz fel az ε = 0 Fermi-energiánál. A
Dirac-pontban mért véges ellenállás (vezetőképesség) elméleti magyarázata
egyáltalán nem nyilvánvaló, hiszen a Dirac-pontban (E = 0) az (5.12) egyen-
letnek megfelelően az állapotsűrűség zérus. Meglepő módon elméletileg sokkal
korábban, a grafén felfedezése előtt már tanulmányozták a minimális veze-
tőképességet a Dirac-fermion kapcsán [76]. De a fenti ḱısérleti eredmények
óta még több cikk foglalkozik a minimális vezetőképességgel, és e2/h nagy-
ságrendű értéket jósoltak [77, 78, 79, 80, 81, 82, 83, 84, 85, 86]. Nemrégen
Miao és munkatársai [87], illetve Danneau és munkatársai [88] ḱısérletileg
igazolták, hogy egy W szélességű és L hosszúságú egyrétegű grafénben a mi-
nimális vezetőképesség σmin = (4/π) e2/h univerzális értékhez tart a W/L
növelésével (széles, de rövid mintákra), és ez legtöbb elméleti eredménnyel
megegyezik [80, 82, 83, 84, 85, 86].

Ebben a részben kiszámoljuk a minimális vezetőképességet a Landauer-
formula [89, 90] alapján, melyet először Tworzydl o és munkatársai vizsgáltak
ezzel a módszerrel [85]. A számolás sokban hasonĺıt a 6.2 fejezetben tárgyalt
Klein-paradoxon problémájához, a legfontosabb különbség, hogy itt a minta
keresztirányú (y irányú) mérete véges. Ezért, illetve a meglepő eredmény
miatt, érdemes bemutatni részletesebben is a számolást. A következőkben
kissé módośıtva Tworzydl o és munkatársainak a számolását követjük.

A 3.3 ábrán látható grafén-szerkezet jobb- és baloldali részéhez helyezzünk
egy-egy kontaktust! A jobb és bal oldali kontaktusokat úgy lehet modellezni,
hogy a grafénnek ezen részein a potenciált nagy negat́ıv V∞ értékre álĺıtjuk.
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Így itt az M nyitott csatornák száma (a defińıciót lásd később) tart a végte-
lenhez, ha V∞ → −∞, ami a kontaktusok fémes jellegét modellezi. Az ε = 0
Fermi-energiájú elektronok a bal oldali kontaktusból lépnek be a mintában,
ahol a kapufeszültséget Vkapu értékre álĺıtjuk, majd a jobb oldali kontaktuson
távoznak. A minta mentén a V (x) potenciál változása a 6.3 ábrán látható.

6.3. ábra. A 3.3 ábrán látható grafénre kapcsolt V (x) potenciál függése.
A kontaktusokon a potenciál V∞, mı́g a mintára Vkapu kapufeszültséget kap-
csolunk. A potenciál nem függ az y iránytól (a 3.3 ábrán a v́ızszintes és a
függőleges irányok az x és y tengelyeknek felelnek meg).

Feltesszük, hogy a potenciál a minta keresztirányában konstans, azaz nem
függ y-tól.

A σ fajlagos vezetőképesség a Landauer-formula [89, 90] alapján a G
konduktanciából határozható meg:

G = σ
W

L
=

4e2

h
Tr
(
tt+
)

=
4e2

h

M∑
n=1

Tn, (6.9)

ahol a 4-es faktor a spin, illetve a K és K′ Dirac-pontok degenerációjából
származik, Tn a tt+ mátrix sajátértékei, és t a transzmissziós amplitudó,
melyet a kontaktusokban és a mintában lévő hullámfüggvények illesztéséből
számolhatunk ki. A számı́tások részletei megtalálhatók a szerző dolgozatá-
ban [71], és a következő eredményt kapjuk:

G =
4e2

h

M∑
n=1

1

cos2 knL+ κ2

k2n
sin2 knL

, (6.10)

ahol adott n keresztmódusra kn =
√
q2
n − κ2, ha qn > κ, és kn = i

√
κ2 − q2

n,
ha qn < κ, ahol κ = e|Vkapu|/(~v). Ha kn tisztán képzetes, akkor a fenti
képletben a két trigonometrikus függvény helyett a megfelelő hiberbolikus
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függvényeket kell venni, azaz a cos→ ch, illetve sin→ sh cserét kell elvégez-
ni. A nyitott csatornák száma: M = Int(k∞W/π+α), ahol k∞ = e|V∞|/(~v)3

. A keresztirányú qn hullámszámvektort az y irányú határfeltételekből hatá-
rozhatjuk meg [85, 91]. A különböző t́ıpusú szélek esetében qn = π

W
(n+ α),

ahol 0 ≤ α < 1 a grafén szélének jellegétől függ [91].
Különleges esetnek számı́t, ha a Dirac-pontban vagyunk, azaz amikor

Vkapu = 0. Ekkor kn = iqn tisztán képzetes. A transzmittáló módusok
evanescens (exponenciálisan lecsengő) hullámok. Ekkor a (6.9) és a (6.10)
egyenletekből a σ = L

W
G fajlagos vezetőképesség:

σ =
4e2

h

L

W

∞∑
n=0

1

ch2 [(n+ α) πL/W ]
. (6.11)

A W/L→∞ határesetben bevezethetjük az x = (n+ α)π L
W

változót, és

az n szerinti összegzésről áttérhetünk az x szerinti integrálásra. Így a fajlagos
vezetőképességre a következő univerzális érték adódik:

σ =
4e2

πh

∫ ∞
0

dx

ch2x
=

4

π

e2

h
(6.12)

Látható, hogy az eredmény nem függ az α paramétertől, ha W/L→∞.
Tworzydl o és munkatársai numerikusan is elvégezték a számolást [85], de

a részleteket nem közölték. Ezért Visontai Dávid, volt diplomamunkásom,
szakdolgozatának keretében megismételte a számolást [92]. A numerikus szá-
molás a szoros kötésű közeĺıtésben (tight-binding approximation) történt, a
Dirac-egyenlet felhasználása nélkül. Így a számolás független ellenőrzésnek
tekinthető. Ez a módszer a rekurźıv Green-függvény technikán alapul, me-
lyet az elmúlt években számos fizikai rendszerre alkalmazott az a lancasteri
csoport, mellyel több éves együttműködésem van, illetve korábbi PhD hall-
gatóm, Koltai János [93].

A σ fajlagos vezetőképesség W/L aránytól való függését a 6.4 ábra mu-
tatja. Látható, hogy a fajlagos vezetőképességre kapott elméleti eredmény
kitűnően egyezik a numerikus számolásból nyert eredménnyel minden W/L
arány mellett. Nagy W/L értékre a fajlagos vezetőképesség a fent kapott
univerzális értékhez tart. Az első mérésekben [31] a fajlagos vezetőképesség
kb. egy 3-as faktorral volt nagyobb a fent vázolt, illetve más elméleti számo-
lásból nyert univerzális értéknél [80, 82, 83, 84, 85, 86]. Ez a rejtélyes eltérés
valósźınűleg amiatt tapasztalható, hogy a W/L arány nem volt elegendően

3A nyitott csatornák számát az határozza meg, hogy milyen qn-nél válik a longitudinális
hullámszámvektor zérussá.
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6.4. ábra. A σ fajlagos vezetőképesség függése a W/L aránytól. A folytonos
görbe a (6.11) elméleti, a pöttyök a numerikus számolásból kapott eredmé-
nyek (α = 0 esetén).

nagy. Ezt a feltételezést látszik igazolni a legutóbbi mérés is, melyben külön-
böző W/L arány mellett mérték a fajlagos vezetőképességet, és jó egyezést
kaptak a (6.11) elméleti eredménnyel [87, 88].

6.4. A grafén optikai tulajdonságai

A grafén mintát az eredeti ḱısérletben [31] Si hordozóra helyezték úgy, hogy
köztük egy jól megválasztott vastagságú (tipikusan d = 300 nm vastag) SiO2

réteg volt (lásd a 6.5 ábrát). A bevezetőben emĺıtettük, hogy a SiO2 réteg

6.5. ábra. A Si hordozón lévő oxidált felületre helyezett grafén minta.

vastagságának helyes megválasztása lényeges volt a grafén minták optikai
mikroszkóppal, szabad szemmel történő kiválasztásánál.
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Lájer Márton részletesen vizsgálta ḱısérletileg és elméletileg is ezt a kér-
dést a TDK munkájában [94]. Az elektromágneses térnek a Maxwell-egyenleteket
kieléǵıtő śıkhullám-megoldásait illesztve az egyes határfelületeken levezethet-
jük a grafénre beeső fény reflexiós és transzmissziós amplitúdóit, illetve a
megfelelő intenzitásokat. A számolás eredménye sokban hasonĺıt a véges vas-
tagságú optikai törőközegekre ismert Fresnel-formulákra. Ugyanakkor grafén
esetén a számı́tásokban figyelembe kell venni, hogy a grafén egy atomi vékony
és véges vezetőképességű minta. Így a reflexiós és transzmissziós intenzitások-
ra kapott képletek a grafénre kiterjesztett Fresnel-formuláknak tekinthetők (a
részletek megtalálhatók Lájer Márton TDK munkájában [94]).

A 6.5 ábrán látható elrendezésre kiszámı́thatjuk a grafénre merőlegesen
beérkező fény reflexióját, és ez alapján definiálhatjuk az ún. kontrasztot, ami
a reflektált intenzitás relat́ıv eltérése, ha a grafén rajta van a SiO2 rétegen,
és ha nincs4. A 6.6 ábra mutatja a számı́tott kontrasztot a beeső fény hul-
lámhosszának és a SiO2 réteg d vastagságának a függvényében. Az ábra jól

6.6. ábra. A kontraszt merőlegesen beeső fényre a hullámhossz és a SiO2 réteg
d vastagságának a függvényében.

mutatja, hogy látható fényre a kontraszt nagyon érzékenyen függ a d vas-
tagságtól, és például 600 nm hullámhosszú fényre d = 100 nm és d = 300
nm vastagság mellett a legnagyobb a kontraszt. Más vastagságra a kontraszt
gyorsan lecsökken, és a grafén detektálása optikai mikroszkóppal nem lehet-
séges. Amint a bevezetőben is emĺıtettük a vastagság helyes megválasztása
döntő fontosságú volt az eredeti mérésben [31]. Most már érthető, hogy akár

4Minél nagyobb a kontraszt, annál könnyebb detektálni a grafén mintát a hordozón.
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néhány százalékos eltérés is elég, hogy a grafént ne lehessen észrevenni szabad
szemmel optikai mikroszkópon keresztül.

A fentiekkel szorosan összefüggően a grafén optikai tulajdonságai közül
az egyik legérdekesebb eredmény Nair és munkatársainak a szenzációsnak
számı́tó legutóbbi ḱısérleti munkája [95]. A méréseik szerint a szabadon lé-
vő grafén (ha nem egy hordozón van) optikai átlátszóságát, a transzmissziót
(transparency) látható fényben csak az α = 1/137 finomszerkezeti állandó
határozza meg, és ı́gy a minimális vezetőképesség (lásd a (6.12) egyenletet)
mellett az optikai transzmisszió is univerzális értéket vesz fel. A 6.7a ábra

(a) (b)

6.7. ábra. (a) Fehér fény transzmissziója standard spektroszkópiával (vö-
rös körök), és optikai mikroszkóppal (kék négyzetek), az ábra-betétben a
vezetőképesség látható, (b) fehér fény transzmissziója egy-, illetve kétrétegű
grafénre [95]. Az ábrán jelezve van az elméleti jóslat is (lásd a szöveget).

mutatja a fénynek (a közel infravörös és ibolya sźınű tartományban) felfüg-
gesztett grafénen való transzmisszióját, illetve az optikai vezetőképességet,5

mı́g a 6.7b ábrán a transzmisszió látható egyrétegű, illetve kétrétegű grafén
esetén.

A mérési eredmény megértése érdekében szükség van a transzmissziónak
az optikai vezetőképességtől való függésére. Megmutatható, hogy a Topt op-

5A (6.12) egyenlettel adott minimális vezetőképesség eltér a frekvencia függő optikai
vezetőképességtől. Az eltérés oka a mérési eljárás. Mı́g az első esetben az egyenáramú
vezetőképességet mérik, az utóbbinál a mintára eső adott frekvenciájú fény mellett mérik
a vezetőképességet. Ebben az esetben a vezetőképesség a fény által létrejövő elektron-lyuk
optikai átmenetekből származó elektron-transzportra jellemző.
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tikai transzmisszió a kiterjesztett Fresnel-formulák alapján [94, 96]:

Topt =

(
1 +

σ(ω)

2 ε0 c

)−2

, (6.13)

ahol σ(ω) a grafén ω frekvenciától függő optikai vezetőképessége, ε0 a vákuum
dielektromos állandója. Számı́tások szerint az optikai vezetőképesség a teljes
látható fény tartományban független a frekvenciától, és a σ(ω) ∼= σ0 = π

2
e2

h

univerzális értéket veszi fel [97], amit a (6.13) egyenletbe ı́rva az optikai
transzmisszió is univerzális, és csak a finomszerkezeti állandótól függ:

Topt =
(

1 +
π

2
α
)−2

≈ 1− π α = 0,977, (6.14)

ahol α = 1/137 a finomszerkezeti állandó, és az optikai transzmisszió a teljes
látható fény tartományban érvényes. Kétrétegű grafénre σ(ω) ∼= 2σ0, és ı́gy
Topt ≈ 1 − 2π α [96]. Másrészt a mérés (a 6.7a ábra ábra-betétje) alátá-
masztja Mischenko számı́tásait, miszerint a vezetőképességben a Coulomb-
kölcsönhatás járuléka elhanyagolható [97]. Érdekes tény, hogy Nair és mun-
katársainak a mérését [95] megelőzte Kuzmenko és munkatársainak grafiton
történő mérése [98]. Itt jegyezzük meg, hogy a grafén vastagságának mérése
kiemelt fontosságú, és két hazai ḱısérleti csoport is tanulmányozta a kérdést
atomerő-mikroszkóp (AFM, Atomic Force Microscope) seǵıtségével, illetve
Raman-mérésekkel [99].



Összefoglalás, kitekintés

Ebben az átekintő anyagban a grafén fizikájának alapjait, illetve a legfon-
tosabb ḱısérleti és elméleti eredményeket ismertettük. Legfontosabb célunk
egy olyan oktatási anyag elkésźıtése volt, ami hasznos kiindulópont lehet,
elsősorban a grafén elektromos tulajdonságainak megértésében. Az érdeklő-
dő olvasók számára már több összefoglaló mű született a grafénről [100, 101,
102, 103, 104], sőt egy külön kiadás is megjelent a Solid State Communication
folyóiratban [105], illetve egy ḱısérleti áttekintő [106].

A terjedelmi korlátok miatt számos kutatási területet nem emĺıtettünk
ebben a munkában. Ezért itt röviden, csak ćımszavakban, felsorolunk néhány
további érdekes és fontos kutatási témát megadva a fontosabb hivatkozásokat
is, ami kiindulási alap lehet az olvasó számára az adott téma részletesebb
megismeréséhez.

• Grafén mechanikai tulajdonságai, grafén membrán, a Mermin–Wagner-
tétel kérdése [107, 108, 109, 110, 111, 112, 113],

• szennyezések szerepe az elektromos vezetőképességben [114],

• Raman-mérések grafénen [115, 116],

• a spin-pálya kölcsönhatás [117, 118],

• két- [119, 120, 121, 122, 124, 125, 126, 127, 128] és háromrétegű [129,
130, 131, 132] grafén,

• grafén–szupravezető hibrid rendszerek Josephson-átmenet [133, 134,
135].

Befejezésül felsorolunk néhány alkalmazási lehetőséget. Különféle érzé-
kelők, szenzorok [136], nanoelektronika alkalmazások [137], tranzisztor ké-
sźıtése [138, 139], hajlékony érintőképernyők [140], kompozitok (grafén és
műanyag) késźıtése [141], hidrogén tárolás [142], ĺıtium-elemek [143], grafén
alapú antibakteriális lapok [144].
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Nehéz lenne itt felsorolni az irodalomban található összes alkalmazási le-
hetőséget, de remélhetőleg a fenti hivatkozások seǵıtik az olvasót a grafénnel
kapcsolatos kutatások áttekintésében. Ugyancsak b́ızunk abban, hogy az itt
bemutatott anyag hasznosnak bizonyul az oktatásban is.



7. fejezet

Bevezetés

Néhány évtizeddel ezelőtt még azt tańıtották az iskolában, hogy a tiszta, ele-
mi szénnek (carbon) csupán két allotrop módosulata van: grafit (graphite)
és gyémánt (diamond). Mindkét változatban szabályos, kristályos rendben
helyezkednek el a szénatomok. A kétféle struktúra azonban nem egyforma,
az egyikben minden szénatom három, a másikban négy szomszédjához kap-
csolódik kovalens kötéssel. Másképp fogalmazva: a szénatomok a grafitban
sp2, mı́g a gyémántban sp3 hibridizációs állapotban vannak. Éppen a szerke-
zetek különbözősége okozza, hogy a grafit és a gyémánt tulajdonságai olyan
nagy mértékben különbözőek. Minderről részletesen lesz szó a következő fe-
jezetben. A jól rendezett, kristályos szerkezeteken ḱıvül az elemi szénnek
természetesen léteznek rendezetlen, amorf változatai is, amelyekben hármas
és négyes koordinációjú szénatomok egyaránt előfordulnak, hosszútávú rend
nélkül.

A múlt század végének egyik anyagtudományi meglepetése volt annak fel-
ismerése, hogy az elemi szénnek további szabályos szerkezetű allotrop módo-
sulatai is léteznek. Elsőként a fulleréneket (fullerenes) fedezték fel 1985-ben.
A fullerénekben a szénatomok kalickaszerű molekulákat képeznek. Legis-
mertebb képviselőjük a 60 szénatomból álló, különösen magas szimmetriájú,
majdnem gömbszerű C60 molekula. A fulleréneket Sir Harold W. Kroto (Uni-
versity of Sussex, UK), Robert F. Curl és Richard E. Smalley (Rice Univer-
sity, Texas, USA) fedezték föl és erre a fölfedezésükre 1996-ban megkapták a
kémiai Nobel-d́ıjat. A belül üres, zárt görbe felülettel rendelkező molekulákat
a felfedezők Buckminster Fuller amerikai éṕıtész/költő/feltaláló-ról nevezték
el, akinek a nevéhez ilyen görbült, méhsejt-szerkezetű éṕıtmények, ún. geo-
dézikus kupolák fűződnek. A fullerénekben, a grafithoz hasonlóan, minden
szénatomnak három szomszédja van, közöttük kovalens kötéssel. Azonban, a
csak hatszögekből álló śık grafitréteggel (grafénnel) ellentétben, egy görbült,
zárt felület kialaḱıtása csak úgy lehetséges, hogy a hatszögek mellett ötszögek
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is vannak a felületen. (A következő fejezetben – Euler egy tételére hivatkoz-
va – megmutatjuk, hogy az ötszögek száma mindig pontosan 12, a hatszögek
száma tetszőleges.) A C60, C70, C82 stb. molekulák tulajdonképpen mind
egy-egy allotrop módosulatát jelentik a szénnek.

Tágabb értelemben a fullerének családjának tagjai a szén nanocsövek
(carbon nanotubes) is, melyeket először Sumio Iijima japán fizikus figyelt
meg 1991-ben, elektronmikroszkópos felvételeken, fulleréneknek grafitrudak
ı́vkisüléses elpárologtatásával történő előálĺıtása során. Iijima ezért az el-
sők között megkapta a Norvég Tudományos Akadémia által első ı́zben 2008-
ban kiosztott Kavli-d́ıjat (Kavli-prize), a három d́ıjazott terület (asztrofizika,
nanotudomány és idegtudomány) közül természetesen a középsőért. Iijima
az elektronmikroszkópos felvételeken koncentrikusan egymásba ágyazott, ún.
többfalú nanocsöveket figyelt meg. Néhány évvel később másoknak sikerült
egyfalú nanocsöveket is előálĺıtani. Ezen csövek átmérője 1 nm körüli, mı́g
hosszuk tipikusan néhányszor t́ız mikron, de álĺıtottak már elő centiméteres
hosszúságú nanocsöveket is. Az egyenes csövek palástján a szénatomok hat-
szögekbe rendeződnek, mintha egy hatszöges śıkot csavarnánk föl hengerré.

A szén nanoszerkezetek sorában a legfrissebben felfedezett változat a gra-
fén (graphene), ami nem más, mint a grafit egyetlen, hatszöges, méhsejt
szerkezetű atomrétege. Az egyfalú szén nanocsövek elméleti léırására a leg-
egyszerűbb közeĺıtésben, a görbület elhanyagolásával, kezdettől fogva a szén-
atomok śıkbeli szabályos hatszöges rácsa jelentette a kiindulási pontot. Azt
azonban sokáig senki nem gondolta komolyan, hogy az egyetlen atomnyi vas-
tagságú atomréteg, a grafén ḱısérletileg valóban előálĺıtható. Egészen addig,
amı́g a Manchesteri Egyetemen Andrej Konsztantyinovics Geim és Konsztan-
tyin Szergejevics Novoszjolov (gyakoribb ı́rásmóddal: Konstantin Novoselov)
ezt meg nem valóśıtották. Munkájukról

”
Electric field effect in atomically

thin carbon films” ćımmel a Science folyóiratban számoltak be, 2004-ben.
A módszer hihetetlenül egyszerű volt (utólag sok minden annak tűnik . . . ).
Kristályos grafit felületéről ragasztószalag seǵıtségével letéptek egy nagyon
vékony grafitréteget, és ezt addig folytatták, mı́g a végén már csak néhány
atomréteg maradt a ragasztószalagon. Szerencsés esetben ez egyetlen atom-
nyi réteget, egy grafénśıkot jelentett, aminek śıkbeli kiterjedése akár a mm-es
méretet is elérheti. Az egy- vagy néhány rétegnyi grafén könnyen kezelhe-
tő SiO2 hordozóra nyomva, ami fixen megtartja azt. A dologban – egyebek
között – az a szép, hogy már egyetlen rétegnyi grafén ad olyan kontrasztot,
hogy észre lehet venni egy optikai mikroszkópban. Ezért a felfedezésükért,
és a grafénen végzett úttörő ḱısérleteikért Geim és Novoszjolov 2010-ben
megkapták a fizikai Nobel- d́ıjat. Két évvel később, 2012-ben pedig mind-
kettőjüket lovaggá ütötték. A szén nanoszerkezetek közül manapság a grafén
kutatása fejlődik a legdinamikusabban, elég csak az évente megjelenő pub-
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likációk számát tekinteni. Az alkalmazások szempontjából is ez az anyag a
leǵıgéretesebb. A grafénről mégsem lesz szó ebben az anyagban, mivel arról
külön tananyag készült, lásd Cserti József:

”
A grafén fizikájának alapjai”.

Az eddig felsorolt szerkezetekben a szénatomok hibridizációs állapota sp3

(gyémánt), sp2 (grafit, grafén) illetve a kettő közés esik (a görbült felületű
fullerénekben, szén nanocsövekben). Elvileg létezhet a szénnek olyan allot-
rop módosulata is, ahol a szénatomok sp1 hibridizációjúak. Ez nem más,
mint szénatomok lineáris lánca. Nagyon hosszú lineáris szénláncot (carbyne)
még nem sikerült előálĺıtani a nagy reakcióképessége miatt. Rövidebb lánco-
kat (polyyne) azonban igen. Ezen rövidebb láncok végét valamilyen csoport
(esetleg csak H-atom) zárja le, stabilizálva a lánc belsejében a szénatomok
között alternálva sorakozó egyes- és hármas-kötéseket. Az eddig előálĺıtott
leghosszabb ilyen (−C ≡ C−)n láncban 44 szénatom van (n = 22). Meg-
jegyzendő, hogy a fullerének felfedezéséhez éppen ilyen lineáris szénláncok
vizsgálata vezetett. Minél hosszabb láncokat szerettek volna előálĺıtani, de
helyette kalickaszerű molekulákat találtak.

A sokfajta szén nanoszerkezet közül ebben az anyagban elsősorban a ful-
lerének és kisebb mértékben a szén nanocsövek legfontosabb tulajdonságait
tárgyaljuk, bevezető jelleggel. Elmélyültebb tanulmányozáshoz az irodalom-
jegyzék nyújt seǵıtséget. Összefoglaló művekként különösen ajánlhatók a
következő könyvek:

”
Science of Fullerenes and Carbon Nanotubes” [145],

”
Physical Properties of Carbon Nanotubes” [146],

”
Carbon Nanotubes, Ba-

sic Concepts and Physical Properties” [147],
”
Carbon Nanotubes: Advan-

ced Topics in the Synthesis, Structure, Properties and Applications” [148],

”
Handbook of Nanophysics: 7-Volume Set” [149]. További információk talál-

hatók a szén nanoszerkezetekről az ELTE Nanofizika csoportjának oldalán.
Ezeken ḱıvül, ajánlott compositeswiki helyek az interneten: grafén, illetve
nanocsövek.

Befejezésül kiemeljük, hogy mind a fullerének, mind a szén nanocsövek
kutatásában kezdetektől fogva akt́ıvan vettek részt és nemzetközileg jelentős
eredményeket értek el magyarországi kutatók. A teljesség igénye nélkül (csak
az egyes csoportok vezetőit emĺıtve): az MTA TTK-MFA-ban Biró László Pé-
ter (n); az MTA Wigner-SZFI-ben Faigel Gyula (f), Kamarás Katalin (fn),
Pekker Sándor (fn), Oszlányi Gábor (f); a BME Fizikai Intézetben Jánossy
András (f), László István (fn), Simon Ferenc (n); az SZTE-n Hernádi Klá-
ra (n), Kónya Zoltán (n), Kukovecz Ákos (n); az ELTE Kémiai Intézetben
Surján Péter (fn); végezetül az ELTE Fizikai Intézetben is akt́ıv kutatások
folytak és folynak az ELTE Nanofizika csoportban.
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7.1. ábra. Szénatomokból álló különböző dimenziójú szerkezetek



8. fejezet

Grafit vs. gyémánt, a
hibridizáció szerepe

Az elemi szén két régóta jól ismert, szabályos szerkezetű, kristályos módosu-
lata a gyémánt és a grafit. A gyémántot az ókorban, a grafitot még régebben,
már az őskorban ismerték és használták. Mindkettő elnevezése görög eredetű.
A gyémánt görög neve: αδάµας (adamasz), ami legyőzhetetlent, törhetetlent
jelent Ez alakult át latin közvet́ıtéssel: diamasz, diamantem. Az újgörög
nyelvben már a latinból visszaszármazó διαµάντι (diamándi) használatos.
A grafit neve a görög γράϕω (grafó), ı́rni szóból származik. Nehéz elképzelni
nagyobb különbséget két anyag között, noha mindkettő csak szénatomokat
tartalmaz. A gyémánt a legkeményebb anyag, speciális szerszámok élét, he-
gyét vonják be vele – a grafit ezzel szemben puha, nyomot hagy a paṕıron.
A gyémánt átlátszó – a grafit fekete. A gyémánt az egyik legjobb szigetelő
– a grafit ezzel szemben vezeti az elektromos áramot, ezért használható pl.
forgó motoroknál áramleszedőnek. Mi az oka, hogy ugyanazon atomokból
álló anyagok tulajdonságai ennyire eltérnek egymástól? A válasz: az atomok
térbeli elrendeződése különböző, s ennek következtében más lesz ezen anya-
gok elektronszerkezete, és emiatt lesznek annyira mások a fentebb emĺıtett
tulajdonságok.

A gyémántban a szénatomok voltaképpen egyetlen nagy, kovalens kö-
tésekkel összetartott óriásmolekulát alkotnak. Minden szénatomnak négy
egyenértékű szomszédja van, melyek a kiszemelt szénatom körül egy szabá-
lyos tetraéder négy csúcsában helyezkednek el (8.1 ábra). Minden szén-szén
kötés egyforma hosszú: 154 pm. Ettől eltérően, a grafitban a szénatomok
párhuzamos śıkokba rendeződnek. A śıkokon belül a szénatomok szabályos
hatszöges rácsot alkotnak. Minden szénatomnak három egyenértékű szom-
szédja van, a közöttük lévő kötés hossza 142 pm. Ez a śıkokon belül még
erősebb kötést jelent, mint a gyémánt valamivel hosszabb, egyszeres kötései.
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A śıkok között azonban csupán gyenge van der Waals kölcsönhatás van, ennek
megfelelően a szomszédos śıkok közötti távolság nagy: 335 pm. A gyengén
kötött śıkok könnyen elválaszthatók egymástól, ezért lehet ı́rni a grafittal.

Néhány kiegésźıtés a szerkezetekről:
a) A szénnek van egy további sp3 allotrop módosulata, a lonsdaleit, más

néven hexagonális gyémánt. A szénatomok első szomszédai itt is szabályos
tetraédert alkotnak, azonban mı́g a gyémántban a szénatomok hatos gyűrűi
mind szék szerkezetűek, a lonsdaleitben kád szerkezetek is előfordulnak (8.2.
ábra). A (köbös) gyémánt és a (hexagonális) lonsdaleit voltaképpen egy
wurtzit – szfalerit párost alkot.

b) A 8.1 ábra a kristályos grafit leggyakoribb, ún. ABAB... szerkezetét
ábrázolja, ahol minden második réteg azonos (Bernal-rétegződés). Lehetséges
más rétegsorrend is, pl. ABC, vagy AA, vagy akár véletlenszerű (turbosztra-
tikus grafit).

8.1. ábra. A gyémánt és a grafit szerkezete (wikimedia1 és wikimedia2)

A gyémánt négy egyenrangú kötése azáltal valósul meg, hogy az elekt-
ronok atomi 2s (1 db) és 2p (3 db) állapotai összekombinálódnak ún. sp3

hibridállapotokká (4 db). Bár az atomi 2p állapot energiája picit magasabb,
mint a 2s állapoté, a kialakuló gyémántszerkezet energianyeresége ezt bő-
ven kompenzálja. A hibridállapotok ugyanis – ellentétben a p állapotokkal
– aszimmetrikusak a szénatom magjára nézve, ami nagyobb átfedést bizto-
śıt a szomszédos szénatomokon egymás felé irányuló hibridállapotok között,
mint amekkora átfedés az atomi p pályák között lenne. Hangsúlyozni kell,
hogy ez az átfedés dominál, a nem egymással szembe mutató hibridpályák
közötti átfedés ennél jóval kisebb mértékű. Mint azt a kémiai kötések elmé-
letéből tudjuk, az átfedés előjelétől függően mélyebb energiájú (kötő) illetve
magasabb energiájú (laźıtó) molekulaállapotok (molekulapályák) alakulnak
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8.2. ábra. (Köbös) gyémánt és hexagonális gyémánt (lonsdaleit) szerkezete
közötti különbség

8.3. ábra. sp3, sp2 és sp1 hibridpályák (wikipedia)

ki az atomi állapotokból, jelen esetben a két egymással szembe mutató sp3

hibridállapot-párokból. Egy ilyen molekulapálya hengerszimmetrikus a C–
C kötés körül. Az ilyen állapotokat σ-állapotoknak h́ıvjuk. A σ kötő és
σ∗ laźıtó kombinációk energiája között sokkal nagyobb a különbség, mint
amekkora eredetileg az atomi s és p állapotok energiája között volt. Ezzel
azonban még nincs vége a történetnek. A C–C kötéseket biztośıtó mole-
kulapályák egymás közötti átfedése sem hanyagolható el teljesen. Bármely
kiszemelt kétatomos molekulapálya a hat szomszédos hasonló molekulapá-
lya mindegyikével ekvivalens módon fed át, azok is az ő szomszédjaikkal, és
ı́gy tovább. Megmutatható, hogy ilyenkor az egész rendszerre kiterjedő de-
lokalizált állapotok alakulnak ki. Ezen állapotok energiája attól függ, hogy
milyen együtthatókkal kombinálódnak össze az egyes atompárokon (kötése-
ken) lokalizált állapotok. Nyilván a csupa kötőjellegű kombináció vezet a
lehető legmélyebb, a csupa laźıtójellegű kombináció pedig a lehető legmaga-
sabb energiájú állapotra. A többi kombináció energiája ezek energiái közé
esik. Tekintve, hogy az energiaszinteknek ez a felhasadása kisebb mértékű,
mint a kezdeti σ – σ∗ felhasadás, továbbá a kombinációk s ı́gy az energia-

http://en.wikipedia.org/wiki/Orbital_hybridisation
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szintek száma makroszkopikusan nagy, ennek az lesz az eredménye, hogy az
eredetileg diszkrét σ-energiaszint kiszélesedik egy gyakorlatilag folytonos ún.
σ-sávvá. Természetesen hasonló mondható el a σ∗-sávról is. N darab szén-
atom esetén, mivel atomonként 4 állapotot kell figyelembe vennünk, és ezen
állapotok összes száma a felhasadás és kiszélesedés után változatlan marad,
a σ- és σ∗-sávokban együtt összesen 4N darab energiaszint található. Ezeken
helyezkedik el összesen 4N darab elektron. Mivel a betöltés alulról történik,
és a Pauli-elvnek megfelelően minden energiaszintre két darab elektron kerül-
het (ellenkező spinnel), ezért az elektronok éppen teljesen betöltik a σ-sávot,
és egy sem jut a σ∗-sávba.

Az elmondottakat, a gyémánt sávszerkezetét a 8.4. ábra baloldali része
mutatja. A szénatomoknak gyémántrácsba rendeződése tehát tipikus szi-
getelőt eredményez. A teljesen betöltött σ-sáv (vegyértéksáv) elektronjai
moccanni sem tudnak. Ahhoz hogy elektromos áram folyhasson a mintán
keresztül, az elektronok egy részét először az üres σ∗-sávba (vezetési sávba)
kellene gerjeszteni. A termikus gerjesztés ehhez messze nem elegendő, mivel
a két megengedett sáv közötti ≈ 5, 4 eV széles ún. tiltott sáv (gap) sok-
kal nagyobb, mint a szobahőmérsékleti kBT termikus energia (≈ 25 meV).
Ugyanezen ok miatt a szokásos elektromos terek (feszültségek) is túl kicsik
ahhoz, hogy áram indulhasson a mintában. Ehhez ugyanis az kellene, hogy
az egyes elektronok a gap küszöbenergiájánál nagyobb energiát tudjanak föl-
venni az elektromos térből. A gyémánt optikai tulajdonságait is a nagy tiltott
sávszélesség magyarázza. Az 5,4 eV egy ultraibolya foton hν kvantumener-
giájának felel meg. Az ennél kisebb energiájú fotonok, amibe tehát a teljes
látható tartomány beleesik, nem képesek gerjeszteni az elektronokat, hanem
akadálytalanul áthaladnak az anyagon.

Más a helyzet a grafitnál. Itt kovalens kötések – szénatomonként három
– csak az egyes hatszöges śıkokon belül vannak. Emiatt nem sp3, hanem
sp2 hibridizációról van szó. Ezekből az sp2 hibridállapotokból (atomonként
három darab) alakul ki a grafit egy śıkjának, a grafénnek a σ-váza, a ne-
ki megfelelő σ- illetve σ∗-sávokkal. Rajtuk ḱıvül azonban még figyelembe
kell venni szénatomonként egy-egy megmaradó atomi p-pályát (pz), melyek
merőlegesek a hatszöges śıkra és nem vesznek részt a hibridizációban. Ezek
a p-pályák átfednek egymással, méghozzá mindegyik egyszerre három ekvi-
valens szomszédjával. A belőlük kikombinálható, az egész śıkra kiterjedő
delokalizált molekulapályák az ún. π-pályák, a nekik megfelelő energiaszin-
tek pedig a σ- illetve σ∗-sáv között félúton elhelyezkedő π-sávot alkotják.
A helyzetet a 8.4 ábra jobb oldala mutatja. N darab szénatom esetén a σ-
illetve σ∗-sávokba összesen 3N darab energiaszint esik, a maradék N darab
energiaszint a π-sávban van. A sávok betöltésénél atomonként ismét négy
elektronnal kell számolni. A szinteket kettesével alulról betöltve ezúttal a
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8.4. ábra. A gyémánt és a grafit sávszerkezetének különbözősége az eltérő
hibridizáció miatt

π-sáv közepén elfogynak az elektronok. (Vegyük észre egyébként, hogy a
σ- illetve π-állapotok egyaránt delokalizáltak, köztük nem ebben van a kü-
lönbség, hanem a betöltöttségben.) Tekintve, hogy a legfelső betöltött ener-
giaszint (Fermi-szint) fölött közvetlenül vannak betöltetlen állapotok, ezért
az elektronok tetszőleges kis elektromos tér hatására meg tudnak mozdulni,
vagyis a grafit fémes vezetőként viselkedik. Másrészt a π-sáv szélessége több
eV, ez azt jelenti, hogy a látható fény fotonjai (1,5–3 eV) gerjeszteni tudják
a π-sávon belül az elektronokat, vagyis a grafit – ellentétben a gyémánttal
– nem átlátszó. Az elektromos és optikai tulajdonságok szempontjából alig
játszik szerepet, hogy a grafit valójában sok párhuzamos, egymással gyenge
kapcsolatban álló grafénśıkból áll, a közöttük lévő van der Waals kölcsönha-
tás csupán kicsit módośıtja az elmondottakat.

A sávszerkezetről az előzőekben léırtakat kicsit komolyabban is el lehet
mondani. Ehhez a lehetséges energiaszinteket a k (háromdimenziós) hullám-
szám függvényében kell meghatározni, mintegy széthúzva a 8.4. ábra sávjait
a hullámszám függvényében. Az ε(k) diszperziós relációt az adott szerke-
zet Brillouin-zónájának magas szimmetriájú pontjai mentén haladva szokás
ábrázolni. A 8.5(a) illetve 8.5(b). ábrák az általunk sűrűségfunkcionál mód-
szerrel (density functional theory - DFT) számolt sávszerkezeteket mutatják.
A Fermi-szint mindkét esetben nullánál van. A lényeg (grafitra nincs gap -
tiltott sáv, gyémántra nagy gap van) megegyezik a 8.4. ábrán láthatóval.
Természetesen a DFT-eredmény kvantitat́ıvan is mutatja a teljes diszperziós
relációkat, illetve olyan

”
részletek”is jól láthatók, hogy a gyémántnak indirekt

a gapje. A 8.4 és 8.5(b) ábrák összehasonĺıtásánál azt is vegyük figyelembe,
hogy az előbbi a śıkbeli grafénra, az utóbbi a térbeli grafitra vonatkozik.
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(a) gyémánt (b) grafit

8.5. ábra. DFT módszerrel számolt sávszerkezetek a szokásos magas szim-
metriájú pontok mentén ábrázolva. A pirossal kiemelt sávok a π-sávok.

Felmerülhet még a kérdés, hogy a gyémánt és a grafit közül melyik az
energetikailag kedvezőbb szerkezet. Pusztán a pénzben kifejezhető értékükre
gondolva kézenfekvőnek tűnik, hogy a grafit. Ez azonban a 8.4 ábrára te-
kintve egyáltalán nem nyilvánvaló. A π-elektronok kisebb energianyereséget
jelentenek, mint a σ-elektronok. Ugyanakkor a grafitban a rövidebb C–C kö-
tés miatt a σ-sáv mélyebben van, mint a gyémánt esetében. E két ellentétes
tényező végeredménye hajszálnyival, szénatomonként 0,016 eV-tal a grafit
javára billenti a mérleget. Ha ehhez hozzávesszük a grafit nagyobb entrópi-
áját, az F = E − TS szabadenergia már egyértelműen a grafitnak kedvez.
A nyomás növelésével viszont, a kompaktabb gyémánt kisebb fajtérfogata
miatt a G = E − TS + pV szabadentalpia lassabban nő a gyémántra, ezért
kellően nagy nyomáson a grafit átalakul gyémánttá.

Végső soron az atomi hullámfüggvények könnyű hibridizációja az alapja
annak, hogy a szénatomok idegen atomok nélkül, önmagukban is változatos
szerkezeteket képesek alkotni. A következőkben az új t́ıpusú szén nanoszerke-
zetek közül először a nulladimenziós fullerének, majd a (kvázi)egydimenziós
szén nanocsövek bemutatása következik.
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8.6. ábra. A szén egyszerűśıtett fázisdiagramja (wikipedia)

http://commons.wikimedia.org/wiki/File:Carbon-phase-diagramp.svg


9. fejezet

Fullerének

9.1. Felfedezés, történeti áttekintés

1985-ben jelent meg a Nature-ben egy cikk
”
C60: Buckminsterfullerene” ćım-

mel [150]. Ebben a szerzők (Harry Kroto, Richard Smalley, Robert Curl

9.1. ábra. Az 1985-ös Nobel-d́ıjas cikk a Nature ćımlapján

– a későbbi Nobel-d́ıjasok, valamint két doktorandusz, Jim Heath és Sean
O’Brien) beszámolnak arról a – tulajdonképpen véletlen – felfedezésükről,

57
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9.2. ábra. A három Nobel-d́ıjas: R. Curl, H. Kroto és R. Smalley (nobelpri-
ze.org)

hogy grafit lézeres elpárologtatásával sikerült előálĺıtaniuk egy 60 szénatom-
ból álló nagyon stabil képződményt. Az eljárás csak annyit tett lehetővé,
hogy repülésiidő-tömegspektrométerben megállaṕıtsák a keletkezett atom-
fürtök, klaszterek tömegét. Pusztán abból a tényből, hogy a ḱısérleti körül-
mények változtatásával el lehetett érni, hogy a tömegspektrumot majdnem

9.3. ábra. Kisméretű szénklaszterek képződése grafit lézeres elpárologtatásá-
val (nobelprize.org)

kizárólag a 60 szénatomból álló klaszterek dominálják, arra lehetett következ-
tetni, hogy ez egy különlegesen magas szimmetriájú s ezért stabil molekula,
amire a 9.5 ábrán látható ún. csonkolt ikozaéderes szerkezetet javasolták.
A felénk néző oldalon látható 6 darab ötszöget sárga sźın jelöli. Ezekből
a középpontra való tükrözés további 6 darab ötszöget generál. Az összesen
12 ötszög egy ikozaéder 12 csúcsának egyforma módon történő lemetszésével
kapható. Buckminster Fuller amerikai éṕıtész tiszteletére – akinek nevéhez
ilyen, ötszögekből és hatszögekből álló görbült felületű éṕıtmények fűződnek
– a fullerének nevet adták az ilyen kalickaszerű molekuláknak. A többes szám
indokolt, mivel a C60 mellett hasonló, de más szénatomszámú molekulák is
léteznek, mint pl. a C70, C82 stb. Az előfordulási gyakoriság tekintetében

http://www.nobelprize.org/nobel_prizes/chemistry/laureates/1996/illpres/illpres.html
http://www.nobelprize.org/nobel_prizes/chemistry/laureates/1996/illpres/illpres.html
http://www.nobelprize.org/nobel_prizes/chemistry/laureates/1996/illpres/illpres.html
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9.4. ábra. Grafit lézeres elpárologtatásával kapott tömegspektrumok. A v́ız-
szintes tengelyen az egyes klaszterekben lévő szénatomok száma. Az alsó a
kezdeti, a felső a paraméterek megfelelő változtatásával kapott tömegspekt-
rum, ami már túlnyomó részt C60-tól, valamint kis mennyiségben C70-től
ered. (nobelprize.org)

9.5. ábra. A csonkolt ikozaéderes geometriájú C60 molekula

második, rögbilabdaalakú C70 molekula például úgy származtatható a(z eu-
rópai) futballabda alakú C60-ból, hogy az utóbbit képzeletben félbevágjuk
valamelyik két szemközti ötszög közepén átmenő szimmetriatengelyére me-

http://www.nobelprize.org/nobel_prizes/chemistry/laureates/1996/illpres/illpres.html
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rőlegesen, és a két részt kicsit elforgatva széthúzzuk egymástól úgy, hogy be
lehessen toldani egy t́ız szénatomból álló gyűrűt (9.6 ábra).

9.6. ábra. C70 származtatása C60-ból

Pár mondatot megér maga a felfedezés története. A Sussex-i Egyete-
men a 70-es évek óta folytak kutatások lineáris szénláncdarabot tartalmazó
poliinek (pl. HC2nH vagy HC2n+1N) előálĺıtására. Kroto és munkatársai egy-
re hosszabb poliineket próbáltak előálĺıtani. Ennek seǵıtségével próbálták
igazolni azt az asztrofizikai sejtést, hogy a vörös óriás csillagokban hosszú
szénláncok keletkezhetnek. Krotoéknak 1983-ban már olyan hosszú moleku-
lát sikerült előálĺıtaniuk, mint a H − C ≡ C − C ≡ C − C ≡ C − C ≡ N
[151]. Krotonak a Rice Egyetemen dolgozó Curl ajánlotta, hogy összehozza
az ugyanott dolgozó Smalley-val, aki éppen akkortájt éṕıtett egy berendezést,
amelyben lézeres elpárologtatás seǵıtségével kisméretű atomfürtök, klaszte-
rek álĺıthatók elő. Az volt az elképzelés, hogy grafit felületéről

”
kifröccsentve”

sikerülhet még hosszabb szénláncokat előálĺıtani. Smalley a SiC2-on végzett
ḱısérleteket, ezért először elháŕıtotta Kroto kérését, hogy cserélje ki a SiC2-
ot grafitra. 1985 augusztusában aztán Smalley üzent Krotonak, hogy 1-2
hétig

”
játszadozhat” a berendezésével. Ennek lett aztán a Nobel-d́ıj az ered-

ménye... Az előzményeknek és magának az izgalmas szeptemberi 10 nap
történetének a részletes léırása feltétlenül elolvasásra érdemes, akár az ere-
deti visszaemlékezésekből [152, 153, 154, 155, 156], akár angol vagy magyar
nyelvű összefoglalókból [157, 158, 159, 160, 161, 162, 163, 164].

Érdemes megjegyezni, hogy azzal a feltétellel, miszerint minden szénatom
pontosan három másik szénatomhoz kötődik, és ötszögeken és hatszögeken
ḱıvül más sokszög nem fordul elő, Eulernek a poliéderekre vonatkozó tételét
fölhasználva könnyű megmutatni, hogy az ötszögek száma minden esetben 12
kell legyen, miközben a hatszögek száma tetszőleges (a C60-nál történetesen
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20). Euler tétele szerint ugyanis egy poliéderre a lapok száma (L), a csúcsok
száma (C) és az élek száma (E) kieléǵıti a következő összefüggést:

L+ C = E + 2 . (9.1)

Ha az ötszögek illetve hatszögek számát n5-tel illetve n6-tal jelöljük, az em-
ĺıtett feltételek miatt L = n5 + n6, C = (5n5 + 6n6)/3 és E = (5n5 + 6n6)/2.
Ezeket behelyetteśıtve 9.1-be, azonnal következik az a meglepő eredmény,
hogy a csúcsok (szénatomok) számától függetlenül n5 = 12 mindig, mı́g n6

tetszőleges lehet. Mellesleg ebből az is következik, hogy a poliéderben lévő
csúcsok száma páros, és ez magyarázza azt a tényt (lásd 9.4 ábra), hogy a
klaszterekben lévő szénatomok száma kettesével változik.

Érdekes kérdés, hogy mi a lehető legkisebb méretű fullerén. Az előzőek
értelmében ez 12 ötszögből és nulla hatszögből áll, tehát az atomok (csúcsok)
száma 20. Az ötszögek miatt túlságosan fesźıtett szerkezet instabil, mégis
sikerült kimutatni a létezését [165]. A C20 és a C60 molekulák topológiáját

9.7. ábra. A legkisebb lehetséges fullerén, a dodekaéder alakú C20

śıkba kiteŕıtve mutatják a 9.8 ún. Schlegel-diagramok.
Az Euler-szabályok az ötszögek és hatszögek számát rögźıtik, de a konkrét

elrendezésüket nem. Adott szénatomszám mellett az izomerek száma nagyon
nagy. C60-ra például 1812 különböző szerkezet képzelhető el, sőt, ha az egy-
mással forgatással fedésbe nem hozható tükörképeket (enantiomereket) külön
számı́tjuk, akkor a lehetséges izomerek száma 3532 [166]! Számı́tások igazol-
ják, hogy a fullerének lehetséges izomerjei közül azoknak van különösen nagy
stabilitása, amelyekben egyik ötszögnek sincs egy másik ötszöggel közös éle
(izolált ötszög szabály - isolated pentagon rule). C60-ra például a 3532 izomer
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9.8. ábra. A C20 (balra) és a C60 (jobbra) molekula Schlegel-diagramja (wi-
kipedia)

közül egyetlen egyre teljesül ez a szabály, s ez pedig éppen a 9.5. (illetve 9.8.)
ábrán látható ikozaéderes szimmetriájú változat. A 9.1. táblázat mutatja né-
hány fullerénre a lehetséges izomerek számát, a tükörképeket azonosnak (i)
illetve különbözőnek (i′) véve. iIP az izolált ötszögszabálynak eleget tevő
izomerek száma, i′IP ugyanez az enantiomereket is megkülönböztetve.

n i i′ ip i′p
60 1812 3532 1 1
70 8149 16091 1 1
76 19151 38016 2 3
78 24109 47868 5 6
84 51592 102864 24 34

9.1. táblázat. A lehetséges izomerek száma néhány fullerénre

Mint oly gyakran, a C60 felfedezésével kapcsolatban is kiderült, hogy ilyen-
olyan előzményei már voltak korábban. A részletekről a korábban már em-
ĺıtett irodalom tanulmányozása javasolt. Itt csak egy nagyon rövid összefog-
lalót adunk.

Az ókorból emĺıtést érdemel Pláton (5 szabályos test, köztük az ikozaéder)
illetve Archimédesz (13 archimédeszi test, köztük a csonkolt ikozaéder).

A középkorból több művészeti alkotás is fönnmaradt, melyeken csonkolt
ikozaéder látható. Az első ismert rajz a csonkolt ikozaéderről az olasz festő és
matematikustól, Piero della Francescától származik (1480). Kicsivel későb-
bi rajz található Luca Pacioli könyvében, valósźınűleg Leonardo da Vincitől
(1498 vagy 1509). Körülbelül ugyanekkor készült Albrecht Dürer egy rajza
egy kiteŕıtett csonkolt ikozaéderről (≈1500). A XVI. századból több rene-
szánsz festményen is látható csonkolt ikozaéder. Kı́nában, a Ming dinasztia
idején (1368-1644) készült olyan oroszlánszobor, amelynek mancsa csonkolt

https://en.wikipedia.org/wiki/Fullerene
https://en.wikipedia.org/wiki/Fullerene
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ikozaéderen nyugszik. Isztambulban, a Topkapi Szeráj egyik kapuja fölött a
dombormű csonkolt ikozaédert ábrázol. Végül megemĺıtjük a japán

”
kagome”

rácsokat, melyek śıkban háromszögekből és hatszögekből állnak. Görbült fe-
lületekhez (kosár, lampion) néhány hatszöget ötszög (pozit́ıv görbület) illetve
hétszög (negat́ıv görbület) helyetteśıt.

A XX. században kezdődnek a tudományos előzmények. Ezekről is csupán

”
távirati st́ılusban”, a részleteket illetően itt is az irodalomjegyzékre utalunk.

• 1933, Tisza László: ikozaéderes pontcsoport

• 1942, D.W. Thompson: szénkalicka 12 ötszög + akárhány hatszögből

• 1965, Schultz, geometriai megfontolások alapján: C60H60 – csonḱıtott
ikozaéder

• 1966, David Jones (
”
Daedalus”), New Scientist-ben: labdaalakú szén-

molekula hatszögekből (köztes sűrűség a szilárd/folyékony illetve gáz
halmazállapot között)

• 1970, Eiji Osawa, a Kagaku c. japán nyelvű folyóiratban: 3D aromás
szerkezetek lehetősége, köztük megemĺıti a C60 molekulát

• 1971, W.E. Barth és R.O. Lawton: a görbült tál alakú korannulén
molekula (1 ötös gyűrű 5 db hatos gyűrű szomszéddal) szintézise

• 1973, D.A. Bocsvar és G.E. Gal’pern: ferrocén szerkezet általánośıtása:
C20 (Sztankevics javaslata: C60)

• 1980, S. Iijima, elektronmikroszkóppal: gömbszerű szénrészecskék vá-
kuumban párologtatott szénben

• 1981, R.A. Davidson: Hückel számolások szénklaszterekre, köztük C60-
ra is

• 1983, L.A. Paquette: C20H20 (dodekahedrán) szintézise

• 1981-85, O. Chapman, C60-at próbált szintetizálni – sikertelenül

Így érkeztünk el 1985 szeptemberéig, amikor Krotoék fölfedezték a fullerén
molekulákat. A felfedezés azonban éveken át csupán kuriózumnak számı́tott,
hiszen elméleti munkákon ḱıvül nem adott lehetőséget másra, a rendḱıvül kis
anyagmennyiség nem tett lehetővé semmilyen ḱısérleti vizsgálatot. Még az
is, hogy a 60 szénatomból álló klaszter szerkezete valóban a 9.5 ábrán látha-
tó csonkolt ikozaéder, csak spekuláció maradt mindaddig, amı́g nem sikerült



9. FEJEZET. FULLERÉNEK 64

makroszkópikus mennyiségben előálĺıtani az anyagot, ami már tényleges vizs-
gálatok elvégzésre is elegendő volt. A felfedezéstől számı́tva öt évet kellett
erre várni.

9.2. C60 nagy mennyiségben: kristályos fulle-

rének

A ḱısérleti fullerénkutatásokat beind́ıtó munka, Wolfgang Krätschmer és mun-
katársai

”
Solid C60: a new form of carbon” ćımű cikke szintén a Nature-ben

jelent meg, 1990-ben [167]. A szerzők – megint asztrofizikai ind́ıttatásból! –

9.9. ábra. W. Krätschmer és munkatársai cikke: kristályos C60 a Nature
ćımlapján

grafit elektródákat párologtattak ı́vkisüléssel, kisnyomású hélium atmoszfé-
rában. A keletkező kormot benzolban feloldották, majd kikristályośıtották.
Röntgen- és elektrondiffrakciós vizsgálatokkal, valamint optikai- és infravö-
rös abszorpciós spektroszkópiai mérések seǵıtségével bizonýıtották, hogy a
kristályok legnagyobbrészt C60 molekulákból állnak.

A legfontosabb bizonýıték az volt, hogy az infravörös spektrumban mind-
össze 4 csúcsot láttak, ami egyértelműen azt mutatta, hogy a 60 atomból
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9.10. ábra. C60 előálĺıtása nagy mennyiségben grafit ı́vkisüléses párologtatá-
sával (nobelprize.org)

álló molekula igen magas szimmetriájú. A mért rezgési frekvenciák (528,
577, 1183 és 1429 cm−1), továbbá az ultraibolya elnyelési spektrumban meg-
figyelt három csúcs helye (216, 264 és 339 nm) jó egyezésben voltak a C60-ra
akkorra már kiszámolt értékekkel.

Ezt követően számos laboratóriumban beindultak a ḱısérleti kutatások.
A Krätschmer-módszerrel előálĺıtott kiindulási anyagból, különféle kroma-
tográfiás eljárással sikerült – igaz kisebb mennyiségben és tisztasággal – más,
nagyobb fulleréneket, főleg C70-et is elválasztani. Kristályos változataik a
különféle fulleritek. A vizsgálatok természetesen elsősorban a C60-ra irányul-
tak.

Folyadékfázisban végzett 13C NMR mérések is megerőśıtették a C60 mo-
lekula magas szimmetriáját [168]. Az NMR spektrum egyetlen vonalból állt,
ami a legerősebb bizonýıtéka az ikozaéderes szerkezetnek, ugyanis csak ı́gy le-
hetséges, hogy a C60 minden atomja ekvivalens. Az NMR-vonal helye (142,5
ppm) is egyezésben van a C60-ra számolt kémiai eltolódással. A C70 NMR-
spektruma ezzel szemben 5 vonalból áll. Ez, valamint a vonalak helye és
intenzitásaránya bizonýıtja a C70 molekula alacsonyabb, D5h szimmetriáját.
Ezt megerőśıtik 2D-NMR mérések is [168].

A különböző diffrakciós vizsgálatok (röntgen-, elektron-, neutron-) is bi-
zonýıtották, hogy valóban csonkolt ikozaéderes a C60 molekula szerkezete.
Átmérője ≈0,7 nm, benne kétféle kötéshosszal: egy ötszög és egy hatszög

http://www.nobelprize.org/nobel_prizes/chemistry/laureates/1996/illpres/illpres.html
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közös éle valamivel hosszabb (≈1,45 nm), mint két hatszög közös éle (≈1,40
nm). A különböző t́ıpusú mérések kicsit különböző számértékeket adnak:
röntgen (110 K, szilárd) 1,355(9)/1,467(21) [169], elektrondiffrakció (gáz)
1,401(10)/1,458(6) [170], NMR (folyadék) 1,40(2)/1,45(2) [168]. A kis kü-
lönbségeken nincs mit csodálkozni: jól ismert, hogy a molekulák különböző
jellegű és karakterisztikus időskálájú kölcsönhatásokra kicsit

”
különböző ar-

cukat mutatják”. A magas szintű módszerekkel számolt eredmények között
is vannak kis különbségek: HF (Hartree-Fock) 1,372/1,448 [171], DFT-LDA
(sűrűségfunkcionál módszer - lokális sűrűség közeĺıtésben) 1,388/1,441 [172],
DFT-GGA (sűrűségfunkcionál módszer - gradiens korrekcióval) 1,403/1,461
[173], MP2 (Møller-Plesset perturbációszámı́tás) 1,406/1,446 [174].

9.11. ábra. C60 molekulák lapcentrált köbös rácsa

Szobahőmérsékleti diffrakciós mérésekből az is kiderült, hogy a C60 lap-
centrált köbös (fcc) rácsban kristályosodik, tércsoportja Fm3m, rácsállan-
dója ≈ 1, 4 nm [175]. A szomszédos molekulák közepeinek távolsága ≈ 1 nm,
levonva ebből a gömbök ≈ 0, 7 nm átmérőjét, az adódik, hogy a szomszédos
C60 labdák felsźınei egymástól nagyjából van der Waals távolságra vannak.
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Ez azt jelenti, hogy az egyes molekulákat csak gyenge másodlagos kötések
tartják a helyükön. Emiatt a fullerén kristály meglehetősen puha. A van der
Waals kötések gyengeségét mi sem jellemzi jobban, mint az a ḱısérleti meg-
figyelés, hogy a C60 molekulák szobahőmérsékleten gyors forgást végeznek,
és ez a forgás szabadabb, mintha folyadékban lennének! NMR relaxációs
mérések szerint pl. 283 K-en a szilárd fázisban a rotációs korrelációs idő ext-
rém rövid (9,2 ps), rövidebb, mint ugyanezen a hőmérsékleten folyadékban
(15,5 ps) [168].

A szabad forgás azonban csak 260 K fölött igaz. A C60 mintát lehűtve
260 K-en elsőrendű fázisátalakulás történik (≈ 5 kJ/mol átalakulási hővel).
A kristályszerkezet lapcentrált köbösből egyszerű köbösre (sc) változik. To-
vább hűtve, 90 K-en újabb, ezúttal magasabb rendű fázisátalakulás történik.
A neutrondiffrakciós mérések azt mutatták, hogy 260 K alatt megszűnik a
szabad forgás [175]. 260 K és 90 K között a C60 molekulák véletlenszerű

”
ugrásokat” végeznek, különböző orientációk között. 90 K alatt ez a reorien-

tációs ugrálás is befagy. Az ikozaéderes molekula és a köbös kristályszerkezet
frusztrációja miatt alacsony hőmérsékleten sztatikus rendezetlenség marad a
mintában.

Befejezésül hadd tegyünk még egy rövid eszmefuttatást a Nobel-d́ıjról. Az
senkinek nem volt meglepő, hogy a fullerének felfedezéséért 1996-ban kémi-
ai Nobel-d́ıjat adtak. Legfeljebb azon lehet csodálkozni, hogy a felfedezéstől
számı́tva miért csak ilyen sokára. A dilemmát feltehetőleg az okozhatta, hogy
a Krätschmer-féle eljárás nélkül valóban csak kuriózum maradt volna Kroto,
Curl és Smalley felfedezése. Mivel azonban egyszerre legfeljebb három ember
kaphat Nobel-d́ıjat, a döntéssel végül az 1985-ös felfedezés kutatóit jutal-
mazták, az általános vélemény szerint teljesen megérdemelten. Krätschmert
talán részben kárpótolhatta később, hogy 2010-ben az Európai Közösség által
léteśıtett “European Inventor of the Year” d́ıjjal tüntették ki.

Végül még egy érdekesség. Mind Krotot 1985-ben, mind Krätschmert
1990-ben csillagászati megfigyelések inspirálták. Azonban, mint ahogy az
már többször előfordult a tudomány történetében, a kiindulási probléma-
felvetés vakvágányra futott, helyette viszont sokkal jelentősebb felfedezések
lettek a kutatások gyümölcsei. Érdekességként megjegyzendő, hogy nemré-
giben kiderült, hogy fullerének valóban kimutathatók a csillagközi térben is
[176].

http://www.epo.org/learning-events/european-inventor/finalists/2010/kraetschmer.html
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9.3. C60 molekula elektronszerkezete: szimmetria–

anaĺızis

A C60 molekula elektronszerkezetét a legegyszerűbb közeĺıtésben a σ- és π-
elektronok teljes szeparációjával tárgyalhatjuk. A görbült felület ellenére
a szénatomok lényegében sp2 hibridizációjúaknak tekinthetők. (Ezt később
pontośıtjuk.) A szénatomok belső, 1s-héján lévő elektronjai mélyen kötöttek,
azokkal nem foglalkozunk. A külső 4 elektronból atomonként 3 alkotja a
molekula σ-vázát, s marad még minden atomon 1 elektron lokális atomi
pz-pályán. Ez utóbbi 60 elektron π-molekulapályákon delokalizálódik. Mivel
ezek gyengébben kötöttek a σ-elektronoknál, ezek gerjesztései adják a látható
és közeli ultraibolya tartományba eső optikai elnyelési spektrumot.

A π-molekulapályák energiáit nulladik közeĺıtésben a következőképpen
kaphatjuk. Az ikozaéderes szimmetria helyett közeĺıtsük a C60-at teljesen
gömbszimmetrikusnak. Ebben az esetben a molekulapályák a gömbfüggvé-
nyek szerint osztályozhatók. A hidrogénatommal ellentétben azonban most
az l mellékkvantumszámtól is függ az energia. A pályimpulzusmomentum
szerinti degeneráció ugyanis csak szigorúan 1

r2
-es potenciál esetén teljesül.

Most pedig nem ez a helyzet, hiszen nem egy atommag van az origóban, ha-
nem sok egy gömb felsźınén elosztva. Növekvő l-kvantumszámhoz növekvő
energia tartozik, ezt mutatja sematikusan a 9.12 ábra bal oldala. Egy adott
l-hez tartozó energiaszintek 2l + 1-szeresen degeneráltak. Valójában a C60

szimmetriája a gömbénél alacsonyabb,
”
csak” ikozaéderes. Ezért a legtöbb

ńıvó felhasad, alacsonyabb degenerációjú szintekre. Ennek pontos mikéntje
csoportelméleti (ábrázoláselméleti) úton megkapható. Az ábrázoláselmélet
alapvető összefüggéseit, az irreducibilis ábrázolás (irrep) fogalmát és a ka-
raktertáblák használatát ismertnek tételezzük föl (lásd pl. [177], [178]). Itt
(és majd a rezgéseknél) mindennek az Ih csoportra vonatkozó alkalmazását
mutatjuk be.

Az ikozaéderes csoport (Ih) a legtöbb szimmetriaelemet tartalmazó diszk-
rét pontcsoport, az Ih csoport rendje (az elemek száma) 120. Ennél több
elemet (végtelent) már csak a folytonos csoportok – például egy gömb O(3)
forgáscsoportja – tartalmaznak. Az energiaszintek felhasadásának vizsgá-
latához az Ih csoport karaktertáblázatára van szükség (lásd 9.13). A 120
szimmetriaművelet osztályozása: forgatások (15 db kétfogású tengely körül
π szöggel – 15C2, 10 db háromfogású tengely körül ±2π/3 szöggel – 20C3,
6 db ötfogású tengely körül ±2π/5 szöggel – 12C5), ugyanezen tengelyek
körül ±4π/5 szöggel – 12C 2

5 ), tükrözve forgatások 10 db háromfogású ten-
gely körül ±2π/6 szöggel – 20S6, tükrözve forgatások 6 db ötfogású tengely
körül ±2π/10 szöggel – 12S10, ugyanezen tengelyek körül ±6π/10 szöggel –
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9.12. ábra. A C60 gömbszimmetrikus közeĺıtés esetén elfajult energiaszintjei-
nek felhasadása az alacsonyabb, ikozaéderes szimmetria miatt, sematikusan

12S 3
10 ), ezeken ḱıvül van még 15 db tükörśık (15σ), a középpontra vonatko-

zó inverzió (i) valamint az egységelem (helybenhagyás – E). Látható tehát,

9.13. ábra. A Ih csoport karaktertáblázata
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hogy a 120 elem 10 konjugált osztályba rendezhető. Ennek megfelelően a
nem ekvivalens irreducibilis ábrázolások száma is 10. Ezek fele az inverzióra
nézve páros (gerade, g), másik fele páratlan (ungerade, u).

Tudjuk, hogy elfajult állapotok mindig valamelyik irreducibilis ábrázolá-
sát fesźıtik ki a molekula szimmetriacsoportjának. (A véletlen degeneráció-
tól eltekintve, de az a C60-nál nem fordul elő.) Kivételes tulajdonsága az Ih
csoportnak, hogy 4-dimenziós (Gg, Gu), sőt még 5-dimenziós (Hg, Hu) irre-
ducibilis ábrázolása is létezik. Ennek megfelelően az l = 0, 1, 2 állapotok még
degeneráltak maradhatnak. l ≥ 3-ra azonban már több mint ötszörösen de-
generáltak lennének az állapotok, vagyis ezek nem maradnak irreducibilisek
az alacsonyabb szimmetrián, hanem fölhasadnak az Ih csoport irreducibilis
ábrázolásai szerint. Ezt mutatja a 9.12 ábra jobb oldala.

Az állapotok lehetséges szimmetriájának meghatározásához ki kell redu-
kálni az atomi pz-pályák által kifesźıtett 60-dimenziós ábrázolást (Γ60pz). Egy
szimmetriaművelethez tartozó karakter az adott műveletet ábrázoló 60×60-as
mátrix főátlójában lévő elemek összege (spur). Természetesen azonos konju-
gált osztályba tartozó elemek spurja megegyezik, ezért nem szerepel külön
mind a 120 elem a karaktertáblában. A mátrix diagonálisában csak azok az
atomok adnak nullától különböző értéket, amelyek az adott szimmetriaműve-
letre helyben maradnak. Ezek után a karakterek már könnyen megkaphatók:

Ih E 12C5 12C 2
5 ) 20C3 15C2 i 12S10 12S 3

10 20S6 15σ

Γ60pz 60 0 0 0 0 0 0 0 0 4

A redukálható Γ60pz ábrázolás karaktersorát az egyes irreducibilis repre-
zentációk karaktereivel skalárisan szorozva megkapjuk, hogy az i-edik

”
irrep”

hányszor fordul elő a redukálható ábrázolás fölbontásában:

ni =
1

h

∑
R

χi(R)∗χ(R). (9.2)

Itt h a csoport rendje (Ih csoportra h = 120). Az összegzés az R elemekre
történik.
Eredményül kapjuk:

Γ60pz = 1 ag ⊕ 1 t1g ⊕ 1 t2g ⊕ 2 gg ⊕ 3hg ⊕ 2 t1u ⊕ 2 t2u ⊕ 2 gu ⊕ 2hu. (9.3)

A csoportelmélettel természetesen csak az állapotok szimmetriája kapható
meg, az energiaértékek nem. Egy valami azért kvalitat́ıve is megjósolható:
az egyetlen teljesen szimmetrikus (ag) állapot lesz a legmélyebb energiájú
(lásd 9.12 ábra). Ugyanis ez az egyetlen olyan molekulapálya, ahol minden
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atomi pz pályának azonos az előjele a C60 felsźınének ugyanazon oldalán,
tehát egyedül itt nincs sehol csomóśık a pz pályák között.

Megjegyzendő, hogy a C60 energiaszintjeit az elsők között számolta ki
PPP-közeĺıtésben László István és Udvardi László [179]. A magasabbrendű
számolások legfeljebb a konkrét számértékeket pontośıtják, a ńıvóknak az
ikozaéderes szimmetria szerinti besorolását nem. A hu-szimmetriájú legföl-
ső betöltött pálya (HOMO) és a t1u-szimmetriájú legalsó betöltetlen pálya
(LUMO) közötti energiakülönbség a számolások szerint ≈ 2eV .

Nézzük meg röviden a görbület hatását a hibridizációra!. A görbült felület
miatt a három C-C kötés nincs pontosan egy śıkban, hanem kicsit lehajlik.
Szokás definiálni a ΘP piramidalizációs szöget [180], amely sp2 hibridizáció
esetén 0◦, mı́g sp3 hibridizáció esetén 19, 47◦ (lásd 9.14 ábra). A C60 geomet-
riára ΘP = 11, 6◦ adódik. Ez azt jelenti, hogy σ−π

”
rehibridizáció” történik,

és a tényleges hibridizáció valahová 2 és 3 közé esik. A számszerű érték meg-

9.14. ábra. A ΘP piramidalizációs szög defińıciója ([180] alapján)

kapható, ha megköveteljük az adott geometria mellett az egyes hibridpályák
ortonormáltságát. A számolás eredménye a következő [181]. Egyrészt a C60

felületére merőleges atompálya többé nem tiszta pz pálya, hanem lesz egy kis
σ jellege is: hibridizációja sp11. Ez érthető is, hiszen ennek eredményeképpen
az elektronok megtalálási valósźınűsége valamelyest megnő a molekula külső
felén, a belső feléhez képest. A molekula felületébe eső pályák közül a rövi-
debb kötés (hatszög-hatszög közös éle) irányába mutató pálya hibridizációja
sp1,2, mı́g a hosszabb kötés (ötszög-hatszög közös éle) irányába mutató 2 db.
pálya hibridizációja sp3,2. Így a molekula felületébe eső három kötés átlagos
hibridizációja sp2,3 – összhangban a piramidalizációs szögről ı́rtakkal.



9. FEJEZET. FULLERÉNEK 72

9.4. Sávszerkezet, optikai tulajdonságok

Mint tudjuk, szilárd fázisban az egyes atomok vagy molekulák diszkrét ener-
giaszintjei kiszélesednek sávokká. Azonban, mı́g gyémántban, vagy grafitban
a sávok szélessége nagyságrendileg a szokásos 10 eV, addig a fullerénekben a
sávok szélessége alig 0,5 eV. Ennek oka az, hogy a fullerénmolekulák között
csupán gyenge, másodlagos, van der Waals kötések vannak. A 9.15 ábra mu-

9.15. ábra. C60 HOMO és LUMO sávjai és állapotsűrűsége (saját DFT-
számolás)

tatja a HOMO és LUMO szintek kiszélesedését sávokká, valamint az ennek
megfelelő állapotsűrűséget – DFT-módszerrel számolva.

A kis sávszélesség következtében – szokatlan módon – a kristályos fulleré-
nek optikai spektrumán fölismerhetők a molekuláris jellemzők. A 9.16 illetve
9.17 ábrák a C60 oldatban illetve vékony rétegben (filmen) mért abszorpciós
spektrumát mutatják. A szilárd fázisban a sávok nagyjából ugyanott van-
nak és csak alig szélesebbek mint a folyadék fázisban. Az elnyelési sávok
részleteit illetően, beleértve az exciton-gerjesztés szerepét valamint a rezgési
finomszerkezetet, a szóbeli előadásra hagyatkozunk [Kürti Jenő: Szén nano-
szerkezetek]. Annyit azért mindenképpen meg kell emĺıteni, hogy a HOMO
(hu) és LUMO (t1u) közti ≈ 2 eV-os átmenet szimmetriaokok miatt tiltott.
Szilárd fázisban azonban, különösen a minta felületén, ha megszűnik az in-
verziós centrum, ez az átmenet is megengedetté válik.

A vékony rétegben való mérésnél természetesen nem elegendő a transz-
misszióból visszaszámolni az abszorpciót, hanem a helyes kiértékeléshez a
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9.16. ábra. C60 optikai elnyelési spektruma oldatban mérve ([182] alapján)

9.17. ábra. C60 optikai elnyelési spektruma vékony rétegben (filmen) mérve,
összehasonĺıtva a folyadék fázisban mért spektrummal

reflexiót is figyelembe kell venni (lásd a 9.18 ábrát).
Ezen a ponton tegyünk egy kis kitérőt az optikai spektroszkópiában hasz-

nálatos különböző mennyiségekről! A dielektromos formalizmusból jól ismert
módon a minta optikai tulajdonságait az εr = ε′ + iε′′ komplex dielektromos
állandó, vagy – ekvivalens módon – az N = n + iκ komplex törésmutató
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9.18. ábra. Az I0 intenzitású beeső fény egy része visszaverődik (R), egy része
elnyelődik (α), egy része pedig áthalad (T ) a vékony mintán

határozza meg. A kettő között a kapcsolat:

N =
√
εr . (9.4)

A valós illetve képzetes részek egymásból kölcsönösen kifejezhetők:

ε′ = n2 − κ2 ; ε′′ = 2nκ , (9.5)

illetve

n =

√
|εr|+ ε′

2
; κ =

√
|εr| − ε′

2
. (9.6)

A korábban emĺıtett korrekcióhoz szükséges reflexió is kifejezhető a komplex
törésmutatóval. Merőleges beesésre például:

R =
(n− 1)2 + κ2

(n+ 1)2 + κ2
. (9.7)

Az α abszorpciós együttható pedig a következő kapcsolatban van a komplex
törésmutató képzetes részével (κ):

α =
4π

λ0

κ , (9.8)

ahol λ0 a beeső fény hullámhossza.
Ha a komplex dielektromos állandó (végső soron a szuszceptibilitás) va-

lós illetve képzetes része közötti jól ismert Kramers–Kronig-féle integrálási

http://en.wikipedia.org/wiki/Kramers-Kronig_relations
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összefüggéseket is figyelembe vesszük, akkor a különböző anyagi jellemzők
(ε′, ε′′, n, κ, α,R, T ) közül elvileg elegendő egyet megmérni. A minta opti-
kai tulajdonságaitól (átlátszóság, visszaverőképesség) függően vagy a transz-
misszió vagy a reflexió mérhető könnyen, de ábrázolni többnyire az abszorp-
ciót szokták.

A komplex dielektromos állandó valós és képzetes része külön-külön, di-
rekt módon is meghatározható ellipszometriás méréssel. Ebből már a többi,
korábban emĺıtett optikai jellemző könnyen megkapható. Egy ilyen mérés
eredményét mutatja a 9.19(a) ábra.

(a) dielektromos
állandó

(b) törésmutató (c) reflexió

(d) abszorpció

9.19. ábra. A C60 ellipszometriával mért komplex dielektromos állandója és
az abból számolt komplex törésmutatója, reflexiója és abszorpciója ([183]
alapján)

Az abszorpcióképességgel ekvivalens mennyiség, az optikai vezetőképesség
(σ = ω · ε′′) határozható meg elektronenergia-veszteségi spektroszkópiával
(EELS – electron energy loss spectroscopy). Egy ilyen mérés eredménye
látható a 9.20 ábrán. Az optikai spektroszkópiához képest az a többlet, hogy
nemcsak az átadott energia, hanem az impulzus is mérhető. Az, hogy a mért

http://en.wikipedia.org/wiki/Kramers-Kronig_relations
http://en.wikipedia.org/wiki/Kramers-Kronig_relations
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spektrum gyakorlatilag nem függ az átadott impulzustól, éppen azt igazolja,
hogy a C60 sávjai nagyon keskenyek, az energia alig függ a hullámszámtól.

9.20. ábra. C60 elektronenergia-veszteségi (EELS) spektruma különböző át-
adott impulzusoknál. Az utóbbihoz tartozó hullámszámokat az egyes q-
értékek jelzik. [184]

Végül megemĺıtjük, hogy röntgen fotoelektron spektroszkópiával (XPS)
is vizsgálhatók a fullerén molekula gerjesztései. A szénatom mélyen kötött
törzselektronjának kiütéséhez 285 eV szükséges. Az ennek megfelelő fun-
damentális vonalra ráülő szatellit sávok a molekula kisenergiás gerjesztéseit
mutatják. Itt természetesen mások a kiválasztási szabályok, mint az opti-
kai spektroszkópiánál, ezért pl. a HOMO-LUMO átmenet is megjelenik az
XPS-spektrumban [185].

9.5. Rezgések

A C60 molekulát alkotó 60 atom elmozdulásvektorai az Ih csoport egy 180
dimenziós ábrázolását fesźıtik ki. Ennek az irreducibilis ábrázolások szerinti
kiredukálása könnyen elvégezhető, aminek eredménye:

Γ = 2Ag⊕4T1g⊕4T2g⊕6Gg⊕8Hg⊕1Au⊕5T1u⊕5T2u⊕6Gu⊕7Hu. (9.9)
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Ez még tartalmazza a 3 transzlációt és 3 rotációt is. A 9.13 ábrán látható
karaktertáblából megállaṕıtható, hogy az előbbi egy T1u, az utóbbi egy T1g

ábrázolásnak felel meg. Ha ezeket levonjuk, kapjuk a 174 darab tiszta rezgés
szimmetriák szerinti felbontását:

Γ = 2Ag⊕3T1g⊕4T2g⊕6Gg⊕8Hg⊕1Au⊕4T1u⊕5T2u⊕6Gu⊕7Hu. (9.10)

Szintén a 9.13-ból kiolvasható, hogy közülük a 4 db T1u módus infra-akt́ıv, a 2
db Ag illetve 8 db Hg módus pedig Raman-akt́ıv. Most tehát kvantitat́ıvan is
láthatjuk, hogy a C60 molekula igen magas szimmetriája miatt a 174 darab
rezgési módus mindössze 4 darab csúcsot ad az infra-, illetve összesen 10
darab csúcsot ad a Raman-spektrumban.

9.21. ábra. C60 négy infravörös-akt́ıv csúcsa vékony réteg transzmissziós
spektrumában. A mérés a Bécsi Egyetemen Hans Kuzmany professzor la-
borjában készült [186].

Egy vékony rétegben mért transzmissziós infravörös spektrumot mutat
a 9.21 ábra. A 9.22 ábrán pedig egy C60−C70 keverék mintán mért Raman-
spektrum látható.

A C60 két teljesen szimmetrikus Ag normálmódusának alakja nagyon egy-
szerű. Az egyik, az alacsonyabb frekvenciájú (493 cm−1), az ún. lélegző
módus (radial breathing mode - RBM). Itt az összes szénatom tisztán su-
gárirányban rezeg, azonos fázisban (lásd 9.23(a)). A másik, a magasabb
frekvenciájú (1468 cm−1), az ún. pinch módus. Itt mind a 12 ötszög fázisban
zsugorodik-tágul, úgy, hogy ha teljesen összehúzódnának, akkor a szénato-
mok a csonkolás nélküli ikozaéder csúcsaiban találkoznának (lásd 9.23(b)).
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9.22. ábra. Egy kis mennyiségben C70-et is tartalmazó C60 vékony réteg
Raman-spektruma. Piros nyilak jelölik a C60, kék nyilak a C70 Raman-
sávjait. Külön bejelöltük a C60 két teljesen szimmetrikus Ag módusát:
lélegző-módus (493 cm−1) és pinch-módus (1468 cm−1). Az egyértelműség
kedvéért a Si-hordozó Raman-sávját megjelöltük. ([187] alapján)

(a) C60 RBM módusa (b) C60 pinch módusa

9.23. ábra. A C60 két teljesen szimmetrikus (Ag) rezgési módusa

Ami az intenzitásokat illeti, a 9.22 látható módon a C60 Raman-spektrumát
a pinch módus dominálja. Tanulságos ezen a ponton egy összehasonĺıtást
tenni a különböző hibridizációs fokú szén-allotropok Raman-spektrumai kö-
zött. A 9.24 ábra négy különböző anyag Raman-spektrumát mutatja. Az
sp3 hibridizációjú gyémántnak egyetlen Raman-vonala van 1332 cm−1-nél.
Az sp2 hibridizációjú kristályos grafitnak szintén egyetlen Raman-vonala van
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9.24. ábra. A különböző sp-hibridizáció hatása szén allotropok Raman-
spektrumára. A mérések a Bécsi Egyetemen Hans Kuzmany professzor la-
borjában készültek. [188]

(ebben a tartományban) 1580 cm−1-nél. (Az utolsó részben még szó lesz a
grafit illetve grafén Raman-spektrumáról, az abban található további vona-
lakról.) Mint láttuk, a C60 domináns Raman-vonala, ami a pinch módusnak
felel meg, 1468 cm−1-nél van, vagyis a gyémánt és a grafit megfelelő vonala
közé esik. Ez gyönyörű empirikus demonstrálása annak a korábban már tár-
gyalt ténynek, hogy a C60-ban a hibridizáció, a görbület miatt, 2 és 3 közé
esik. A felsorolt erős vonalaknak megfelelő módusok – kicsit leegyszerűśıtve
– a szén–szén kötések nyújtási rezgései. Mint korábban láttuk, a hibridi-
záció csökkenésével rövidül a kötés, ami a

”
rugóállandó” s ı́gy a frekvencia

növekedéséhez vezet. Az ábrán negyedikként feltüntettük az sp1 hibridizá-
ciójú lineáris szénlánc Raman-spektrumát is. Itt még rövidebbek a szén–
szén kötések, ennek megfelelően 2000 cm−1 körül jelenik meg egy erős sáv a
Raman-spektrumban. A vonal azért olyan széles, mert az átlagos lánchosszú-
ság meglehetősen kicsi, távol van attól, hogy végtelennek legyen tekinthető.
A különböző hosszúságú rövid láncok frekvenciájában pedig jelentős a szó-
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rás. A másik, 1000 − 1500cm−1 tartományban megfigyelhető széles sáv a
rendezetlenségnek (disorder) köszönhető, ezért – hasonlóan a sok más ren-
dezetlen szénszerkezetben megjelenő sávhoz – D-sávnak h́ıvják. Ennek oka
ebben az esetben a mintában kialakuló keresztkötések miatti sp2 − sp3 (és
köztes) hibridállapotok megléte. A D-sávról is lesz még szó az utolsó részben.

9.6. Dópolás, szupravezetés

A felfedezést követően igen hamar kiderült, hogy a fullerénkristályokba – ter-
mészetesen itt is a C60-on végezték a legtöbb vizsgálatot – különböző atomo-
kat, molekulákat lehet interkalálni, azaz be lehet juttatni a fullerénmolekulák
közötti üres helyekre. Amennyiben a bejuttatott komponensek elektrondo-
norként vagy elektronakceptorként viselkedmek, akkor a töltésátvitel miatt
a folyamatot dópolásnak h́ıvjuk, noha itt nem a hagyományos félvezetőknél
ismert ppm koncentrációkról van szó, hanem a bevitt ionok száma összemér-
hető a C60 molekulák számával, vagy még inkább azok többszörösét teszi ki.
Mivel a C60 elektronaffinitása nagy, ezért gyakorlatilag csak negat́ıv dópolás
jön szóba. Erre a célra a legalkalmasabb donorok az alkáli fémek atomjai.

A 9.25 ábra mutatja a lapcentrált köbös rácsban lehetséges speciális po-
źıciókat, ahol van is elegendő hely egy alkáli ion számára. Az oktaéderes
helyekből (az ábrán zöld gömbökkel jelölve) pontosan ugyanannyi van, mint
amennyi a C60 molekulák száma, a tetraéderes helyekből (az ábrán sárga
gömbökkel jelölve) pedig kétszer annyi. Tehát egészen az A3C60 szöchiomet-
riájú fulleridekig, ahol A valamelyik alkáli atom (A = Na,K,Rb,Cs) a C60

kristályszerkezete változatlanul fcc marad. Azonban a szerkezet kis mértékű
megváltozása lehetővé teszi az A4C60 (bct), sőt A6C60 (bcc) sztöchiometriájú
fulleridek kialakulását is.

Szerencsés körülmény, hogy amellett, hogy ilyen sok alkáli ion fölvételét
térkitöltési okok nem gátolják, a C60 LUMO szintje - mint láttuk - akár hat
többletelektront is képes fölvenni, tehát a töltésátvitelnek sincs semmi aka-
dálya. A C60 ionok megjelenését és az ionizációs fokot oldat fázisban ciklikus
voltametria seǵıtségével könnyen ki lehet mutatni. Szilárd fázisban pedig a
különböző, korábban már emĺıtett, spektroszkópiai módszerek seǵıtségével a
dópolás során akár insitu lehet követni a dópolási szint változásának hatását.
A rezgési spektrumokban például vöröseltolódás,

”
puhulás” figyelhető meg:

a C60 IR- illetve Raman-akt́ıv módusainak frekvenciája annál kisebb, minél
negat́ıvabb a C60 molekula. Konkrétan a pinch-módus frekvenciája nagyjából
lineárisan csökken, ≈ 6 cm−1/x meredekséggel, ahol x az extra elektronok
száma, vagyis az ionizációs fok.

A legjellegzetesebb változás a transzport-tulajdonságokban következik
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9.25. ábra. A dópoló ionok számára lehetséges helyek a C60 lapcentrált köbös
rácsában. Zöld gömbök jelölik az oktaéderes helyeket (1:1 sztöchiometria),
sárga gömbök pedig a tetraéderes helyeket (2:1 sztöchiometria).

be. Amı́g a tiszta C60 szigetelő, a félig betöltött legfölső sávval rendelkező
A3C60 fém, az eredeti LUMO-sáv teljes betöltését jelentő A6C60 fázis pedig
ismét szigetelő.

Fizikus szempontból talán a legizgalmasabb jelenség az, hogy az A3C60

fázis, lehűtve, szupravezetővé válik. A Tc kritikus hőmérséklet meglepően
magas tud lenni, különösen, ha figyelembe vesszük, hogy szerves anyaggal
állunk szemben. A vezetés ugyanis nem az alkáli ionokon, hanem a C60 mo-
lekulákon keresztül történik. 13C izotóphelyetteśıtéssel kimutatható, hogy a
szupravezetés az elektron-fonon kölcsönhatásnak köszönhető, vagyis a hagyo-
mányos BCS-elmélettel léırható. Ilyenkor a következő összefüggés ı́rható fel
a Tc kritikus hőmérsékletre:

kBTc = 1, 14~ωDe
− 1
NF V , (9.11)

ahol ωD a Debye-frekvencia, NF az állapotsűrűség a Fermi-ńıvón, V pedig
az elektron-fonon csatolási állandó. A viszonylag magas kritikus hőmérséklet
két tényező következménye. Egyrészt nem akusztikus, hanem optikai fono-
nokról (pinch-módus!) van szó, emiatt a Debye-frekvencia magasabb, mint
a hagyományos szupravezetőkben. Másrészt a szokatlanul kis sávszélesség
miatt nagy az NF állapotsűrűség. Ennek következtében érthető, hogy minél
nagyobb méretű alkáli ionról van szó, annál nagyobbra nő a kissé szétfesźıtett
kristály rácsállandója, ami a vezetési sáv keskenyedéséhez, az állapotsűrűség
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9.26. ábra. Korreláció a különböző AxB3−xC60 alkáli dópolt fullerén szupra-
vezető kritikus hőmérséklete és a rácsállandó között ([189] adataiból)

növekedéséhez s ezáltal a kritikus hőmérséklet növekedéséhez vezet, amint az
a 9.26 ábrán jól látható.

9.7. Polimerek

A fullerénmolekulák között kovalens kötés is kialakulhat, aminek következté-
ben néhány molekulából álló dimerek, trimerek, általában oligomerek kelet-
kezhetnek. Sőt, viszonylag könnyen létrejöhetnek nagyon sok fullerénmole-
kulát tartalmazó polimerek is. A kovalens kötés kialakulásának leggyakoribb
(de nem kizárólagos!) módja a szerves molekulák közötti jól ismert reakció,
a 9.27 ábrán látható 2+2 cikloadd́ıció. Ha például két szomszédos C60 mole-
kula egy-egy rövidebb kötése párhuzamosan áll, miközben a kötések közötti
távolság kisebb 0,42 nm-nél, akkor az érintett négy szénatomból az ábrán
látható négyes gyűrű alakulhat ki, ami kovalens kapcsolatot teremt a két
fullerénmolekula között.
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9.27. ábra. 2+2 cikloadd́ıció

9.28. ábra. Különböző egy- és kétdimenziós C60-polimerek

A polimerizáció háromféle módon jöhet létre:
a) fotopolimerizáció
b) ionos polimerizáció
c) nagy nyomású polimerizió

A szimmetria-megfontolásokon alapuló Woodward–Hoffmann-szabályok mi-
att két semleges C60 között a 2+2 cikloadd́ıció végbemenetelét nagy barrier
gátolja. A szomszédos molekulák HOMO-pályái ugyanis csak laźıtó kombi-
nációt tudnak képezni. Azonban a barrier sokkal kisebb, ha a LUMO-pályára
is kerül egy-egy elektron. Ezt kétféleképpen is el lehet érni. Vagy fény ger-
jeszt föl egy-egy elektront a LUMO-pályára (fotopolimerizáció), vagy pedig

http://en.wikipedia.org/wiki/Woodward-Hoffmann_rules
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dópolás révén kerülnek oda elektronok (ionos polimerizáció). A fotopolimer-
ben vagy az A1C60 alkáli dópolásnál a 9.28 fölső részén látható ortorombos
geometriájú, 2+2 cikloadd́ıciós kötésekkel összetartott lineáris polimerláncok
alakulnak ki. A polimerláncokat közvetlenül is ki lehet mutatni, elektron-
mikroszkópos illetve diffrakciós módszerrel, illetve következtetni lehet rájuk
spektroszkópiai, pl. infravörös mérésekből. Alkálidópolásnál a sztöchiomet-
ria függvényében más t́ıpusú polimerek is kialakulhatnak, olyanok is, ahol
nem kettő, hanem csupán egyetlen kovalens kötés köti össze a szomszédos
fullerénmolekulákat.

A harmadik fajta polimerizáció során nagy nyomást alkalmaznak. En-
nek hatására nem a nagyobb illetve kisebb távolság közötti közbülső állapot
E energiája csökken le, hanem a nagy távolsághoz tartozó H = E + pV
entalpia növekedése vezet a barrier csökkenéséhez. Nagy nyomás hatására
többféle szerkezetű polimerek is kialakulhatnak. A már emĺıtett egydimen-
ziós ortorombos polimer mellett kétdimenziós, tetragonális, sőt romboéderes
polimerek is keletkezhetnek (lásd a 9.28 ábrát).

A C60-polimerekről további részletek hangzanak el az előadáson.

9.8. Endohedrális fullerének

Az eddigiekben, például a dópolásnál, az idegen atomok, atomcsoportok a
fullerénmolekulák közötti külső térbe kerültek. Azonban további lehetősé-
gek is vannak: a fullerénmolekulák felsźınére is beépülhetnek atomok, ilyen
például a C59N. Továbbá, kovalens kötésekkel különféle oldalcsoportokat le-
het hozzákötni a fullerénmolekulák külsejéhez: funkcionalizálni lehet őket.
Mindezek részleteire azonban itt nem térünk ki.

Megemĺıtjük azonban a fullerénvegyületek egy egészen újfajta változatát,
amikor a kalickaszerű molekula belsejébe kerül valamilyen idegen atom, eset-
leg nem is egy, hanem több. Ezek általában magának a keletkezésnek a során
záródnak be a molekula belsejébe, de ionimplantáció seǵıtségével utólag is be
lehet juttatni idegen atomokat fullerénmolekulák belsejébe. Két példa lát-
ható a 9.29(a) (nitrogén a C60 belsejében), illetv 9.29(b) (szkandium a C82

belsejében) ábrákon. A N@C60 különlegessége, hogy a kompenzálatlan spi-
nű N-atom spinjelzőként tud működni, mivel szabadon hiába reakcióképes, a
kalickába zárva nem tud elreagálni. A 9.29(c) ábra csupán egy képzeletbeli
endohedrális rendszert illusztrál.
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(a) N @ C60 (b) Sc @ C82

(c) N @ C60 @ C240

9.29. ábra. Három endohedrális fullerén molekula. Közülük a két baloldalit
előálĺıtották és ḱısérletileg is vizsgálták. A jobboldali csupán illusztráció, ami
viszont egyúttal mutatja, hogy az Euler-szabályoknak megfelelően mindkét
fullerénmolekula pontosan 12 ötszöget tartalmaz.



10. fejezet

Szén nanocsövek

10.1. Bevezetés

A fullerénekről szóló 1996-os Nobel-d́ıjas plakáton szerepel egy ábra egy
hosszúkásra nyúlt kapszulaszerű molekuláról, egy mindkét végén zárt szén
nanocsőről. Ez egyértelműen utalt a nanocsövek és a fullerének közti ro-
konságra. Egyúttal azonban azt is jelképezte, hogy a nanocsövek kutatása
akkor még perifériális területnek számı́tott a fullerénekhez képest. Az éven-
te publikált cikkek számát tekintve a szén nanocsövek 2000-ben utolérték a
fulleréneket, 2010-re pedig már t́ızszer annyi tudományos cikk jelent meg a
nanocsövekről, mint a fullerénekről. Szén nanocsöveket először Sumio Iijima
japán kutató ı́rt le a Nature-ben 1991-ben megjelent,

”
Helical microtubules

of graphitic carbon” ćımű cikkében [190]. (Noha utólag látszik, hogy – a ful-
lerénekhez hasonlóan – a nanocsövekre utaló jelek megjelentek már korábban
is az irodalomban.) Iijima a Krätschmer-eljárás során nem a lombik faláról,
hanem a grafitrudakról lekapart kormot vizsgálta transzmissziós elektron-
mikroszkóppal. A felvételek koncentrikusan egymásba ágyazott hosszú csö-
vek jelenlétét mutatták. Ezen többfalú csövekben a koncentrikus hengerek
száma néha csak 2-3 volt, néha ennél sokkal több. A csövek falai egymás-
tól van der Waals távolságra voltak. Néhány évvel később több csoportnak
sikerült egyfalú nanocsöveket is előálĺıtani [191]. Ehhez visszatértek a fulleré-
nek felfedezéséhez vezető lézeres párologtatási technikára. A fő különbség az
volt, hogy nem tiszta grafitot lőttek meg lézerrel, hanem a grafit néhány szá-
zalékban átmenetifém-atomokat is tartalmazott, amelyek – mint kiderült –
katalizálták az egyfalú nanocsövek kialakulását. Az egyfalú szén nanocsövek
igen gyakran kötegekké állnak össze [192] Az áttörést a szén nanocsövek elő-
álĺıtásában egy olcsó és könnyen szabályozható technika, a gőzfázisból történő
leválasztás (CVD – chemical vapor deposition) hozta [193]. Ebben valami-

86
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lyen szénhidrogén gázt (pl. metán, acetilén) engednek magas hőmérsékleten
egy hordozó felületére juttatott katalizátor részecskékre (átmenetifém ato-
mokból álló nanorészecskékre). A körülményektől függően (gáz milyensége,
nyomása, katalizátor részecskék milyensége, mennyisége, elhelyezkedése, ...)
különböző fajta egyfalú szén nanocsövek álĺıthatók elő, akár nagy mennyi-
ségben is [194]. A csövek átmérője a nanométeres tartományba esik, vagyis a
kerületükön körbemenve nagyon kevés atom található, legfeljebb néhányszor
t́ız! A csövek hossza ezzel szemben tipikusan néhányszor t́ız mikrométer, de
akár a centimétert is elérheti.

10.1. ábra. Egy hatszöges śık egy darabjának képzeletbeli föltekerése szén
nanocsővé. A nanocsövek előálĺıtása a valóságban nem ı́gy történik. Az el-
lenkező folyamatot, nanocső fölvágását és grafénszalaggá kiteŕıtését azonban
már megvalóśıtották ḱısérletileg.

A csövek lehetnek zárt vagy nyitott végűek. Azonban, mivel egy cső
hossza jóval nagyobb az átmérőjénél, az elektromos illetve optikai tulajdon-
ságait a cső palástjának szerkezete határozza meg, a cső vége ebből a szem-
pontból nem játszik szerepet. A csövek palástján pedig – az esetleges hiba-
helyeket nem számı́tva – kizárólag hatszögek találhatók. Úgy tekinthetjük,
mintha egy śıkbeli hatszöges rácsból (grafénből) kivágnánk egy cśıkot és azt
föltekernénk hengerré. (Hangsúlyozzuk, hogy az előálĺıtás nem ı́gy történik!)
A feltekerés módja megszabja nemcsak a cső átmérőjét, hanem a hatszö-
geknek a cső palástján való elhelyezkedését, az ún. kiralitást is. Vannak
olyan csövek, ahol a hatszögek a cső hossztengelyével párhuzamosan sora-
koznak, ezek az ún. akirális csövek. Két fajtájuk van, attól függően, hogy a
hossztengelyre merőlegesen ún. karosszék (10.2), vagy cikk-cakk (10.3) szer-
kezet rajzolódik-e ki. A királis csövekben (10.4) viszont a hatszögek nem a
hossztengellyel párhuzamos vonalak mentén tekerednek. Az ábrán szereplő
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számpárok, az ún. kiralitási indexek jelentéséről lásd a következő részt. Ott
majd azt is látni fogjuk, hogy a kiralitástól függően a nanocsövek között ta-
lálunk fémeset és félvezetőt egyaránt, ami nagyon fontos a nanoelektronikai
alkalmazások szempontjából.

10.2. ábra. Példa akirális – karosszék (armchair) – nanocsőre

10.3. ábra. Példa akirális – cikk-cakk (zigzag) – nanocsőre

10.4. ábra. Példa királis (chiral) nanocsőre

Iijima a szén nanocsövek felfedezéséért 2008-ban Kavli-d́ıjat kapott. Ez
egy új d́ıj, amit először éppen 2008-ban adtak ki. A norvég királyi aka-
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démia adományozza kétévente három területen: asztrofizika, idegkutatás és
nanoszerkezetek kutatása. Összegében hasonló a Nobel-d́ıjhoz. A szén na-
nocsövek felfedezéséért jogosan adtak ilyen kiemelkedő d́ıjat. Az elméleti
érdekességek mellett sokkal ı́géretesebb alkalmazási lehetőségei vannak, mint
a fulleréneknek. Az alábbiakban vázlatosan csokorba gyűjtöttük a legfon-
tosabbakat. Téremissziós alkalmazások: a csövek rendḱıvül hegyesek, tehát
már kis feszültség hatására nagy elektromos térerősség alakul ki a végük-
nél. Ennek hatására könnyen kiszaḱıthatók belőlük elektronok, vagyis jól
használhatók elektronforrásként [195].

”
Boltban kapható” ilyen eszköz pl. a

hidegkatódos röntgen-forrás [196], vagy a mikrohullámú erőśıtő [197]. Ko-
moly cégek foglalkoznak szén nanocsöves képernyők fejlesztésével is [198]. A
nanocsövek nagyon hegyes volta más területen is kihasználható: AFM-tűk
(AFM = atomic force microscope) amúgy is nagyon hegyes végére ilyen na-
nocsöveket ragasztva a felvételek kontrasztviszonyai tovább jav́ıthatók [199],
[200], [201]. Másik fontos terület a szén nanocsövek ún. funkcionalizálása,
különböző oldalcsoportoknak a nanocsőhöz való kovalens kötése, amelynek
seǵıtségével kémiai szenzorok kifejlesztésén dolgoznak több helyen – egyebek
között Magyarországon is [202], [203]. A szén nanocsövek szaḱıtószilárdsága
nagyobb az acélénál, fajsúlya ugyanakkor jóval kisebb, mint az acélé. Ezt a
nagyon kedvező mechanikai tulajdonságát egyelőre luxus sporteszközök gyár-
tásánál használják ki [204]. Végül, de nem utolsó sorban meg kell emĺıteni az
optikai és elektromos tulajdonságai kombinálásában rejlő kedvező lehetősége-
ket: átlátszó, de elektromosan vezető filmek késźıthetők belőle, ami nagyon
fontos pl. érintőképernyős alkalmazásokban [205]. A szén nanocsövekről sok
magyar nyelvű ismeretterjesztő ı́rás ajánlható ([206], [207], [208], [209]).

10.2. Elektronszerkezet

Egy szén nanocsövet egyértelműen jellemezhetünk azzal a vektorral (feltekerési-
, Hamada- vagy kiralitási-vektor), ami egy hatszöges śıkrács két olyan rács-

pontját köti össze, melyek a feltekerés során fedésbe kerülnek. A ~Ch kiralitási
vektort az ~a1 és ~a2 elemi rácsvektorok seǵıtségével kifejezve, a lineárkombi-
nációs együttható két egész szám lesz (10.5 ábra). Ezeket az (n,m) egész
számokat az adott cső kiralitási indexeinek h́ıvjuk. A korábban már léırt
defińıciók alapján világos, hogy karosszék csövekre a két index megegyezik,
cikk-cakk csövekre az egyik index nulla, mı́g az általános esetben, királis
csövekre a két index különböző és egyik sem nulla.

Az (n,m) indexek seǵıtségével a nanocső összes geometriai paramétere
kifejezhető. A legfontosabbakat a 10.1 táblázatban foglaltuk össze. Csak két
megjegyzést teszünk a táblázathoz. Mivel a kiralitási vektor hossza éppen a
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10.5. ábra. A legfontosabb mennyiségek a (6,3) nanocső példáján: a ~Ch ki-

ralitási (feltekerési, Hamada) vektor, a Θ kiralitási szög és a ~T transzlációs

vektor. ~Ch = n~a1 + m~a2, ahol ~a1 és ~a2 az elemi rácsvektorok. A ~Ch és a ~T
által határolt téglalap a nanocső elemi cellája a śıkba kiteŕıtve.

cső kerületét adja, az átmérő ebből π-vel való osztással adódik. A Θ kiralitási
szög nulla értékét a cikk-cakk csövekhez szokás hozzárendelni (lásd a 10.5
ábrát is). A hatszöges szerkezet + a rács tükörszimmetriája miatt Θ-ban
elegendő egy 30◦-os tartományra szoŕıtkozni.

A szén nanocsövek sávszerkezetét a legegyszerűbb közeĺıtésben – a gör-
bület teljes elhanyagolásával – a grafénére visszavezetve kaphatjuk meg. A
grafén elsőszomszéd szoros kötésű (tight binding) ε(~k) diszperziós reláció-
jának levezetése megtalálható Cserti József: A grafén fizikájának alapjai c.
tananyagában. Az eredmény:

ε±(~k) = ± |γ0|
√

3 + 2 cos~k · ~a1 + 2 cos~k · ~a2 + 2 cos~k · (~a1 − ~a2) , (10.1)

ahol γ0 az első szomszéd hopping integrál, szokásos értéke -(2,7-2,9) eV. A ±
a vezetési illetve vegyértéksávra vonatkozik, az atomi pz állapot energiáját
pedig nullának választottuk. A szomszédos pz-pályák átfedési integrálját itt
elhanyagoltuk, ezért szimmetrikus a két sáv energiája a nullára nézve. A 10.6
ábra a 10.1 képlettel kapott állandó energiájú kontúrvonalakat mutatja. Az
ábrán berajzoltuk a grafén Brillouin-zónáját (BZ) is a nevezetes pontokkal
(Γ, K és M). A vezetési- és a vegyértéksáv a szabályos hatszög alakú BZ
hat sarkában, a K-pontokban találkozik. Ebben az új megközeĺıtésben ismét
láthatjuk, hogy a grafénben nincs tiltott sáv, vagyis fémes. Ugyanakkor
meglehetősen különleges fém, mivel az állapotsűrűség nulla a Fermi-szinten,
hiszen az utóbbi mindössze hat diszkrét pontból áll. A K-pontok közelében a
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paraméter karosszék cikk-cakk királis
neve jele (n, n) (n, 0) (n,m)

legnagyobb közös osztó gcd n n lnko(n,m)

R 3 1

{
3 ha (n−m)/3gcd ∈ Z
1 ha (n−m)/3gcd /∈ Z

királis vektor ~Ch n(~a1 + ~a2) n~a1 n~a1 +m~a2

átmérő (= |~Ch|/π) dt
√

3a0n/π a0n/π a0

√
n2 + nm+m2/π

kiralitás szög Θ 30◦ 0◦ 30◦ − arctg

(
1√
3

n−m
n+m

)
transzlációs vektor ~T −~a1 + ~a2 −~a1 + 2~a2 −2m+ n

gcdR
~a1 +

2n+m

gcdR
~a2

rácsállandó (= |~T |) c a0

√
3a0 a0

√
3(n2 + nm+m2)

gcdR
hatszögek száma q 2n 2n 2

n2 + nm+m2

gcdR
szénatomok száma nC 4n 4n 4

n2 + nm+m2

gcdR
pontcsoport D2nh D2nh Dq

kvantált hullámvektor ~k⊥
~k1 + ~k2

2n

~k1

n
+
~k2

2n

2n+m

q gcdR
~k1 +

2m+ n

q gcdR
~k2

folytonos hullámvektor ~kz
−~k1 + ~k2

2

~k2

2

−m~k1 + n~k2

q
sávindex m −n+ 1 . . . n −n+ 1 . . . n −q/2 + 1 . . . q/2

10.1. táblázat. A nanocsövek fajtái és legfontosabb geometriai paramétereik



10. FEJEZET. SZÉN NANOCSÖVEK 92

(kétdimenziós) diszperzió lineáris, ezek a nevezetes Dirac-kúpok. Távolodva
a K-ponttól a kezdetben izotrop, köralakú kontúrvonalak növekvő mértékű

”
háromszögesedést” mutatnak: ez az ún. trigonal warping. A viszonyok

számszerű érzékeltetésére: a gerjesztési energia az M-pontban 2|γ0| ≈ 6 eV ,

ami már az UV-tartományba esik. A Γ-pontban (~k = 0) pedig ugyanez az
érték 6|γ0| ≈ 18 eV .

10.6. ábra. A konstans energiájú görbék és a grafén Brillouin-zónája

Az egyetlen lényeges különbség a śıkbeli grafén és a hengeres nanocső
között nem dinamikai, hanem kinematikai: a feltekerés miatt a hullámfügg-
vény a kerület mentén 2π szerint periodikus, ezért a hullámszámvektor csőre
merőleges (k⊥) komponense csak diszkrét értékeket vehet föl:

2πR/λ⊥ ≡ k⊥R = q vagy ~k⊥ · ~Ch = 2πp , (10.2)

ahol p egész szám. Itt R a cső sugara, és
∣∣∣~Ch∣∣∣ = 2πR.

Mivel a nanocső hossza tipikusan legalább három, de akár hat nagyság-
renddel is nagyobb lehet az átmérőjénél, ezért a hullámszámvektornak a cső
hossztengelyével párhuzamos (kz) komponense kvázi-folytonosan változik.
Egy nanocső egydimenziós diszperziós relációját tehát úgy kapjuk, hogy a
grafén kétdimenziós diszperziós relációjából egy párhuzamos vonalsereggel
kivágjuk az ε(kz) görbéket. A párhuzamos vonalak távolsága a cső sugarával
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ford́ıtottan arányos, az irányuk pedig a kiralitási szögtől függ. Mindkettő
kifejezhető az (n,m) kiralitási indexekkel.

10.7. ábra. Egy nanocsőben megengedett hullámszám-értékek: párhuzamos
vonalsereg a grafén kétdimenziós Brillouin-zónájában. Az ábra egyúttal il-
lusztráció a fémesség feltételének bizonýıtásához:

”
(n-m)/3 = egész” szabály

(lásd a szövegben).

Ezek után könnyű kifejezni a fémesség feltételét: egy nanocső akkor fémes,
ha van olyan vonal a cső hossztengelyével párhuzamos diszkrét vonalseregből,
amelyik átmegy valamelyik K-ponton. Például karosszék csőre, a hatszöges
rácsot a reciprokrácsával összevetve azonnal látszik, hogy amı́g a valódi rács-
ban a cső hossztengelyére merőlegesen karosszék-módon futnak az elemi cella
élei, a szintén hatszöges reciprokrács élei cikk-cakk-módon futnak a hossz-
tengelyre merőlegesen. Ez viszont azt jelenti, hogy a diszkrét párhuzamos
vonalseregből az, amelyik átmegy a Γ-ponton, egyúttal biztosan átmegy egy
K-ponton is. Vagyis a karosszék csövek mind fémesek.

De a fémesség feltételét az általános esetben is könnyű megfogalmazni.
Mivel a kiralitási vektor defińıció szerint merőleges a cső hossztengelyére,
továbbá kihasználhatjuk a 10.2 diszkrétségi összefüggést, ezért tetszőleges
~k = ~kz + ~k⊥ vektorra, amelyik ráesik a diszkrét vonalsereg valamelyikére,
teljesül, hogy

~k · ~Ch = (~kz + ~k⊥) · ~Ch = ~k⊥ · ~Ch = ~k⊥ · (n~a1 +m~a2) = 2πp . (10.3)

A kérdés ezek után az, hogy vajon egy K-pontba mutató hullámszámvektor
teljeśıti-e a 10.3 feltételt. Ha igen, akkor a nanocső fémes, ha nem, akkor
szigetelő (félvezető). A 10.7 ábra jobb oldalán jól látható, hogy a Γ pontból
egy K-pontba mutató vektor éppen harmada két reciprokrács-vektor különb-
ségének:

~kK = ~ΓK =
1

3
(~k1 − ~k2) . (10.4)
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Ennek a vektornak a ~Ch-val való skalárszorzata:

~kK · ~Ch =
1

3
(~k1 − ~k2) · (n~a1 +m~a2) =

1

3
(n−m) · 2π . (10.5)

Itt kihasználtuk a valódi rács illetve a reciprokrács elemi rácsvektorainak
ortogonalitását:

~ki · ~cj = 2πδij . (10.6)

Tehát, egy nanocső fémességének feltétele az általános esetben:

n−m
3

= p , (10.7)

ahol p egész szám. Vagyis a cikk-cakk csövek közül minden harmadik fémes,
nevezetesen ahol a nem nulla kiralitási index maradék nélkül osztható há-
rommal. A királis csöveknek is egyharmada fémes, kétharmada félvezető. A
karosszék csövek pedig a 10.7 képlet szerint is valóban mind fémesek.

Az itt léırtak képezik az ún. zónahajtogatási (zone folding) közeĺıtés
alapjait. Ez a közeĺıtés az elektromos tulajdonságokra kieléǵıtően működik
mindaddig, amı́g a görbületi hatások nem jelentősek, tehát pl. az 1-1,5 nm
átmérőjű tipikus csövekre. Azonban vannak 1 nm-nél kisebb átmérőjű csövek
is, amikor már nem hanyagolható el a görbület hatása. A legkisebb létező
átmérő például alig 0,4 nm, a (3,3), (5,0) vagy (4,2) csövek ilyen vékonyak.
A görbület hatása kettős. Egyrészt a σ − π rehibridizáció miatt az egyszerű
képlet szerint félvezető csövek – pl. (5,0) – valójában fémesek. Másrészt,
a görbület miatt a különböző szén-szén kötések nem lesznek ekvivalensek,
vagyis a henger palástját nem lehet egy teljesen szabályos hatszöges rácsra
kiteŕıteni. Meg lehet mutatni, hogy ilyenkor a K-pont mintegy lecsúszik a
hossztengellyel párhuzamos vonalról, ami egy kicsi, másodlagos gap nýılásá-
hoz vezet. Egyedüli kivételt a karosszék csövek jelentik, amikor a K-pont
a vonallal párhuzamosan csúszik el, tehát rajta marad a vonalon. Más szó-
val a karosszék csövek még a görbületi hatásokat figyelembe véve is fémes
tulajdonságúak.

A hátralévő részben néhány olyan fontos tulajdonságot mutatunk még
be, ahol a kvalitat́ıv kép nem változik a görbületi effektusok miatt.

A 10.8 ábra sematikusan hasonĺıtja össze a különböző dimenziójú rendsze-
rek állapotsűrűségét. Jól látszik, hogy minél alacsonyabb a dimenzió, annál
erősebb szingularitás figyelhető meg. Nulla dimenzióban a diszkrét energia-
szintek Dirac-delta szingularitásnak felelnek meg. Egydimenzióra jellemző
a Van Hove szingularitások megléte az állapotsűrűségben. Mint tudjuk, az
állapotok egyenletesen oszlanak el a k-térben. Egydimenzióban ebből azon-
nal következik, hogy az állapotsűrűség ford́ıtottan arányos a dε

dk
deriválttal.
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10.8. ábra. Az állapotsűrűség jellege különböző dimenzióban

10.9. ábra. A diszperziós reláció és az állapotsűrűség sematikus ábrázolása.
Zöld sźın jelöli a vegyértéksávokat, piros a vezetési sávokat. Az optikai átme-
netek intenzitása különösen nagy lesz a Van Hove-szingularitásokat összekötő
szimmetrikus átmenetekre (E11, E22, . . .).

Valahányszor a ε(k) diszperziós reláció v́ızszintes érintővel rendelkezik, az
állapotsűrűség eldivergál.

A 10.9 ábra sematikusan mutatja mind a vegyértéksávok, mind a vezetési
sávok Van Hove szingularitásait. A kiválasztási szabályok miatt az optikai
abszorpciót az azonos indexű Van Hove szingularitások közötti átmenetek
dominálják.

Az E11, E22 stb. átmeneti energiákat az átmérő függvényében ábrázolva
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kapjuk az ún. Kataura-plotot [210]. A 10.10 ábrán az egyszerű, az (n,m)
indexekből a görbületi hatások figyelembevétele nélkül számı́tott átmeneti
energiákat és átmérőket használtuk. Az egyes pontok jellegzetes mintázatot
rajzolnak ki. A kisebb indexű átmenetek jól elkülönülnek egymástól, és át-

10.10. ábra. Kataura-plot. A különböző sźınek különböző ii átmenetnek felel-
nek meg. S a félvezető csövekre, M a fémes csövekre vonatkozik. A karosszék
csöveket négyszög, a cikk-cakk csöveket háromszög, a királis csöveket karika
jelöli.

lagosan 1/d - görbék mentén sorakoznak. Ha belenagýıtanánk, akkor észre
lehetne venni az átlagtól eltérő egyedi viselkedéseket is. Ebben is van sziszté-
ma: a 2n+m konstans értékéhez tartozó

”
családok” halszálka, vagy fenyőág

módjára, felváltva lefelé illetve fölfelé elkanyarodnak az átlagos trendtől. A
fémes csövek E11 átmenetei nagyobbak a félvezető csövek E11 illetve E22 át-
meneteinél. Ez jól megfigyelhető nanocsövek keverékének optikai abszorpciós
spektrumában is (lásd 10.11).

Végezetül mindegyik t́ıpusra bemutatjuk az egyszerű, első szomszéd tight
binding módszerrel számolt, zónahajtogatásos diszperziós relációt illetve az
állapotsűrűséget a Van Hove szingularitásokkal.
Először egy karosszék nanocsőre – (10,10).
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10.11. ábra. Különböző kiralitású szén nanocsövek keverékének optikai spekt-
rumában jól megkülönböztethetők a félvezető (S11, S22) illetve fémes (M11)
csövekre jellemző átmenetek (wikipedia)

Ezt követően fémes illetve nemfémes cikk-cakk nanocsövekre – (18,0) illetve
(17,0).
Végül fémes illetve nemfémes királis nanocsövekre – (16,1) illetve (14,6).
Megjegyzendő, hogy a királis csövek elemi cellája sokkal nagyobb, ez az oka,
hogy sokkal több vonalból áll a diszperziós relációjuk, mint az akirális csöve-
ké.

http://en.wikipedia.org/wiki/File:CNTabsorption.jpg
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10.12. ábra. A karosszék nanocsövek mindig fémesek. Illusztrációként a
(10,10) nanocső diszperziós relációja és állapotsűrűsége.

10.3. Rezgések

Anélkül, hogy a szimmetria-anaĺızisbe mélyen belemennénk, itt csak a rezgé-
si spektroszkópia szempontjából legfontosabb információkat foglaljuk össze.
Akit a téma részletesebben érdekel, annak a már javasolt irodalom (pl. [147])
mellé még egy könyvfejezetet, illetve a benne lévő hivatkozásokat ajánljuk
[211]. Ott tárgyalásra kerül a vonalcsoport illetve a helikális szimmetria al-
kalmazása a szén nanocsövek rezgési tulajdonságainak meghatározásában.

A nanocsövek infravörös spektrumát nehéz vizsgálni, mivel a jel nagyon
gyenge a csövek jelentős abszorpciója miatt. Éppen ezért itt is csak az iro-
dalomra utalunk [212].

Ezzel szemben a Raman-spektroszkópia az egyik leginformat́ıvabb mód-
szer a nanocsövek vizsgálatában. Ennek oka elsősorban az, hogy nemcsak a
rezgési frekvenciák tanulmányozhatók, hanem – a gerjesztő lézer frekvenciá-
ját változtatva – a rezonancia effektus miatt a gerjesztési energiák is. Pél-
dául különböző t́ıpusú csövek keverékén mérve, mindig azon csövek spekt-
ruma jelenik meg szelekt́ıven erőśıtve, amelyek valamelyik Van Hove szingu-
laritások közti átmenete rezonanciába kerül a gerjesztő lézer frekvenciájával
(hνlézer = Eii).

A Raman-spektrumnál is a grafénből érdemes kiindulni. A grafénnek a
Γ-pontban egyetlen, kétszeresen degenerált Raman-akt́ıv módusa van, E2g
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(a) Fémes cikk-cakk cső (18,0)

(b) Nemfémes cikk-cakk cső (17,0)

10.13. ábra. Fémes illetve nemfémes cikk-cakk nanocső diszperziós relációja
és állapotsűrűsége

szimmetriával – ez a G-sáv 1580 cm−1-nél. A szénatomok rezgése tisztán a
śıkban történik. A szén nanocsövek Raman-spektrumában is ez a legerősebb
sáv. Azonban, a śıkbeli hatszöges rácsban még degenerált módus a görbület
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(a) Fémes királis cső (16,1)

(b) Nemfémes királis cső (14,6)

10.14. ábra. Fémes illetve nemfémes királis nanocső diszperziós relációja és
állapotsűrűsége

miatt fölhasad egy valamivel alacsonyabb frekvenciájúG− és egy nagyjából az
eredeti helyen maradó G+ sávra. A G− módus frekvenciájának csökkenése
különösen erős fémes nanocsövekre, a nagy elektron-fonon csatolás miatt.
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10.15. ábra. Különböző átmérőjű egyfalú szén nanocsövek keverékének jelleg-
zetes Raman-sávjai. A mérési adatokat Simon Ferenc bocsájtotta rendelke-
zésünkre.

A 10.15 ábrán még alig látható felhasadás belenagýıtva jól kifejezetté válik
(lásd 10.16(a) ábra).

A nanocsövek jellegzetes és diagnosztikai szempontból legfontosabb rez-
gése a lélegző módus (radial breathing mode – RBM). Ilyenkor a szénatomok
szinte kizárólag sugárirányban mozognak, mindegyik azonos fázisban. En-
nek a rezgésnek nincs megfelelője a grafénnél, hiszen az átmérő tart végtelen
határesetben ez a mozgás átmegy a śıkra merőleges transzlációba. Emiatt
az is érthető, hogy az RBM frekvenciája ford́ıtottan arányos az átmérővel, a
cső átmérőjének (tehát a kiralitási indexeknek) növekedésével nullához tart.
Amennyiben a cső valamilyen hordozón rezeg, akkor a ḱısérletileg mérhető
határérték lehet véges, nem nulla is. Nagyon kis átmérőknél az átlagos 1/d
függéshez képest kissé puhulnak a frekvenciák, és kismértékű egyedi eltérések
is vannak, valamelyest hasonlóan a Kataura-plotnál az energiáról elmondot-
takhoz [213].

Tipikus RBM-frekvenciákra példa: ≈ 1.3 nm átmérőjű csövekre – jel-
lemzően ı́vkisüléssel előálĺıtott csövek, pl. (17,0) – νRBM ≈ 160 cm−1, mı́g
mondjuk ≈ 0.75 nm átmérőjű csövekre – CoMoCat: kobalt-molibdén katali-
zátoros CVD módszerrel előálĺıtott csövek, pl. (7,4) – νRBM ≈ 300cm−1.
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(a) G-sáv

(b) RBM-sávok

10.16. ábra. Különböző átmérőjű egyfalú szén nanocsövek keverékének G+-
és G−-sávja (a) illetve RBM-sávjai (b)

Egy különböző kiralitású csövek keverékén mért RBM-spektrumot mutat
a 10.16(b) ábra. Igen gyakran egy ilyen spektrum már önmagában sokat
elárul a mintában lévő csövek átmérőeloszlásáról. Ha pedig sok különbö-
ző lézergerjesztéssel veszünk föl Raman-spektrumot az RBM tartományban,
akkor az ilyen kétdimenziós Raman-spektrumokból, a korábban már emĺı-
tett szelekt́ıv rezonancia-erőśıtés miatt, beazonośıthatók a mintában találha-
tó különböző kiralitási indexű csövek. Jelenleg nem ismert olyan preparálási
módszer, amivel célzottan lehetne adott kiralitású csövet nagy mennyiségben
előálĺıtani. De, különösen a kis átmérőjű csövek tartományában, léteznek
már olyan módszerek, amikkel célzottan lehet szeparálni adott kiralitású csö-
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veket. Ezek utólagos beazonośıtásában nyújt rendḱıvül fontos seǵıtséget a
kétdimenziós RBM-spektrumok mérése.

Végül, ha csak érintőlegesen is, de megemĺıtjük a Raman-spektrum egy
olyan fontos részletét, ami magasabbrendű folyamatok eredménye. Egyrészt
az 1350 cm−1 körül megjelenő, hibahelyek, illetve rendezetlenség által indu-
kált (disorder induced) sávot, a D-sávot (lásd a 10.15 ábrát). Ennek legfon-
tosabb tulajdonsága, hogy diszperziója van, vagyis a poźıciója függ a gerjesz-
tő lézer frekvenciájától. Növekvő lézerfrekvenciával a D-sáv helye nagyobb
frekvenciák felé csúszik, ≈ 50 cm−1/eV meredekséggel. Ugyanez a jelenség
megfigyelhető grafénben illetve grafitban is. A D-sáv értelmezése hosszú időn
keresztül zajló viták után tisztázódott. Mint kiderült, a D-sáv egy magasabb-
rendű Raman-folyamat eredménye, ami akkor válik megfigyelhetővé, amikor
az ún. kettős rezonancia feltétele teljesül.

A D-sáv frekvenciájának kétszeresénél, ≈ 2700 cm−1-nél viszont mindig
megfigyelhető egy viszonylag erős csúcs (lásd a 10.15 ábrát). Ezt eredetileg
G′-nak vagy D∗-nak h́ıvták, de az utóbbi időben a 2D-sáv elnevezés terjedt
el. Ez a sáv annyiban rokon a D-sávval, hogy itt is kettős rezonanciáról van
szó, csak itt a magasabbrendű folyamat során mindkét elektronszórási lépés
fonon keletkezésével jár, szemben a D-sávval, ahol az egyik szórási lépést egy
hibahely okozza.

A D-sáv és a 2D-sáv a grafén vizsgálatában is rendḱıvül fontos szerepet
játszik. Erről további információk érdekében az irodalomra utalunk ([214] és
a benne lévő hivatkozások).
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[93] Koltai János, Hibrid rendszerek transzport tulajdonságai, ELTE PhD
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[167] W. Krätschmer, L.D. Lamb, K.Fostiropoulos and D.R. Huffman, Na-
ture 347, 354 (1990).

[168] R. D. Johnson, D. S. Bethune, and C. S. Yannoni, Accounts of Chemical
Research 25, 169-175 (1992).

[169] L. Shengzhong, Y-J. Lu, M. M. Kappes, and J. A. Ibers, Science
254(5030), 408—410 (1991).

[170] K. Hedberg, L. Hedberg, D. S. Bethune, C. A. Brown, H. C. Dorn,
R. D. Johnson, and M. D. Vries, Science, 254(5030), 410—412 (1991).

[171] J. Cioslowski, Electronic Structure Calculations on Fullerenes and The-
ir Derivatives, First Edition (Oxford University Press, USA, 1995).
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Chapter 1

The Su-Schrieffer-Heeger (SSH)
model

The basic concepts of topological insulators are best understood via a concrete model.
In this chapter we discuss the simplest such physical system, the Su-Schrieffer-Heeger
(SSH) model[?] of polyacetylene, describing spinless fermions hopping on a 1D lattice
with staggered hopping amplitudes. Along the way, we introduce important concepts,
as the single-particle Hamiltonian, the difference between bulk and boundary, adiabatic
phases and their connection to observables, a symmetry (chiral symmetry) that restricts
the values of these phases, and bulk–boundary correspondance.

Figure 1.1: Geometry of the SSH model. A 1D chain with two atoms in the unit cell
(circled by dashed line). The hopping amplitudes are staggered: w (double line) and v
(single line). The long chain consists of the left edge (blue shaded background), the trans-
lationally invariant bulk (no background) and the right edge (green shaded background).
The hopping amplitudes at the edges are subject to disorder, in the bulk, however, are
fixed. .
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Figure 1.2: Bandstructure of polyacetylene in the case of δt = 0 (dashed blue line) and
δt = ±0.3t (red solid line) .

1.1 Hamiltonian

1.1.1 NN hopping chain

We consider spinless fermions hopping on a chain (1D lattice) with M = 2N sites. The
operator ĉ†r creates a fermion on site r = 0, . . . ,M . The Hamiltonian of the model reads

Ĥ =
M∑
r=1

trĉ
†
rĉr+1 + h.c., (1.1)

where tr is the position-dependent hopping amplitude. We use periodic boundary con-
ditions, i.e., c2N+1 ≡ c1, but an open chain can still be realized by setting t2N = 0. The
special feature of this model Hamiltonian is that it has no onsite potential terms.

We assume that there are many fermions already on the chain, as is usually the case
in real solid state physics systems. To take this into account, we use a grand canonical
Hamiltonian, whereby we fix the number of fermions using the chemical potential µ:

Ĥ =
M∑
r=1

trĉ
†
rĉr+1 + h.c.− µ

∑
r

ĉ†rĉr. (1.2)

In the absence of interactions, this still is a single-particle Hamiltonian, and its ground
state can be simply obtained by occupying all negative energy states and leaving all
positive energy states unoccupied. For simplicity, we will work at 0 temperature, and
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thus it is the ground state of this Hamiltonian that we will be interested in, and so the
chemical potential plays the role of a Fermi energy.

We set the chemical potential to µ = 0. In the absence of onsite potentials the choice
µ = 0 ensures that in the ground state, M/2 electrons will be in the system, since, as we
will show below, M/2 eigenstates of Ĥ have negative energy. This is a very natural choice
for a real physical polymer where every atom brings 1 conduction electron: altogether,
the chain will contain M/2 electrons of each spin. (The SSH model we consider here
does not include spin, and so refers to, both species (both spins) of electrons, excluding
any terms that couple the two species.)

Finally, since we are going to use staggered hopping amplitudes (i.e., alternate be-
tween weak and strong hopping), we use different notation for hopping over even and
odd links, t2n = vn; t2n+1 = wn. The grand canonical Hamiltonian of the SSH model
then reads

Ĥ =
N∑
n=1

(
vnĉ
†
2n−1ĉ2n + wnĉ

†
2nĉ2n+1 + h.c.

)
(1.3)

Single particle Hamiltonian

Although we have written the Hamiltonian for the chain in second quantized form, there
are no interaction terms here: this is a free Hamiltonian, quadratic in the fermionic
operators:

Ĥ =
M∑
r=1

ĉ†rHrsĉs. (1.4)

The Hamiltonian noninteracting, and is therefore diagonalizable by a basis transforma-
tion on the single particle operators:

Ĥ =
M∑
α=1

Eαγ̂
†
αγ̂α; (1.5)

γ̂α =
M∑
r=1

Ψ?
α,rĉr. (1.6)

Here the complex coefficients Ψα,r are determined by the eigenvectors of the M × M
Hermitian matrix H, ∑

s

HrsΨα,s = EαΨα,r. (1.7)
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Since we have a noninteracting system, wee can use the language of single-particle
quantum mechanics, wherever it is more convenient. This is defined by

|r〉 = ĉr |0〉 ; (1.8)

Ĥ =
M∑
r=1

Hrs |r〉 〈s| ; (1.9)

(1.10)

The energy eigenstates are vectors in the single-particle Hilbert space defined by

Ĥ |α〉 = Eα |α〉 . (1.11)

In the ground state of Ĥ, all negative energy eigenstates of H will be occupied (occupying
these decreases the energy), positive energy eigenstates will be unoccupied.

1.1.2 Bulk and boundary

As every solid-state system, the long chain of the SSH model has a bulk and a boundary.
The boundary in this case are the two ends, or “edges” of the chain, indicated by shading
in Fig. 1.1.

The bulk, the long middle part of the chain, is taken to be translationally invariant.
Since the chain is taken to be “long”, for most of the energy eigenstates it is a good
approximation to just use periodic boundary conditions. In that sense, the bulk quasi-
momentum k is a good quantum number, and the bulk has a well defined dispersion
relation. Since we are concerned with insulators, we want the bulk to have an energy
gap ∆ around 0. Since we are using the grand canonical Hamiltonian, the Fermi energy
is always at E = 0.

The two ends of the chain, the edges, cannot be translational invariant, as they contain
the termination: we also allow them to have disorder. Where the border between “edge”
and“bulk”should be taken (i.e., how many sites should be counted as“edges”) is a bit like
the difference between quantum and classical world in the Copenhagen interpretation:
the border can be shifted according to computational power, but should have no influence
on the results as long as the bulk is long enough (compared to the typical size of edge
states, proportional to 1/

√
∆).

1.2 Staggered hopping makes the bulk an insulator

The SSH model only describes a band insulator if, in the large N limit, there is a finite
energy gap ∆ separating the highest energy bulk occupied state and the lowest energy
bulk unoccupied state. For this gap to open, we need at least two bulk energy bands,
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and so a unit cell that comprises two sites. It is for this reason that we use staggered
hopping amplitudes, and so the bulk has translational invariance only with respect to
displacement by integer multiples of 2. In the bulk, the hopping amplitudes read

t2n = v; t2n+1 = w = |w| eiφ. (1.12)

Actually, using a higher level model, one can show that such a staggering occurs spon-
taneously in a solid state system, e.g., polyacetylene, by what is known as the Peierls
instability. As seen in Fig.1.2, it reduces the energy of the ground state, since it decreases
the energies of all occupied states and increases the energies of the empty states.

1.2.1 Sublattice structure

In a chain with staggered hopping amplitudes, the practical choice for a unit cell includes
two sites per cell. For simplicity we assume that the total number of sites is even,
M = 2N , and introduce cell index n = 1, . . . , N and sublattice index j = 1, 2 (or
j = A,B) according to ĉn,j = ĉ2n+j−2. In an even more concise notation, we can group
the fermion creation operators on site n together in a formal vector,

ĉ†n = (ĉ†n,1, ĉ
†
n,2) = (ĉ†2n−1, ĉ

†
2n). (1.13)

Rewriting the Hamiltonian in these operators, we have

Ĥ =
N∑
n=1

(
vnĉ
†
n,1ĉn,2 + wnĉ

†
n,2ĉn+1,1 + h.c.

)
=

N∑
m=1

ĉ†mHmnĉn.
N∑
m=1

ĉ†mHmnĉn. (1.14)

Here each Hmn is itself a 2×2 matrix. We can use the terminology of the hopping model,
and call Un = Hnn the onsite potentials, and Tn = Hn,n+1 the hopping matrices. All the
Hmn, where |m− n| > 1, vanish: this can always be achieved for a finite range hopping
model by choosing a large enough unit cell. As an example, the Hamiltonian of a 1D
chain of 6 cells (12 sites) reads

H =



U1 T1 0 0 0 T †6
T †1 U2 T2 0 0 0

0 T †2 U T3 0 0

0 0 T †3 U T4 0

0 0 0 T †4 U T4

T6 0 0 0 T †5 U6


. (1.15)

This includes an open chain, if T6 = 0, and a closed chain with no ends, only bulk, if
Tn = T and Un = U .
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The “onsite potential” matrices Un and hopping amplitudes Tn read

Un =

(
0 vn
v∗n 0

)
= Re vnσx − Im vnσy, (1.16)

Tn =

(
0 0
wn 0

)
= wn (σx − iσy) /2, (1.17)

using the Pauli matrices

σ0 =

(
1 0
0 1

)
; σx =

(
0 1
1 0

)
; σy =

(
0 −i
i 0

)
; σz =

(
1 0
0 −1

)
. (1.18)

In the translation invariant bulk, we can look for eigenstates of the 2N × 2N matrix
H in the form of Ψ2n+j−2(k) = ei2πkn/NΨj(k). The 2-component Bloch vectors Ψ(k) are
eigenvectors of the 2× 2 matrix H(k), defined as

H(k) = U + e−ikT † + eikT = U + (T + T †) cos k + i(T − T †) sin k (1.19)

The bulk Hamiltonian can be written in terms of the Pauli matrices as

H(k) = hx(k)σx + hy(k)σy + hz(k)σz = h(k)σ; (1.20)

hx(k) = Re v + |w| cos(k + φ); (1.21)

hy(k) = −Im v + |w| sin(k + φ); (1.22)

hz(k) = 0. (1.23)

The dispersion relation of the bulk can be read off from relations (1.23) easily, using
the fact that H(k)2 = E(k)2σ0 because of the anticommutation relations of the Pauli
matrices. We have

E(k) =
∣∣v + e−ikw∗

∣∣ =

√
|v|2 + |w|2 + 2 |v| |w| cos(k + argv + argw) (1.24)

The dispersion relation is plotted in Fig. 1.2. The minimum of the dispersion relation is
∆ = |v| − |w|, which shows that staggering does indeed open a gap.

Although the dispersion relation is useful to read off a number of physical properties
of the stationary states (e.g., their group velocity), it does not contain all the information.
Stationary states do not only have an energy eigenvalue, but also an internal structure
(they are represented by the vectors in Hilbert space). The SSH model is a simple
two-band model, and so the “internal structure” of the eigenstates with momentum k is
simply given by the direction in which the vector h(k) of Eq. (1.23) points (the energy is
given by the magnitude of h(k); for details see section 2.1.1). We are thus led to consider
the path of the endpoint of h(k), as k goes through the Brillouin Zone. This is a circle
of radius |w| on the hx, hy plane, with center v∗. The fact that this is a closed path is a
generic feature, following from periodicity of the Brillouin zone, H(k = −π) = H(k = π).
That this path lies on one plane, is a remarkable feature of the model, following from the
fact that no sublattice potential (σz term) was allowed in the Hamiltonian, and therefore
hz(k) = h0(k) = 0. We explore this further in the next section.
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1.2.2 Chiral symmetry

The Hamiltonian of the SSH model, including bulk and boundary, Eq. (1.3) is bipartite.
By this we mean that we can assign each site one of the sublattice indices A or B, such
that the Hamiltonian includes no transitions between sites with the same index. In this
case, this sublattice index is the same as the index denoted by j in the previous section.
Formally, we can define the projectors on the sublattices using the notation of Eq. (1.10)
as

PA =
∑
r=2n

|r〉 〈r| ; (1.25)

PB =
∑

r=2n+1

|r〉 〈r| . (1.26)

We define the “coloring” operator

Σz = PA − PB. (1.27)

The matrix elements of Σz vanish, 〈r|Σz |s〉 = 0, if sites r and s are in different unit
cells (even within a unit cell if r 6= s, but this is not important here). In that sense the
operator Σz is local, i.e., it does not mix sites between unit cells. Therefore it can be
represented in terms of a matrix acting within each unit cell:

Σz = σz ⊕ σz ⊕ . . .⊕ σz =
N⊕
n=1

σz. (1.28)

Thus Σz inherits its algebra from σz,

Σ†zΣz = 1; (1.29)

Σ2
z = 1; (1.30)

There are no onsite terms in the Hamiltonian, and therefore, independent of the values
of the hopping amplitudes tj, the operator Σz anticommutes with the Hamiltonian:

ΣzHΣz = −H. (1.31)

This anticommutation relation holds for the same chiral symmetry operator if the hop-
ping amplitudes depend on the position. The properties of locality, unitarity, hermiticity,
and the anticommutation relation (1.31) together ensure that Σz is a unitary represen-
tation of chiral symmetry.

If chiral symmetry is to be useful for topological protection, as we are going to use
it later on, it has to be robust. Many of the parameters of a Hamiltonian are subject to
(local) disorder. In the SSH model, this is the case with the hopping amplitudes. We can
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formally gather all parameters subject to disorder in a vector ξ. Instead of talking about
the symmetries of a Hamiltonian H, we should rather refer to symmetries of a set of
Hamiltonians {H(ξ)}, for all ξ from some ensemble. We can then claim that this set has
chiral symmetry represented by Σz if all Hamiltonians in the set have chiral symmetry.

It can happen that a Hamiltonian is not bipartite, but only because of an unlucky
choice of coordinates. Therefore, in the definition of chiral symmetry, before applying
the “coloring operator” Σz, we can allow for a basis transformation via a unitary matrix
U , independent of ξ, and local (not exchanging sites between unit cells). We then define

Γ = U †ΣzU. (1.32)

The relations of locality, unitarity, hermiticity, and the anticommutation relation can be
transcribed from (1.31):

Γ =
N∑
n=1

Γ1; (1.33)

Γ† = Γ = Γ−1; (1.34)

ΓHΓ = −H. (1.35)

We included the requirement that Γ should take a direct sum form in the sense of
Eq. (1.28). It can be shown that if there is a local, ξ-independent operator Γ such that
Eqs. (1.33), (1.34), (1.35) hold, one can always construct a basis transformation unitary
operator U to have chiral symmetry represented by Σz.

A straightforward consequence of chiral symmetry is that the spectrum of H is sym-
metric. For eigenstates |ψn〉 of H, we have

H |ψn〉 = En |ψn〉 ; (1.36)

HΓ |ψn〉 = −ΓH |ψn〉 = −ΓEn |ψn〉 = −EnΓ |ψn〉 . (1.37)

For any eigenstate of the SSH model with nonzero energy, flipping the sign of the
wavefunction on the odd sites gives another eigenstate with opposite energy. Since these
eigenstates have different energy, their wavefunctions have to be orthogonal. This implies
that every nonzero energy eigenstate of H has equal support on both sublattices. In
contrast, 0 energy eigenstates can be their own chiral symmetric partners: these are
eigenstates of Σz, and therefore have support on only one sublattice.

1.2.3 Bulk winding number

The path of the endpoint of h(k), as k goes through the Brillouin Zone, is a closed path
on the hx, hy plane, and the origin, h = 0, cannot be on the path (there is no gap if
h = 0). To a closed path on the plane that does not contain the origin, we can associate a
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winding number ν. This is the number of times the path encircles the origin, the winding
of the complex number hx(k) + ihy(k) as the wavenumber k is swept across the Brillouin
Zone, k = −π → π. To write this in a compact formula, note that H(k) is off-diagonal
for any k:

H(k) =

(
0 h(k)

h∗(k) 0

)
; h(k) = hx(k)− ihy(k). (1.38)

The winding of h(k) is the same as the winding number of the complex number h(k).
This can be written as an integral, using the complex logarithm function, log(|h| eiargh) =
log |h|+ iargh. It is easy to check that

ν =
1

2πi

∫ π

−π
dk

d

dk
log h(k). (1.39)

The above integral is always real, since |h(k = −π)| = |h(k = π)|.
In general, for 1D chains with more complex unit cells, and a higher number of bands,

say, 2n, the above formula generalizes in the following way. We fix a basis where chiral
symmetry is represented by Σz = diag (1, . . . , 1︸ ︷︷ ︸

n

,−1, . . . ,−1︸ ︷︷ ︸
n

). In this basis H(k) has the

block off-diagonal form above, with h(k) a n×n matrix. Without proof, we remark that
replacing log h(k) with log deth(k) in the formula above gives a topological invariant,
the winding number ν.

For the SSH model the winding number is either ν = 1 in the case of large intercell
hopping, |w| > |v|, or ν = 0 for small intercell hopping, |w| < |v|. To change the winding
number, we need to either a) pull the path through the origin in the hx, hy plane, or
b) lift it out of the plane and put it back on the plane at a different position. Method
a) means closing the bulk gap. Method b) requires breaking chiral symmetry. These
options are illustrated in Fig. 1.3

This brings us to the notion of adiabatic equivalence of bulk Hamiltonians. Two
bulk insulators are adiabatically connected if one can be deformed into the other via
a continuously changed parameter, while respecting the symmetries of the system, and
without closing the bulk gap around E = 0. Actually, using adiabatic equivalence we
can now also extend the topological classification based on the winding number above to
of chiral symmetric 1D Hamiltonians without translation invariance.

1.3 Edge states

Now consider a finite open chain. To keep it simple, the only point where translational
invariance is broken is where the chain is opened, wN = 0. The spectrum of such a chain
of 20 unit cells is shown as the parameters of the system are varied in Fig. 1.4. Notice
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from the spectra that whenever the bulk winding number is nonzero, and the gap is large
enough, there is a pair of low energy eigenstates whose wavefunctions are localized at
the edges (here defined as having less than 10 % probability between 4 < m < 16). For a
general formulation of why these edge states appear, we need to gather more tools. For
now, it is worthwhile to do a “quick trick”: adiabatic deformation into the fully dimerized
limit.

1.3.1 Fully dimerized limit

There are two limiting cases where the SSH model becomes particularly simple and the
edge states appear in a straightforward way: if the intercell hopping is set to zero, w = 0,
or if the intercell hopping vanishes, v = 0. In both cases, the nonzero hopping amplitudes
can be set to 1. In these “fully dimerized cases” the SSH chain falls apart to a sequence
of disconnected dimers, as shown in Fig. 1.5.

The bulk of the fully dimerized limit has energy eigenstates that are the even (energy
E = +1) and odd (energy E = −1) superpositions of the two sites forming a dimer.
In the trivial, v = 1 case, the bulk Hamiltonian reads H(k) = σx, independent of the
wavenumber k, and each unit cell is a dimer. In that case, the winding number is ν = 0.
In the nontrivial, v = 0 case, the bulk Hamiltonian is H = σx cos k + σy sin k, and each

Figure 1.3: The endpoints of the vector h(k) as k goes across the Brillouin Zone (red
or blue closed circles), for various parameter settings in the SSH model. In a), intracell
hopping v is set to 0.5, and intercell hopping is gradually increased from 0 to 1 (outermost
red circle). In the process, the bulk gap was closed and reopened, as the origin (black
point) is included in some of the blue circles. The winding number changed from 0 to
1. In b), keeping w = 1, we increase the intracell hopping from 0.5 to 2.5, but avoid
closing the bulk gap by introducing a sublattice potential, Hsublattice = uσz. We do this
by tuning a parameter θ from 0 to π, and setting v = 1.5− cos θ, and u = sin θ. At the
end of the process, θ = 0, there is no sublattice potential, so chiral symmetry is restored,
but the winding number is 0 again, In c), we gradually decrease intracell hopping v to 0
so that the winding number again changes to 1. In the process, the bulk gap closes and
reopens.
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dimer is shared between two neighboring unit cells. In this nontrivial case, the winding
number is ν = 1. In both cases, H(k)2 = 1, showing that the bulk has flat bands, with
zero group velocity. This indicates that the energy eigenstates are localized, which is
clearly the case: each eigenstate resides on its own dimer.

At the ends of an open, nontrivial fully dimerized chain, there is one 0 energy edge
state (one on each end of the chain, two in total). When the edge is created by setting an
intercell hopping amplitude to 0, in the nontrivial case, at each edge, a dimer is cut into
two monomers, one half of which is left “inside” the chain. Since no onsite potentials are
allowed (these would break chiral symmetry), the energy eigenstates on these monomers
have 0 energy. In contrast, a trivial fully dimerized chain already has edges built into
the Hamiltonian, and therefore has no 0 energy edge states.

1.3.2 Adiabatic deformation

Although the fully dimerized limits represent two very special cases of the SSH model,
they are exhaustive in the sense that any generic SSH Hamiltonian is adiabatically con-
nected to either the one or the other. To see what we mean by “adiabatically connected”,
consider a generic insulating SSH Hamiltonian, with a translationally invariant bulk
(with staggered hopping amplitudes) and two open ends, with arbitrary end regions.
Now consider continuously decreasing the weaker hopping amplitude to 0, then changing
the phase of the stronger hopping amplitude to 0, then changing the magnitude of the

Figure 1.4: Spectra of finite open SSH chains of 40 sites (20 cells), as parameters are
changed according to Fig. 1.3. In a), when the bulk gap closes and reopens, the winding
number becomes 1, and a pair of midgap states appears, which for a large enough gap
are localized onto the edges (blue dots indicate states whose support in the 90% on
0 < m < 4). In b), because of the extra sublattice potential, Hsublattice = uσz, the edge
state energies are changed: increased (decreased) on the left (right) edge, as indicated by
the blue (green) circles, until these states merge into the bulk. At the end of the cycle on
b), the winding number is 0 again, and no midgap states are left. In c), as the winding
number is changed back to 1, a pair of midgap states again appear, which for large gaps
are again localized on the edges (blue dots).
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Figure 1.5: Fully dimerized limits of the SSH model. A 1D chain with a) no intercell
hopping, “trivial”or b) no intracell hopping, “nontrivial”, consists of disconnected dimers.
In the trivial case, a), every energy eigenstate is an even or an odd superposition of two
sites at the same unit cell. In the nontrivial case, b), there are also isolated cells, 1 site
per edge, that must contain 0 energy eigenstates, as there are no onsite potentials. .

stronger hopping amplitude to 1. This process changes the bulk to either to the trivial
v = 1, w = 0, or the nontrivial v = 0, w = 1 fully dimerized limit. During these changes,
the bulk gap was not closed, and thus by definition this constitutes an adiabatic defor-
mation of H. Finally, to arrive to the fully dimerized limit, the hopping amplitudes at
the edge regions can be set to continue the pattern of the bulk up until the very end.
This continuous change in the system parameters obviously cannot affect the bulk gap,
and is therefore adiabatic.

It is worthwhile to note that the adiabatic deformation of the Hamiltonian is under-
stood to be a fictitious process, and not take place in time. Therefore we do not need to
care about how fast the parameters are changed, whether the adiabatic approximation
holds or not. Since the bulk gap stays open during the whole deformation process, one
could perform it at a rate that is slow enough to ensure adiabaticity.

The 0 energy edge states at the left (right) end only have support on sublattice A (B),
and so are eigenstates of the chiral symmetry operator Σz. Later in the course, we will see
that this property also holds away from the fully dimerized limit. With a nonzero intercell
hopping v, the edge states are not confined to the very last unit cells on the chain any
more. However, since the bulk gap still exists, the edge states, are exponentially localized
at the edges. They still are eigenstates of Σz, with support only on one sublattice. This
can be seen in Fig. 1.4 b), where, upon switching on a sublattice potential, the energies
of the edge states at the two edges are changed in opposite directions.

1.3.3 Edge states between different domains

Edge states do not only occur at the ends of an open chain, but also at interfaces between
different insulating domains of the same chain. This can be understood via the fully
dimerized limit, Fig. 1.6. There are two types of domain walls here: those containing
single isolated sites, which host 0 energy states on a single sublattice (no onsite potentials
are allowed), and those containing trimers. On a trimer, the odd superposition of the
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Figure 1.6: A long, fully dimerized SSH chain with 3 domains. The boundaries between
the domains, the “domain walls”, host 0 energy eigenstates. These can be localized on
a single site, as for the domain wall at n = 3, or on a superposition of sites, as the odd
superposition of the ends of the trimer shared between the n = 6 and n = 7 unit cells. .

two end sites form a zero energy eigenstate. In the the example of Fig. 1.6, this is

Ĥ(|6, B〉 − |7, B〉) = 0, (1.40)

where |6, B〉 = |12〉 is the state where the single occupied site is that in unit cell n = 6,
on sublattice B. Note that, just as the edge states at the ends of the chain, these zero
energy states at the interfaces are also localized on one sublattice.

From a perfect dimerized phase without domains it is only possible to germinate an
even number of interfaces. This means that if one encounters a domain wall with a
localized state on one sublattice then there will be another domain wall somewhere in
the system with a localized state on the opposite sublattice.

Switching on the intracell hopping v changes the wavefunctions of the edge states
at the domain walls and gives them “evanescent tails” that decay exponentially into the
bulks. If two domain walls were close enough to each other, at a distance of L unit
cells, the two edge states on the walls can hybridize, form “bonding” and “anti-bonding”
states. Their energies are of the order of their overlap, ±e−L∆, where ∆ is the bulk gap
in dimensionless units. At half filling, of these only the negative energy eigenstate will be
occupied. This state hosts a single electron, however, its wavefunction is localized with
equal weight on the two domain walls. Hence each domain wall, when well separated
from other domain walls and the ends of the chain, will carry half an electronic charge.
This “fractionalization” of a charge to two spatially separated parts is also a distinct
feature of topological insulators.
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Chapter 2

Berry phase and polarization

The SSH model was a concrete example for a 1D topological insulator. We have seen
how the bulk–boundary correspondance works: At the interfaces between two bulks with
different topological invariants, there were low energy states protected by the global chiral
symmetry. These low energy midgap states are 0 dimensional: they extend slightly into
the bulks, with exponentially decaying tails, but other than that, they just are there,
and do nothing spectacular. (Although closely related edge states in a a topological
superconductor wire can be used for quantum information processing).

In higher dimensional topological insulators, edge states can have a wider range of
properties. In two dimensions, they can propagate along the 1D edge, and their propa-
gation is reflectionless. Higher dimensional lattice systems have more complicated topo-
logical invariants than the winding number in the SSH model. The first step towards
understanding these invariants is the adiabatic Berry phase.

2.1 Berry phase, Berry connection, Berry curvature

We introduce the Berry phase in the most general setting, and use examples to illustrate
its properties.

2.1.1 Fixing the gauge

Take a physical system with parameters R = (R1, R2, . . . , RN), that are real numbers.
We denote the Hamiltonian by H(R), and its eigenstates, ordered according to the
energies En(R), by |n(R)〉:

H(R) |n(R)〉 = En(R) |n(R)〉 . (2.1)

We call {|n(R)〉} the snapshot basis. The above definition requires fixing the arbitrary
phase prefactor for every |n(R)〉. This is gauge fixing, and since this is very important
for what follows, let’s see how it works for a specific example.
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Spin-1/2: No “nice” global gauge

A simple but important example is the most general 2-level Hamiltonian,

H(R) = h0(R)σ0 + h1(R)σx + h2(R)σy + h3(R)σz = h0(R)σ0 + h(R)σ, (2.2)

with real functions hj(R). The value of h0 does not affect the eigenstate |n(R)〉, and
therefore we set it to 0 for simplicity. Because of the anticommutation relations of the
Pauli matrices, the Hamiltonian squares to a multiple of the identity operator, H(R)2 =
h2 ∈ R, and so the spectrum of H(R) is symmetric: For any choice of R it is ±

√
h2.

We want to characterize the eigenstates, and so the value of the energy is irrelevant: we
introduce the unit vector

ĥ = h/
√

h2. (2.3)

The endpoints of ĥ map out the surface of a unit sphere, called the Bloch sphere,
shown in Fig. 2.1. One point on the sphere can be parametrized by the usual spherical
angles θ ∈ [0, π) and ϕ ∈ [0, 2π), as

cos θ = ĥ3; (2.4)

eiϕ =
ĥ1 + iĥ2√
ĥ2

1 + ĥ2
2

. (2.5)

The eigenstate with E = + |h| of the corresponding Hamiltonian is:∣∣∣n(ĥ)
〉

=
∣∣∣ĥ〉 = eiα(θ,ϕ)

(
e−iϕ/2 cos θ/2
eiϕ/2 sin θ/2

)
. (2.6)

We explicitly pulled out the free phase factor in front of the vector. Fixing this phase

factor corresponds to fixing a gauge. The eigenstate with E = − |h| is
∣∣∣n(−ĥ)

〉
.

Consider fixing α = 0. This is appealing because both θ and ϕ carry factors of 1/2.
However, fixing θ, let us make a full circle in parameter space: ϕ = 0→ 2π. We should
come back to the same Hilbert space vector, and we do, but we also pick up a phase of
−1. We can either say that this choice of gauge led to a discontinuity at ϕ = 0, or that
our representation is not single-valued. One might think that there are ways to fix this,
however.

Let us fix α = ϕ/2. This gives an additional factor of −1 as we make the circle in ϕ,
and so it seems we have a continuous, single valued representation:∣∣∣ĥ〉

S
=

(
cos θ/2
eiϕ sin θ/2

)
. (2.7)
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Figure 2.1: The Bloch sphere. A generic traceless two-level Hamiltonian is a linear
combination of Pauli matrices, H = hσ. This can be identified with a point in R3.
The eigenenergies are given by the distance of the point from the origin, the eigenstates
depend only on the direction of the vector h, i.e., on the angles θ and φ, as defined in
Eq. (2.5) .
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There are two tricky points, however: the North Pole, θ = 0, and the South Pole,
θ = π. At the North Pole, |(0, 0, 1)〉S = (1, 0) no problems. At the South Pole, however,
|(0, 0,−1)〉S = (0, eiϕ), whose value depends on which direction we approach the pole
from.

We can try to solve the problem at the South Pole by choosing α = −ϕ/2, which
gives us ∣∣∣ĥ〉

N
=

(
e−iϕ cos θ/2

sin θ/2

)
. (2.8)

As you can probably already see, this representation runs into trouble at the North Pole:
|(0, 0, 1)〉 = (e−iϕ, 0).

We can try to overcome the problems at the Poles by taking linear combinations of∣∣∣ĥ〉
N

and
∣∣∣ĥ〉

S
, with prefactors that vanish at the North and South Poles, respectively.

A family of options is: ∣∣∣ĥ〉
χ

= cos
θ

2

∣∣∣ĥ〉
S

+ eiχ sin
θ

2

∣∣∣ĥ〉
N

(2.9)

=

(
cos θ

2
(cos θ

2
+ sin θ

2
eiχe−iϕ)

sin θ
2
eiϕ(cos θ

2
+ sin θ

2
eiχe−iϕ)

)
. (2.10)

This is single valued everywhere, solves the problems at the Poles. However, it has its
own problems at θ = π/2, ϕ = χ± π: there, its norm disappears.

It is not all that surprising that we could not find a well-behaved gauge: there is
none.

2.1.2 Adiabatic phase

Coming back to a general Hamiltonian, Eq. (2.1), we assume that a part of its spectrum is
discrete: there is an n ∈ N such that the “gaps”En(R)−En−1(R) and En+1(R)−En(R)
are finite for some value of R = R0. Consider initializing the system with R = R0 and
in the eigenstate |n(R0)〉 at time t = 0:

R(t = 0) = R0; (2.11)

|ψ(t = 0)〉 = |n(R0)〉 . (2.12)

Now assume that during the time t = 0, . . . , T the parameters R are slowly changed:
R becomes R(t), the values of R(t) being along a curve C. The state of the system
evolves according to the time-dependent Schrödinger equation:

i
d

dt
|ψ(t)〉 = H(R(t)) |ψ(t)〉 . (2.13)
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Further, assume that R is varied in such a way that at all times the energy gaps
around the state |n(R(t))〉 remain finite. On the other hand, the rate of variation of
R(t) along path C has to be slow enough compared to the frequencies corresponding to
the energy gap, and then the adiabatic approximation holds (for the precise conditions,
see [?]). In that case, the system remains in the energy eigenstate |n(R(t))〉, only picking
up a phase. Using this adiabatic approximation, take as Ansatz

|ψ(t)〉 = eiγn(t)e−i
∫ t
0 En(R(t′))dt′ |n(R(t))〉 . (2.14)

Insert this Ansatz into the Schrödinger equation (2.13), we have for the left hand side

i
d

dt
|ψ(t)〉 = eiγn(t)e−i

∫ t
0 En(R(t′))dt′(
−dγn
dt
|n(R(t))〉+ En(R(t)) |nR(t)〉+ i

∣∣∣∣ ddtn(R(t))

〉)
. (2.15)

To see what we mean by
∣∣ d
dt
n(R(t))

〉
, we write it out explicitly in terms of a fixed basis.

For better readability, in the following we often drop the t argument of R(t).

|m〉0 ≡ |m(R0)〉 ; (2.16)

|n(R)〉 =
∑
m

cm(R) |m〉0 ; (2.17)∣∣∣∣ ddtn(R(t))

〉
=
dR

dt
· |∇Rn(R)〉 =

dR

dt

∑
m

∇Rcm(R) |m〉0 . (2.18)

We insert the Ansatz (2.14) into the rhs of the Schrödinger equation (2.13), use

H(R) |n(R)〉 = En(R) |n(R)〉 , (2.19)

simplify and reorder the Schrödinger equation, we obtain

−
(
d

dt
γn

)
|n〉+ i

∣∣∣∣ ddtn
〉

= 0. (2.20)

Multiply from the left by 〈n(R(t))|, and obtain

d

dt
γn(t) = i

〈
n(R(t))

∣∣∣∣ ddtn(R(t))

〉
=
dR

dt
i 〈n(R) | ∇Rn(R)〉 . (2.21)

For the last equality we used that the only dependence on time is via the parameters R.
We have found that for a path in parameter space C, traced out by R(t), there is an

adiabatic phase γn(C) associated with it,

γn(C) =

∫
C

i 〈n(R) | ∇Rn(R)〉 dR. (2.22)
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Where did we use the adiabatic approximation?

On the face of it, our derivation seems to do too much. We have produced an exact
solution of the Schrödinger equation. Where did we use the adiabatic approximation?

In fact, Eq. (2.21) does not imply Eq. (2.20). For the more complete derivation,
showing how the nonadiabatic terms appear, see [?].

2.1.3 Berry phase

Berry connection

We define the integrand of Eq. (2.22) as the Berry connection or Berry vector potential :

A(n)(R) = i 〈n(R) | ∇Rn(R)〉 = −Im 〈n(R) | ∇Rn(R)〉 , (2.23)

where the second equality follows from the conservation of the norm, ∇R 〈n(R) | n(R)〉 =
0.

Gauge dependence

As the name “vector potential” suggests, the Berry connection is not gauge invariant.
Consider a gauge transformation:

|n(R)〉 → eiα(R) |n(R)〉 : (2.24)

A(n)(R)→ A(n)(R)−∇Rα(R). (2.25)

Therefore, in the generic case, the adiabatic phase cannot be observed.

Adiabatic phase of a closed loop is observable: the Berry phase

To get the adiabatic phase to have physical consequences, we need to have an in-
terferometric setup. This means coherently splitting the wavefunction of the system
into two parts, taking them through two adiabatic trips in parameter space, via R(t)
and R′(t), and bringing the parts back together. The two parts can interfere only if
|n(R(T ))〉 = |n(R′(T ))〉, which is typically ensured if R(T ) = R′(T ). The difference in
the adiabatic phases γn and γ′n is the adiabatic phase associated with the closed loop C,
which is the path of t→ R(t)Θ(T − t) + R(2T − t)Θ(t− T ).

Although the adiabatic phase of a general path in parameter space is gauge dependent,
for a closed loop C, it is gauge invariant. This is obvious, since a gauge transformation
is single valued, but can also be proven via the Stokes theorem. The adiabatic phase of
the loop, the integral of A around the closed loop, is the Berry phase.
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2.1.4 Berry curvature

We calculated the Berry phase using the gauge dependent Berry connection. However,
since the final result was gauge independent, there should be a gauge independent way
to calculate it. This is provided by the Berry curvature.

We define the Berry curvature

B(n)(R) = ∇R ×A(n)(R). (2.26)

In the following, we drop the index (n), and the argument R for better readability,
wherever this leads to no confusion. We also use ∇ for ∇R.

Then, by virtue of the Stokes theorem, we have for the Berry phase,

γn(C) =

∫
S

B(n)(R)dS, (2.27)

where S is any surface whose boundary is the loop C.
We use 3D notation here, but the above equations can be generalized for any dimen-

sionality of R.
The Berry curvature B is very much like a magnetic field. For instance, ∇B = 0,

from definition (2.26).
Berry provided [?] two practical formulas for the Berry curvature. First,

Bj = −Im εjkl ∂k 〈n | ∂ln〉 = −Im εjkl 〈∂kn | ∂ln〉+ 0, (2.28)

where the second term is 0 because ∂k∂l = ∂l∂k but εjkl = −εjlk.
To obtain Berry’s second formula, inserting a resolution of identity in the snapshot

basis in the above equation, we obtain

B(n) = −Im
∑
n′ 6=n

〈∇n | n′〉 × 〈n′ | ∇n〉 . (2.29)

The term with n′ = n is omitted from the sum, as it is zero, since because of the
conservation of the norm of |n〉, 〈∇n | n〉 = −〈n | ∇n〉. To calculate 〈n′ | ∇n〉, start
from the definition of the eigenstate |n〉, act on both sides with ∇R, and then project
unto |n′〉:

H(R) |n〉 = En |n〉 ; (2.30)

(∇H(R)) |n〉+H(R) |∇n〉 = (∇En) |n〉+ En |∇n〉 ; (2.31)

〈n′| ∇H |n〉+ 〈n′|H |∇n〉 = 0 + En 〈n′ | ∇n〉 . (2.32)

Act with H towards the left in Eq. (2.32), rearrange, substitute into (2.29), and you
should obtain the second form of the Berry curvature:

B(n) = −Im
∑
n′ 6=n

〈n| ∇H |n′〉 × 〈n′| ∇H |n〉
(En − En′)2

. (2.33)

This shows that the monopole sources of the Berry curvature, if they exist, are the
points of degeneracy.
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2.2 Electronic polarization and Berry phase in a 1D

crystal

We now apply the concept of Berry phase on an insulator by formally treating the
wavenumber k as an externally controlled parameter. A lattice model in 1D is specified
by giving the bulk Hamiltonian as a function of the wavenumber H(k), with the energy
bands |n(k)〉,

H(k) |n(k)〉 = En(k) |n(k)〉 . (2.34)

Formally, we can treat k as a parameter and tune it across the Brillouin Zone: k =
−π, . . . , π. Since H(−π) = H(π), to each nondegenerate band n we can associate a
Berry phase:

γn = i

∫
BZ

dk 〈n(k)| d
dk
|n(k)〉 . (2.35)

This generalization of the Berry phase is known as Zak phase.
Although the Zak phase is defined above by a completely formal procedure, which

does not correspond to an experimental situation, it does have physical significance: it
gives the contribution of the band n to the electric polarization. In suitable units, the
bulk electric polarization can be defined as the sum of all the Zak phases of the occupied
bands,

P =
∑
n<0

γn. (2.36)

There are two simple ways to show this nontrivial statement [?]. One is to consider the
change in bulk polarization as some system parameter is tuned. The other way, which
we briefly summarize below, shows that the Zak phase of band n gives the expectation
value of the position of the electron in the Wannier state coming from band n centered
on an atom at the origin.

2.2.1 Bloch functions and Wannier states

To show the physical interpretation of the Zak phase, we need to go beyond the simple
lattice model for a solid state. Instead, consider the full wavefunction of an electron in
a periodic potential V (x), with x measured in units of the period, V (x+ 1) = V (x):[

1

2m
p2 + V (x)

]
Ψn(k, x) = En(k)Ψn(k, x). (2.37)
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According to the Bloch theorem, this has the form

Ψn(k, x) = eikxun(k, x), (2.38)

where un is a cell periodic function:

un(k, x) = un(k, x+ 1). (2.39)

The Schrodinger equation rewritten for un reads

H(k, x)un(k, x) =

[
1

2m
(p+ k)2 + V (x)

]
un(k, x) = En(k)un(k, x). (2.40)

We specify a periodic gauge, by requiring

Ψn(k +G, x) = Ψn(k, x) (2.41)

for any reciprocal lattice vector G = 2πl, with l integer. This entails

un(k +G, x) = e−iGxun(k, x). (2.42)

Thereby, even though un(k, x) and un(k +G, x) are eigenfunctions of different Hamilto-
nians, they are related by a fixed unitary transformation, which allows us to relate their
phases to each other in a well defined way. Details of the definition of this “open-path”
geometric phase can be found in Resta’s lecture notes, [?]. In the continuum limit, the
phase reads

γn = i

∫ π

−π
dk

∫ 1

0

dx un(k, x)∗∂kun(k, x). (2.43)

The energy eigenstates of electrons in a perfect lattice are given by the Bloch func-
tions that are delocalized over the entire lattice. For energy eigenstates within a band,
a unitary transformation can be defined that transforms to an orthonormal set of wave-
functions Φ

(n)
m (x), that are each localized around site m. Of course, these Wannier modes

are not energy eigenstates, but they are useful tools in solid state physics. The definition
of Wannier states is the following:

wn(x) =
1

2π

∫ π

−π
dkΨn(k, x) =

1

2π

∫ π

−π
dkeikxun(k, x); (2.44)

Φ(n)
m (x) = wn(x−m). (2.45)

The inverse of the above transformation expresses the Bloch function in terms of the
Wannier states:

un(k, x) =
∑
m

e−ik(x−m)wn(x−m). (2.46)

25



Substituting the above relation into the definition of the Zak phase above, Eq. (2.43),
we find

γn =

∫ 1

0

dx
∑
m,m′

wn(x−m)∗ (x−m′)wn(x−m′)
∫ π

−π
dkeik(m′−m)

=
∑
m

|wn(x−m)|2 (x−m) =

∫ ∞
−∞

dx |φn(x)|2 x. (2.47)

The final result is that the Zak phase of the nth band, is the first moment of the center of
the charge in the Wannier state centered on the atom at x = 0. This is a quantity which
can be identified with the contribution of the band to the bulk electric polarization.
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Chapter 3

Chern number

3.1 Reminder – Berry phase in a Two-level system

The simplest application of the Berry phase is a single two-level system, e.g., a single
electron at a fixed point whose only degree of freedom is its spin (we could call this a “0-
dimensional”system). There are no“position”or“momentum”variables, the Hamiltonian
simply reads

H(h) = hσ, (3.1)

As long as h 6= 0, the two energy eigenstates have different energy. Its two eigenstates
are |±,h〉, defined by

hσ |+,h〉 =
√

h2 |+,h〉 ; hσ |−,h〉 = −
√

h2 |−,h〉 . (3.2)

Now take a closed curve C in the parameter space R3. We are going to calculate the
Berry phase γ− of the |−,h〉 eigenstate on this curve:

γ−(C) =

∮
C

A(h)dh, (3.3)

with the Berry vector potential defined as

A(h) = i 〈−,h| ∇h |−,h〉 . (3.4)

The calculation becomes straightforward if we use the Berry curvature,

B(h) = ∇h ×A(h); (3.5)

γ−(C) =

∫
S

B(h)dS, (3.6)
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where S is any surface whose boundary is the loop C. (Alternatively, it is a worthwhile
exercise to calculate the Berry phase directly in a fixed gauge, e.g., one of the three
gauges of the previous chapter.)

Specifically, we make use of Berry’s gauge invariant formulation of the Berry curva-
ture, derived in the last chapter (2.33):

B(n) = −Im
∑
n′ 6=n

〈n| ∇hH |n′〉 × 〈n′| ∇hH |n〉
(En − En′)2

. (3.7)

In the case of the generic 2× 2 Hamiltonian (3.1) the above definition gives

B±(h) = −Im
〈±|∇hH |∓〉 × 〈∓|∇hH |±〉

4h2
, (3.8)

with

∇hH = σ. (3.9)

To evaluate (3.8), we choose the quantization axis parallel to h, thus the eigenstates
simply read

|+,h〉 =

(
1
0

)
; |−,h〉 =

(
0
1

)
. (3.10)

The matrix elements can now be computed as

〈−|σx |+〉 =
(
0 1

)(0 1
1 0

)(
1
0

)
= 1, (3.11)

and similarly,

〈−|σy |+〉 = i; (3.12)

〈−|σz |+〉 = 0. (3.13)

So the cross product of the vectors reads

〈−|σ |+〉 × 〈+|σ |−〉 =

1
i
0

×
 1
−i
0

 =

 0
0
2i

 . (3.14)

This gives us for the Berry curvature,

B±(h) = ± h

|h|
1

2h2
. (3.15)
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We can recognize in this the field of a pointlike monopole source in the origin. Alluding
to the analog between the Berry curvature and the magnetic field of electrodynamics
(both are derived from a “vector potential”) we can refer to this field, as a “magnetic
monopole”. Note however that this monopole exists in the abstract space of the vectors
h and not in real space.

The Berry phase of the closed loop C in parameter space, according to Eq. (3.6), is
the flux of the monopole field through a surface S whose boundary is C. It is easy to
convince yourself that this is half of the solid angle subtended by the curve,

γ−(C) =
1

2
ΩC. (3.16)

In other words, since the Berry phase is independent of the energies, we can project h on
the surface of a unit sphere, i.e., assume h2 = 1. This is the Bloch sphere, representing
the Hamiltonian hσ as well as the eigenstate |+〉. The Berry phase is half of the area
enclosed by this projected image of C, as illustrated in Fig. 3.1.

What about the Berry phase of the other energy eigenstate? From Eq. (3.8), the
corresponding Berry curvature B+ is obtained by inverting the order of the factors in
the cross product: this flips the sign of the cross product. Therefore the Berry phase

γ+(C) = −γ−(C). (3.17)

One can see the same result on the Bloch sphere. Since 〈+ | −〉 = 0, the point corre-
sponding to |−〉 is antipodal to the point corresponding to |+〉. Therefore, the curve
traced by the |−〉 on the Bloch sphere is the inverted image of the curve traced by |+〉.
These two curves have the same orientation, therefore the same area, with opposite signs.

In fact, a more general statement follows directly from Eq. (3.7), for a Hamiltonian
H with an arbitrary number of levels. If all the spectrum of H(R) is discrete along a
closed curve C, then one can add up the Berry phases of all the energy eigenstates. This
sum has to be 0, because∑

n

γn(C) =
∑
n

1

2π

∫
S

B(n)(R)dS =
1

2π

∫
S

∑
n

B(n)(R)dS; (3.18)

∑
n

B(n) = −Im
∑
n

∑
n′ 6=n

〈n| ∇RH |n′〉 × 〈n′| ∇RH |n〉
(En − En′)2

(3.19)

= −Im
∑
n

∑
n′<n

1

(En − En′)2

(
〈n| ∇RH |n′〉 × 〈n′| ∇RH |n〉 (3.20)

+ 〈n′| ∇RH |n〉 × 〈n| ∇RH |n′〉
)

= 0. (3.21)
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Figure 3.1: The Berry phase of a closed curve C is half the area enclosed by the curve
when it is projected onto the surface of the Bloch sphere.
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3.2 Chern number – General Definition

Take a Hamiltonian that depends continuously on some parameters R. Take a closed
surface S in the parameter space of R, such that the nth eigenstate of the Hamiltonian
is nondegenerate on the surface. The integral of the Berry curvature of the energy
eigenstate |n(k)〉 on that surface is the Chern number,

Q(n) = − 1

2π

∮
S

B(n)dS. (3.22)

We are now going to prove that the Chern number is an integer. Take a simply
connected closed loop C in the surface S. This cuts the surface into two parts: S1 and
S2. The Berry phase associated to |n〉 on the loop can be calculated by integrating the
Berry connection on the loop, or by integrating the Berry curvature on either of these
surfaces. The resulting Berry phase, modulo 2π, is measurable, and therefore cannot
depend on which surface we integrated on,

γ(n) =

∮
C
A(n)dR =

∫
S1

B(n)dS + 2πm1 =

∫
S2

B(n)dS + 2πm2, (3.23)

where m1,m2 ∈ Z. The Chern number of the state |n〉 on the surface S is obtained by
integrating B(n) on the surfaces S1 and S2, but with opposite orientations of the surface
element,

Q(n) = − 1

2π

∮
S

B(n)dS = − 1

2π

∮
S1

B(n)dS +
1

2π

∮
S2

B(n)dS = m2 −m1. (3.24)

The Chern number is a topological invariant. Since the Chern number of a state |n〉
on a closed surface S is an integer, it cannot change under smooth deformations of either
the Hamiltonian H or the surface S. The only way its value can change is if the gap
closes, i.e., the state |n〉 becomes degenerate with |n+ 1〉 or |n− 1〉 at some point on the
surface S.

3.2.1 Z-invariant: Chern number of a lattice Hamiltonian

As we did with the Berry phase, we are now going to apply the Chern number to a lattice
Hamiltonian, treating the wavenumbers (quasimomenta) k as tunable parameters. Take
a lattice Hamiltonian on a 2-dimensional lattice,

H(kx, ky) |n(k)〉 = En |n(k)〉 (3.25)

Here the two wavenumbers are from the Brillouin Zone, k = (kx, ky) ∈ BZ, which is a
2-dimensional torus, BZ = S1 × S1, since for any nx, ny ∈ Z,

|n(kx + 2nxπ, ky + 2nyπ)〉 = |n(kx, ky)〉 . (3.26)
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As with the Berry phase, assume the nth energy eigenstate has an energy gap around it
for any (kx, ky). The Berry connection reads

A
(n)
j = −i 〈n(kx, ky)| ∂kj |n(kx, ky)〉 , for j = x, y. (3.27)

The Chern number of the n’th energy eigenstate is

Q(n) = − 1

2π

∫∫
BZ

dkxdky

(
∂A

(n)
y

∂kx
− ∂A

(n)
x

∂ky

)
. (3.28)

The Chern number of a band of an insulator is a topological invariant. Its value
cannot change under smooth deformations of the parameters of the Hamiltonian, as long
as at each k ∈ BZ, the energy of the band is distinct from the neighboring bands, i.e.,
there are no direct band gap closings.

3.3 Two Level System

The simplest case where a Chern number can arise is a two-band system. Consider a
particle with two internal states, hopping on a 2D lattice. The two internal states can
be the spin of the conduction electron, but can also be some sublattice index of a spin
polarized electron. In the translation invariant bulk, the wavenumbers kx, ky are good
quantum numbers, and the Hamiltonian reads

H(kx, ky) = h(k)σ, (3.29)

with the function h(k) mapping a 2D vector from the Brillouin zone into a 3D vector.
Since the Brillouin Zone is a torus, the endpoints of the vectors h(k) map out a deformed
torus in R3. This torus is a directed surface: its inside can be painted red, its outside,
blue.

The Chern number of |−〉 is the flux of B−(h) through this torus. We have seen
above that B−(h) is the magnetic field of a monopole at the origin h = 0. If the origin is
on the inside of the torus, this flux is +1. If it is outside of the torus, it is 0. If the torus
is turned inside out, and contains the origin, the flux is -1. The torus can also intersect
itself, and therefore contain the origin any number of times.

One way to count the number of times is to take any line from the origin to infinity,
and count the number of times it intersects the torus, with a +1 for intersecting from the
inside, and a -1 for intersecting from the outside. The sum is independent of the shape
of the line, as long as it goes all the way from the origin to infinity.
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Figure 3.2: Sketch of the half BHZ model: a particle hopping on a square lattice.
Each unit cell (circle) has two internal degrees of freedom. This can be rephrased as the
particle being a spinor, and the onsite potential U and the hopping amplitudes Tx and
Ty are 2× 2 matrices.
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3.3.1 The “half BHZ” model

To illustrate the concepts of Chern number, we take a simple toy model introduced by
Bernevig, Hughes and Zhang, the “half BHZ” model. The attribute “half”, although
somewhat ambiguous at the moment, will attain clarity in a following chapter. As
sketched in Fig. 3.2, the half BHZ model describes a spinor particle hopping on a lattice
(equivalent to a structureless particle hopping on a bipartite lattice), with the following
Hamiltonian:

H(k) = [∆ + cos kx + cos ky]σz + A(sin kxσx + sin kyσy). (3.30)

This Hamiltonian has a Zeeman splitting term, with energy ∆, a spin-z dependent hop-
ping, with unit amplitude, and a spin-orbit coupling type term with amplitude A (which
we set to 1 for most of the calculations). This last term corresponds to hopping with as-
sociated spin flips: around the x axis for y direction hopping, and vice versa. Introducing
a more general notation, we have

H(k) =
1

2
U + Txe

ikx + Tye
iky + h.c.; (3.31)

U = ∆σz; (3.32)

Tx =
1

2
σz −

iA

2
σx; (3.33)

Ty =
1

2
σz −

iA

2
σy. (3.34)

In real space generalization, with possibly site-dependent onsite and hopping terms,
can be written using two-component cell indices n = (nx, ny), and unit vectors x̂ = (1, 0)
and ŷ = (0, 1),

Hm,n = δm,nU(n) + δm−x̂,nTx(n) + δm,n−x̂Tx(m)†

+ δm−ŷ,nTy(n) + δm,n−ŷTy(m)†. (3.35)

On a lattice with Nx ×Ny unit cells, this includes periodic boundary conditions, e.g., if
Tx and Ty are independent of n, and open boundary conditions, if Tx(Nx, ny) = 0 and
Ty(nx, Ny) = 0 for any nx, ny.

3.3.2 Dispersion relation

Making use of the algebraic properties of the Pauli matrices the bulk dispersion relation
can be easily calculated. The spectrum is simpliy given in terms of the magnitude of the
vector

h(kx, ky) =

 A sin kx
A sin ky

∆ + cos kx + cos ky

 . (3.36)
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Thus

E±(kx, ky) = ±|h(kx, ky)| (3.37)

= ±
√
A2(sin2(kx) + sin2(ky)) + (∆ + cos(kx) + cos(ky))2. (3.38)

This spectrum is depicted for some special parameter values in Fig.3.3. As can be
seen from the figure, by tuning of the parameters one can close and reopen gaps in the
spectrum. If ∆ = −2, the energy gap closes at the center of the Brillouin Zone, i.e.,
kx = ky = 0. In the vicinity of this so-called “Dirac point”, the dispersion relation has
the shape of a “Dirac cone”. For ∆ = 2, we have a similar situation, with a Dirac cone
at the corners of the Brillouin Zone, kx = ky = ±π. Since each corner is equally shared
between 4 Brillouin Zones, and we have 4 of them, this still leaves 1 Dirac point, 1 Dirac
cone per Brillouin Zone. For ∆ = 0, we find two Dirac cones: one at kx = 0, ky = ±π
and a second one at kx = ±π, ky = 0. For all other values of ∆ the spectrum is gapped,
and thus it makes sense to investigate the topological properties of the system.

3.3.3 Torus argument

To calculate the Chern number for the valence band we shall employ the method discussed
at the end of the last section. Namely we shall investigate how many times does the torus
of the image of the Brillouin zone in the space of h contain the origin. To get some feeling
about the not so trivial geometry of the torus, it is instructive to follow a gradual sweep
of the Brillouin zone in Fig. 3.4. The parameter ∆ shifts the whole torus along the
z-direction, thus as we tune it we also control whether the origin is contained inside it
or not. Generally three situations can occur as it is also depicted in Fig. 3.5. The torus
either does not contain the origin as in a) and d) and the Chern number is Q = 0 for
|∆| > 2, or we can take a straight line to infinity from the origin that pierces the torus
first from the blue side (outside) of the surface as in b) with Q = −1 for −2 < ∆ < 0,
or piercing the torus from the red side (inside) as in c) with Q = 1 for 0 < ∆ < 2.

3.4 Chern number as an obstruction

3.4.1 An apparent paradox

One might think that the most straightforward way to calculate the Chern number by
just integrating the Berry vector potential around the Brillouin Zone. Applying Stokes’
theorem to Eq. (3.28) we get

Q(n) =

∮
C
Adk. (3.39)
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Figure 3.3: The dispersion relation of the “half BHZ” model, with spin-orbit coupling
constant A = 1, and for various values of ∆, as indicated in the plots. In a-c), the gapless
cases are shown, where the bulk gap closes at so-called Dirac points. In d), a generic
value ∆ = −1.8, the system is insulating.
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Figure 3.4: The surface h(k) for the half BHZ modell as k sweeps through the whole
Brillouin zone. To illustrate how this surface is a torus the sweeping is done gradually
with parameters A = 1 and ∆ = 0. In a) the image of the ky = −π line is depicted.
In b) the image for the region ky = −π · · · − 0.5π, in c) ky = −π · · · − 0.25π, in d)
ky = −π · · · − 0, in e) ky = −π · · · 0.25π, in f) ky = −π · · · 0.5π, in g) ky = −π · · · 0.75π
and finally in h) the image of the whole Brillouin zone is depicted and the torus is closed.

Figure 3.5: The torus h(k) of the half BHZ model for different values of ∆ keeping
A = 1. For clarity only the image of half of the Brillouin zone is shown. In a) and d)
∆ = ∓2.2 and the torus does not contain the origin hence Q = 0. In b) ∆ = −1, taking
an infinite line from the origin along the positive z axis we hit the blue side of the torus
once hence Q = −1. In c) ∆ = 1, taking the infinite line in the negative z direction we
hit the red side of the torus thus Q = 1.
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The boundary of the Brillouin zone is obtained by cutting the torus open: cutting it
along two circles C1 and C2. The boundary means traversing along C1, then C2, then C1,
but in the opposite direction, then along C2 in the opposite direction. The Berry vector
potential A is a single-valued vector field on the torus. Its line integral then has to be 0.

This apparent paradox can be resolved by realizing that there must be a problem when
we apply the Stokes’ theorem to get from Eq. (3.28) to Eq. (3.39). If A is smoothly
defined everywhere on the surface of the torus, the Chern number must indeed be 0.
However, it can happen that A cannot be smooth over the whole Brillouin Zone. This
is the case, if there is no choice of global gauge where the energy eigenstate |n, k〉 is a
smooth function of k everywhere. As an example consider the two-level system.

A nonzero value of the Chern number shows that there is an obstruction towards
defining a global, smooth energy eigenstate |n, k〉. The Chern number measures the
number of vortices : points in k-space, for which the phase of |n, k〉 depends on the
direction of approach. For an infinitesimal circle around such a point, the phase of
|n, k + dk〉 must wind at least once. If it winds more than once, we can with a gauge
transformation take the vortex apart to two singly charged vortices. If it does not wind,
we can again with a gauge transformation get rid of the singularity. To read more on this
picture of the Chern number, see the paper of Kohmoto [?]. This picture of the Chern
number as an obstruction also points towards the efficient way of numerically calculating
the Chern number.

3.4.2 Efficient discretization of the Chern number

We follow the paper of Fukui, Hatsugai, and Suzuki [?] in the discussion.
Above, we have seen that the Chern number reads

Q = − 1

2π

∫ ∫
BZ

dkxdkyF (kx, ky); (3.40)

F (kx, ky) =
∂Ay
∂kx
− ∂Ax
∂ky

, (3.41)

using the notation of F for the Berry curvature. For brevity, we drop the index (n) where
this leads to no confusion.

We now show how to efficiently discretize this integral on a momentum lattice:

k =
2π

N
j, (3.42)

with j a 2D vector of integers. Assume we have in some gauge a set of eigenstates

|n(j)〉 . (3.43)

Even if there is no globally continuous gauge, these eigenstates only need to be well
defined on the lattice points, no problem with that.
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Define as link variables the relative phase between eigenstates on neighbouring lattice
sites:

Uµ(j) =
〈n(j + µ̂) | n(j)〉
|〈n(j + µ̂) | n(j)〉|

; (3.44)

for

µ = x, y : x̂ ≡ (1, 0); ŷ ≡ (0, 1). (3.45)

For each plaquette, take the product of the relative phases around its boundary:

G(j) ≡ Ux(j)Uy(j + x̂)Ux(j + ŷ)−1 Uy(j)
−1. (3.46)

If instead of the vectors |n(j)〉 we had complex numbers α(j) on the sites, with their
relative phases defining the link variables Uµ, this product would have to be 1. However,
because of the extra “room” in the Hilbert space, the plaquette variable can have any
phase:

G(j) = eiF (j). (3.47)

Multiplying together all of the plaquette variables G(j), we get 1:

ΠjG(j) = 1. (3.48)

To prove this, consider multiplying the plaquette variables G together for two neighbour-
ing plaquettes. The edge that they share cancels out from the product (See Fig. 3.6):

G(j)G(j + ŷ) = Ux(j)Uy(j + x̂)Ux(j + ŷ)−1 Uy(j)
−1

Ux(j + ŷ)Uy(j + ŷ + x̂)Ux(j + 2ŷ)−1 Uy(j + ŷ)−1

= Ux(j)Uy(j + x̂)Uy(j)
−1 Uy(j + ŷ + x̂)Ux(j + 2ŷ)−1 Uy(j + ŷ)−1. (3.49)

When we calculate the product of all the plaquette variables on the full lattice all edges
are shared by two neighboring plaqettes, taking into account the periodic boundary
conditions. Therefore, from the product of the G for all plaquettes all edge contributions
cancel: the product is 1.

Now concentrate on the plaquette variables F (j), which are the phases of the G(j).
To properly define these phases, we have to select a branch for the logarithm:

F (j) ≡ i ln
(
Ux(j)Uy(j + x̂)Ux(j + ŷ)−1 Uy(j)

−1
)

; (3.50)

−π < F (j) ≤ π. (3.51)

If we sum the variables F (j) over all the plaquettes, do we get 0? No, for the above
“cancellation of the edges” argument to go through, we would need to consider

F̃ (j) ≡ i lnUx(j) + i lnUy(j + x̂)− i lnUx(j + ŷ)− i lnUy(j) (3.52)
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If −π ≤ F̃ (j) < π, then it is equal to F (j). However, F̃ can be outside that range: then
it is taken back into [−π, π) by adding an integer multiple of 2π. This happens when the
relative phase around the loop, F̃ (j), has a magnitude that is too big: i.e., when there is
a vortex in plaquette j.

The discretized version of the Berry curvature counts the vortices by adding up the
projected variables F (j),

Q ≡ 1

2π

∑
j

F (j). (3.53)
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Figure 3.6: Illustration for the numerical plaquette method to calculate the Chern num-
ber of an arbitrary lattice model. The link variables Ux/y are defined on links of neigh-
boring sites, indexed by the coordinate of the vertex that is more to the left and more
to the bottom. Each plaquette is associated a variable G indexed by the position of its
left-bottom corner.
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Chapter 4

Edge states in half BHZ

The unique physical feature of topological insulators is the guaranteed existence of low-
energy states at their boundaries. We have seen an example of this for a 1-dimensional
topological insulator, the SSH model: A finite, open, “topologically nontrivial”SSH chain
hosts 0 energy bound states at both ends. The “bulk–boundary correspondence” was the
way in which the topological invariant of the bulk – in the case of the SSH chain, the
winding number of the bulk Hamiltonian – can be used to predict the number of edge
states.

For insulators of dimensions 2 and above, the edge states are not simple bound states
that live at the edges of a finite sample, but consist of propagating modes. In this chapter
we show what these edge states are, how they arise for 2-dimensional insulators with
broken time-reversal symmetry. There can be any number N+ of counterclockwise and
N− of clockwise propagating edge states in a single sample. We show that the difference
of these numbers, N+−N−, is a topological invariant, i.e., cannot change under adiabatic
deformations of the Hamiltonian, including those that introduce disorder at the edges of
the sample. Moreover, this difference (or “signed sum”) of edge states is equal to the sum
of the Chern numbers of the occupied (valence) bands of the translationally invariant
bulk. This is the bulk–boundary correspondence for 2-dimensional “Chern insulators”.

4.1 Edge states

Consider a strip of a clean 2D insulator with a Chern number Q, depicted in Fig. 4.1.
The strip is infinite along x, but along y consists of N sites, and is terminated by “open
boundaries”, e.g., setting the hopping amplitudes to 0. Translation invariance holds along
x, so we can partially Fourier transform – only along x. After the Fourier transformation,
the original Hamiltonian has the form of a 1D lattice Hamiltonians with a continuous
parameter kx, which is the wavenumber along x. For a concrete example, we consider a
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Figure 4.1: A strip of a lattice model for a 2D insulator (a), infinite along x, but ter-
minated along y with open ends (hopping amplitudes set to 0). The end regions are
outlined by blue/green rectangles, while the bulk part is not colored. Upon Fourier
transformation along the translationally invariant direction x, the Hamiltonian can be
written as an ensemble of 1D Hamiltonians (b), indexed by kx. Each of these 1D chains
consists of a lower edge (surrounded by the blue line), upper edge (surrounded by the
green line), and a long, bulk part. The central, bulk part of each chain has translational
invariance along y. Thus, the bulk part of each chain, upon Fourier transformation along
y, can be written as a 0-dimensional Hamiltonian that depends continuously on kx and
ky (c).

strip of the “half BHZ” model, Eq. (3.30). The kx -dependent Hamiltonian reads

H(kx) =
N∑
y=1

[
(∆ + cos kx)σz + A sin kxσx

]
⊗ |y〉 〈y|

+
1

2

N−1∑
y=1

(σz − iAσy)⊗ |y + 1〉 〈y|+ (σz + iAσy)⊗ |y〉 〈y + 1| (4.1)

We plot the energy eigenvalues of this Hamiltonian, for strip width N = 20, “spin–orbit
parameter”A = 1 and ∆ = −1.5, in Fig. 4.2. Apart from the bulk bands and the energy
gap around E = 0, characteristic of an insulator, there is a distinctive feature of the
spectrum near kx ≈ 0. Here, as kx is sweeped from roughly −π/4 to π/4, the Nth (blue)
and N + 1th (green) energy eigenstate separate from the other eigenstates, leaving their
bulk bands, cross near kx = 0, and then switch places, each going to the bulk band the
other departed from. While −π/4 < k < π/4, these eigenstates have energies deep inside
the bulk gap, and so they must be at the edges: they are edge states. That they indeed
are at the edges are confirmed by their wavefunctions, whose absolute values are plotted
in Fig. 4.2 b). Roughly for −π/4 < kx < π/4, these wavefunctions are localized at the
edges. Clearly there is a crossing: the state propagating from left to right is localized at
the lower edge, while the one propagating from right to left on the upper edge, for both
−π/4 < kx < 0 and 0 < kx < π/4. In the rest of the Brillouin Zone, where the Nth
and the N +1th eigenstate join the bulk bands, the corresponding energy eigenstates are
delocalized over the whole system.
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Figure 4.2: Dispersion relation of a strip of half BHZ model, of width N = 20, “spin–orbit
parameter”A = 1 and gap parameter ∆ = −1.5. Because the strip is translation invariant
along the edge, the wavenumber kx is a good quantum number, and the energy eigenvalues
can be plotted (left figure) as a function of kx, forming the dispersion relations. The two
middle eigenvalues, the Nth and N + 1th, are plotted in blue (green), all other energy
eigenvalues are in red. These two branches of the dispersion relation are special because
they cross near kx = 0. In reality this is an avoided crossing with energy splitting ∝ e−N .
The wavefunctions of the corresponding eigenstates are plotted as functions of kx and
y in the plot to the right. Here blue (green) corresponds to the Nth (N + 1th) energy
eigenstate, and the intensity at to the absolute value of the wavefunction at the given
position. In the vicinity of the crossing, for −π/4 < k < π/4, the two middle eigenstates
have energies deep inside the bulk gap, and so their wavefunctions are concentrated at
the edges: they are edge states. For other momenta they delocalize over the whole chain.
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4.2 Number of edge states as a topological invariant

The signed sum, N+−N−, of the number of edge states inside the gap on a single edge is
a topological invariant. To understand what this statement means we explain the terms
and provide illustrations using the half BHZ model. We identify an “edge state” as an
energy eigenstate whose wavefunction has over 90% of its weight within 3 unit cells of the
edge. In Figs. 4.4–4.7, the energies of such states on the lower (upper) edge are marked
by dark blue (green) dots. Since we want to talk about edge states on a single edge, e.g.
the lower edge, we have to be careful to count only the blue branches of the dispersion
relation.

First, we clarify what we mean by the “number of edge states inside the gap”. The
bulk states of a 2D system form 2-dimensional bands. For a system with a “clean” edge,
i.e., with translational invariance along the edge direction x, the edge states form 1-
dimensional bands (wavenumber kx is a good quantum number). Pick an energy inside
the bulk gap; a convenient choice is E = 0, but any other energy value is equally
good. This defines a horizontal line in the graph of the dispersion relations. Pick an
edge. Identify the number of times this line intersects the edge bands corresponding to
this edge (this number can also be 0). At each intersection, the group velocity of the
edge band (dE/dkx) is either positive or negative: use this to assign +1 or −1 to the
intersection. The number of intersections with positive group velocity is N+; the number
of those with negative group velocity is N−. The difference of these two numbers is the
“net number of edge states inside the gap”.

The“net number of edge states inside the gap”, N+−N−, defined above is a topological
invariant, i.e., it is invariant under smooth changes of the Hamiltonian. This “topological
protection” is straightforward to prove, by considering processes that might change this
number.

The number of times edge state bands intersect E = 0 can change because new
intersection points appear. These can form because an edge state band is deformed, and
as a result of an adiabatic deformation of the system gradually develops a “bump”, local
maximum, and the local maximum gets displaced from E < 0 to E > 0. For a schematic
example, see Fig. 4.3 (a)-(c). Alternatively, the dispersion relation branch of the edge
state can also form a local minimum, gradually displaced from E > 0 to E < 0. In both
cases, the number of intersections of the edge band with the E = 0 line grows by 2, but
the two new intersections must have opposite group velocities. Therefore, both N+ and
N− increase by 1, but their signed sum, N+ −N−, stays the same.

New intersection points can also arise because a new edge state band forms. As long
as the bulk gap stays open, though, this new edge state band has to be a deformed
version of one of the bulk bands, as shown in Fig. 4.3 (a)-(h)-(i). Because the periodic
boundary conditions must hold in the Brillouin Zone, the dispersion relation of the new
edge state has to “come from” a bulk band and go back to the same bulk band, or it
can be detached from the bulk band, and be entirely inside the gap, but then its average
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Figure 4.3: Adiabatic deformations of dispersion relations of edge states on one edge,
in an energy window that is deep inside the bulk gap. Starting from a system with 3
copropagating edge states (a), an edge state’s dispersion relation can develop a “bump”,
(b)-(c). This can change the number of edge states at a given energy (intersections of the
branches with the horizontal line corresponding to the energy), but always by introducing
new edge states pairwise, with opposite directions of propagation. Thus the signed sum
of edge states remains unchanged. Alternatively, two edge states can develop a crossing,
that because of possible coupling between the edge states turns into an avoided crossing
(d),(f). This cannot open a gap between branches of the dispersion relation (e), as
this would mean that the branches become multivalued functions of the wavenumber kx
(indicating a discontinuity in E(kx), which is not possible for a system with short-range
hoppings). Therefore, the signed sum of edge states is also unchanged by this process.
One might think the signed sum of edge states can change if an edge state’s direction
of propagation changes under the adiabatic deformation, as in (g). However, this is
also not possible, as it would also make a branch of the dispersion relation multivalued.
Deformation of the Hamiltonian can also form a new edge state dispersion branch, as in
(a)-(h)-(i), but because of periodic boundary conditions along kx, this cannot change the
signed sum of the number of edge states.
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group velocity is 0. In both cases, the above argument applies, and it has to intersect
the E = 0 line an even number of times, with 0 signed sum.

The number of times edge state bands intersect E = 0 can also decrease if two edge
state bands develop a gap. However, to open a gap, the edge states have to propagate in
different directions: otherwise a crossing between edge states simply becomes an avoided
crossing, but no gap is opened, see Fig. 4.3 d)-f). This same argument show why it is
not possible for an edge state to change its direction of propagation under an adiabatic
deformation without developing a local maximum or minimum (which cases we already
considered above). As shown in Fig. 4.3 (g), this would entail that at some stage during
the deformation the edge state band was not single valued.

4.3 Numerical examples: the “half BHZ model”

We illustrate the ways translational invariant disorder (translational invariant along x)
can affect edge states in the half BHZ model. First, we take the half BHZ model,
Hamiltonian (4.1), and add disorder at the lower edge. The results are shown in Fig.4.4.
Different types of disorder were used to deform the edge state bands, for details, see the
figure caption.

To show how disorder can open gaps in the edge state dispersion relations, we need a
system with more than one edge state. The most straightforward path to such a system,
based, e.g., on the BHZ model, is layering sheets of Chern Insulators onto each other, as
illustrated in Fig. 4.5. As an example, the Hamiltonian for a whole system of 3 layers is
constructed as

H2(kx) =

H(∆1, A1, kx) C 0
C H(∆2, A2, kx − k2) C
0 C H(∆3, A3, kx − k3)

 (4.2)

The coupling between the layers is taken independent of position, Cmn = Cδmn.
Numerical results for two and three coupled layers, with the Chern number of the

second layer +1 or −1, are shown in Figs. 4.6,4.7. The coupling of copropagating edge
modes lifts the degeneracies, but cannot open gaps in the spectrum. This is a simple
consequence of the fact that an energy eigenstate has to be a single valued function
of momentum. To open a gap, counterpropagating edge states have to be coupled. We
achieve this by coupling layers of the BHZ model with opposite sign of the gap parameter
∆. For the case of two layers (Fig. 4.6, second row), this opens a gap in the spectrum. If
there are three layers, there is a majority direction for the edge states, and so one edge
state survives the coupling.
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Figure 4.4: Dispersion relation of a strip of half BHZ . Edge states, whose wavefunction
has over 90% on the first/last 3 unit cells, are marked in dark blue/green. Top row:
a strip with clean terminations, with ∆ = −1.2 (left), ∆ = 1.2 (middle), ∆ = 3.2
(right). Bottom row: with the same parameters above, we added translation invariant
deformation to the edge region at y = 1. For the Chern insulators, this deformation
is a long range hopping term (in this case, a 20th neighbor hopping term, ∝ cos20 kx),
whereas for a trivial insulator, a simple onsite potential is used. The edge deformations
do not affect the edge state at y ≈ N , nor the bulk states, but distorts the edge mode at
y ≈ 1 and brings in new edge modes at energies that are in the bulk gap or above/below
all bulk energies. The deformation can change the number of edge states at a specific
energy, but only by adding a pair of edge states with opposite propagation directions.
This leaves the topological invariant unchanged.
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Figure 4.5: Layering sheets of 2-dimensional insulators on top of each other leads to a
2D insulator with possibly higher Chern number. For simplicity, we assume the sheets
have the same lattice and the same Hamiltonians, only with different parameters. For
uncoupled layers, the Chern numbers can simply be summed to give the total Chern
number of the 3-layer structure, Q1 + Q2 + Q3. Switching on coupling (hopping terms)
between the sheets cannot change the Chern number as long as the bulk gap is not closed.

4.4 Laughlin argument, charge pumping, Chern num-

ber, chiral edge states

A large sample of a two-dimensional insulator consists of a bulk part, with Chern number
Q the edges, which host a net number N+ − N− of edge states. Both of these are
topological invariants. We now use an argument due to Laughlin to show that in fact
these two topological invariants are equal:

Q = N+ −N−. (4.3)

Consider a strip of a 2D lattice insulator, translationally invariant along x, with Chern
number Q, as in the previous section. As we have seen above, upon Fourier transforma-
tion along the translational invariant direction x, the 2D strip formally becomes a set of
1D lattice Hamiltonians, indexed by the parameter kx. Now treat this parameter kx as
the time in a 1D adiabatic charge pumping process: consider initializing the system in the
ground state at one specific value of kx, and then increase kx adiabatically by 2π. Since
the strip was insulating, all of these 1D systems have a bulk gap, and so it is conceivable
that the parameter kx is tuned adiabatically. The Chern number indicates that the sum
of the Zak phases of the occupied bulk bands changes during one period, kx = −π . . . π,
by 2πQ. This means that the bulk polarization changes by Qea, where e is the electron
charge and a the lattice constant (which we use as the unit of length anyway). Thus,
through each unit cell in the bulk, a total of Q electrons must flow during the period
kx = −π . . . π in the direction of +y (−y) if the Chern number is positive (negative).
Therefore at the upper (lower) edge Q extra electrons have accumulated during one time
period, and Q electrons have left the lower (upper) edge.
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Figure 4.6: Dispersion relations of a strip of two layers the half BHZ model, N = 20 unit
cells wide, with a clean termination along y. Red lines: energy eigenstates. Blue/Light
Green dots: edge states (more than 90% weight on the first/last 3 unit cells). For the
first layer, we use A1 = 1,∆1 = −1.2. The second layer, we set A2 = 1.8, which
gives faster edge modes, and we use ∆2 to tune the direction of propagation of the edge
mode in the second layer (∆2 = ∆1 for copropagating, or ∆2 = −∆1 and k2 = π for
counterpropagating edge modes). We also displace kx slightly in each layer for better
visibility of the different edge modes. In each row, we plot uncoupled layers (left, C = 1)
and coupled ones (right, C = 1).
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Figure 4.7: Dispersion relations of a strip of three layers of the half BHZ model,
N = 20 unit cells wide, with a clean termination along y. Red lines: energy eigenstates.
Blue/Light Green dots: edge states (more than 90% weight on the first/last 3 unit cells).
For the first and third layer, we use A1 = 1,∆1 = −1.2. For the second layer, we set
A2 = 1.8, which gives faster edge modes, and we use ∆2 = ∆1 (top row) or ∆2 = −∆1

and k2 = π (bottom row) We additionally displace kx slightly in each layer for better
visibility. In each row, we plot uncoupled layers (left, C = 1) and coupled ones (right,
C = 1).
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The only way this electron pumping can occur is if, at the end of the pumping cycle,
the system is not in the ground state any more. At the end of the cycle, a number |Q|
of states with negative energy at the lower (upper) edge will be empty, and the same
number of states with positive energy at the upper (lower) edge will be occupied. We
remark that although these states are assigned to the upper or the lower edge, their
energies are not necessarily in the bulk gap, and so their wavefunctions can extend far
into the bulk.

Since the pump cycle was adiabatic, the energies of all states change continuously as
the parameter kx is tuned from −π to π. Thus, there have to be |Q| branches of the
dispersion relation with positive (negative) group velocity inside the gap at the upper
edge, and |Q| branches with negative (positive) group velocity inside the gap at the lower
edge, if the Chern number Q of the bulk is positive (negative). Each of these branches
of the dispersion relation correspond to an edge state.

This completes the proof: the magnitude of the Chern number of the bulk of a 2D
lattice system gives the number of edge states at the edges of the system. The sign of the
Chern number gives the direction of propagation of these edge states. These are chiral
states: at any edge, all of these propagate in the same direction. Since their energy is in
the bulk gap, their wavefunctions decay exponentially away from the edge towards the
bulk.

4.5 Robustness of edge states

Up to now, we have considered clean edges, i.e., 2D Chern Insulators that were terminated
by an edge (at y = 0 and y = N), but translationally invariant along the edge, along
x. This translational invariance, and the resulting fact that the wavenumber kx is a
good quantum number, was used for the definition of the topological invariant N+−N−,
which was the net number of edge bands propagating along the edge, equal to the bulk
Chern number, Q. With disorder in the edge region that breaks translational invariance
along x, we no longer have a good quantum number kx, and edge state bands are not
straightforward to define. However, as we show in this section, the edge states must still
be there in the presence of disorder, since disorder at the edges cannot close the bulk
gap.

Consider a finite, sample of a Chern insulator, with a clean bulk part but disordered
edge region, as depicted in Fig. 4.8. The bulk gap of the sample decreases due to disorder,
but we suppose that it is not closed completely (just renormalized). Consider now a small
part of the sample, containing some of the edge, indicated by the dotted rectangle on the
right of Fig. 4.8. Although this is much smaller than the whole sample, it is big enough
so that part of it can be considered as translation invariant “bulk”. Now in this small
part of the sample, we adiabatically (and smoothly) deform the Hamiltonian in such a
way that we set the disorder gradually to 0. This includes straightening the part of the
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Figure 4.8: A disordered sample of Chern insulator. The dotted lines indicate rectan-
gular parts of the sample, where disorder can be turned off adiabatically to reveal edge
states (indicated in black). These describe electrons with energies deep in the bulk gap,
propagating unidirectionally along the edge: a charge pump. Since the pumped electrons
cannot turn back (unidirectional, or chiral channels), and cannot go into the bulk (in
the gap), they have to travel all the way on the perimeter of the disordered sample,
coming back to the rectangular, clean part. This means that there must be as many
open channels for electrons to propagate along the edge, as the number of edge states in
the clean part of the sample. The argument rests on charge conservation, and so is also
valid in the presence of decoherence.
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open boundary of the sample that falls into the dotted rectangle, to a straight line. The
deformation is adiabatic in the sense that the bulk gap is not closed in the process. Since
this small part is a clean Chern insulator, with a bulk Chern number of Q, it can be
deformed in such a way that the only edge states it contains are |Q| states propagating
counterclockwise (if Q > 0, say).

Consider an electron in an edge state in the small clean part of the sample, with
energy deep inside the bulk gap (E ≈ 0). What can its future be, as its time evolution
follows the Schrödinger equation appropriate for this closed system? Since the edge
state is a chiral mode, the electron has to propagate along the edge until it leaves the
clean region. Because of unitarity, the electron cannot “stop” at the edge: that would
mean that at the “stopping point”, the divergence of the particle current in the energy
eigenstate is nonzero. In other words, the particle current that flows in the edge state
has to flow somewhere. (Put differently, if the mode describing an edge state electron
“stopped at the interface”, two electrons, initially orthogonal, following each other in the
mode, would after some time arrive to the same final state. This would break unitarity.)
After leaving the clean part of the sample, the electron cannot propagate into the bulk,
since its energy is deep in the bulk gap. The disorder in the clean part was removed
adiabatically, and thus there are no edge states at the interface of the clean part and the
disordered part of the sample, along the dashed line. The electron cannot turn back, as
there are no edge states running “down” along the edge in the clean part. The only thing
the electron can do is propagate along the edge, doing a full loop around the sample until
it comes back to the clean part from below again.

The argument of the previous paragraph shows that even though the sample is dis-
ordered, there has to be a low energy mode that conducts perfectly (reflectionless) along
the edge. Since at 0 energy there are Q orthogonal states an electron can be in at the
edge of the clean part of the sample, unitarity of the dynamics of the electrons requires
that all along the edge of the disordered sample there are Q orthogonal modes that con-
duct counterclockwise. There can be additional low energy states, representing trapped
electrons, or an equal number of extra edge states for electrons propagating counter-
clockwise and clockwise. However, the total number of counterclockwise propagating
edge modes at any part of the edge always has to be larger by Q than the number of
clockwise propagating edge modes. Because the Hamiltonian is short range, our conclu-
sions regarding the number of edge states at any point far from the deformed region have
to hold independent of the deformation.

To be precise, in the argument above we have shown the existence of Q edge states all
along the edge of the sample, except for the small part that was adiabatically cleaned from
disorder. One way to finish the argument is by considering another part of the sample.
If we now remove the disorder adiabatically only in this part, we obtain the existence of
the edge modes in parts of the sample including the original dotted rectangle, which was
not covered by the argument of the previous paragraph.
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Chapter 5

Edge states in the 2D Dirac equation

The appearance of edge states in the half BHZ lattice model was discussed in the pre-
ceding Chapter. There, the edge states were revealed and analyzed via numerical diag-
onalization of the Hamiltonian of a terminated lattice. Here, we argue that it is also
possible to describe these states in terms of a partial differential equation (PDE) similar
to the Schrödinger and the Dirac equation. Working with a PDE instead of a lattice
model offers the potential advantage of obtaining analytical results for certain physical
properties of the considered material. Here we derive the Schrödinger-type PDE that
provides a low-energy continuum description of the half BHZ lattice model, and use it to
analytically characterize the edge states appearing at boundaries between regions with
different Chern numbers, without the need to numerically diagonalize large tight-binding
Hamiltonians. Even though in the entire Chapter we build our discussion on the half
BHZ model, the applicability of the technique introduced here, called envelope function
approximation (EFA), is more general and widely used to describe electronic states in
various crystalline solids [?].

5.1 Reminder: the half BHZ model

The k-space Hamiltonian of the half BHZ model was defined in Eq. (3.30):

H(kx, ky) = (∆ + cos kx + cos ky)σz + A(sin kxσx + sin kyσy) = h(k) · σ, (5.1)

with

h(k) =

 A sin kx
A sin ky

∆ + cos kx + cos ky

 . (5.2)

The corresponding dispersion relation is

E±(k) = ±h(k) ≡ ±|h(k)|. (5.3)
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The half BHZ model describes an insulator if ∆ is not equal to -2, 0 or 2. The Chern
number Q of the half BHZ insulator can take on three different values, determined by
the single parameter ∆:

Q =


0, if 2 < ∆,
+1 if 0 < ∆ < 2,
−1 if − 2 < ∆ < 0,
0 if ∆ < −2

. (5.4)

The number and propagation direction of topologically protected edge states at a domain
wall is determined by the magnitude and difference of the Chern numbers of the two
domains, respectively.

5.2 2D Dirac equation as a low-energy effective model

5.2.1 Gapless spectrum in the half BHZ model

First, consider the cases when the half BHZ model is metallic, ie, when its spectrum has
no energy gap. This is the case if and only if ∆ equals -2, 0 or 2. The corresponding
band structures with A = 1 are shown in Fig. 3.3a, b and c. For ∆ = −2, the two bands
touch at k = (0, 0), and form a conically shaped dispersion relation in the vicinity of that
point, see Fig. 3.3a. For ∆ = 0 there are two inequivalent touching points at k = (0, π)
and k = (π, 0). Fig. 3.3 shows four of them, though note that k = (−π, 0) is equivalent
to (π, 0) and k = (0,−π) is equivalent to k = (0, π). For ∆ = 2 there is a single touching
point at k = (π, π). The other three touching points seen in Fig. 3.3c are equivalent with
(π, π).

The points where the bands touch are called Dirac points, and the conically shaped
parts of the bands are called Dirac cones. The Dirac points and the Dirac cones are also
referred to as valleys, or as Dirac valleys.

To describe low-energy excitations just above the filled valence band in such a con-
ductor, it is sufficient to use a linearized approximation of the half BHZ Hamiltonian
H(k) that is obtained via a Taylor expansion of H(k) up to first order in the k-space
location q = k−kD measured from the Dirac point kD. For example, in the case ∆ = −2
and correspondingly, kD = (0, 0), the linearized Hamiltonian reads

H(kD + q) ≈ A(qxσx + qyσy) (5.5)

The dispersion relation is E±(q) = ±Aq, which equals the dispersion relation obtained
after linearizing Eq. (5.3) around kD. Note that the dispersion relation of the Dirac
equation of fermions with zero mass is

E±(k) = ±~kc, (5.6)
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where ~ is the reduced Planck’s constant and c is the speed of light. Therefore, the
parameter A of the half BHZ model plays the role of ~c of the relativistic dispersion
relation (5.6). The eigenstates of the linearized Hamiltonian are

ψ±(q) =
1√
2

(
1
±eiϕ

)
, (5.7)

where ϕ is the azimuthal angle of the wave vector q. i.e., ϕ = arctan qy
qz

.
Note that at this point, the linearization of the Hamiltonian does not seem to be a

particularly fruitful simplification: to obtain the dispersion relation and the eigenstates,
a 2 × 2 matrix has to be diagonalized, no matter if the linearization has been done or
not. However, linearizing the Hamiltonian is the first step towards a simple continuum
description of inhomogeneous lattices, as shown below.

5.2.2 Opening a gap

Now consider a half BHZ insulator that is close to being metallic, ie, ∆ ≈ ∆0 where ∆0

is either -2, 0 or 2. To be specific, we consider the example where ∆0 = −2 and the
corresponding Dirac point is at the Brillouin zone center, kD = (0, 0). The dispersion
relation for ∆ = −1.8 is shown in Fig. 3.3d. In the vicinity of the metallic state, as seen
in the figure, a small gap equal to the energy splitting of the two states at the Dirac
point kD = (0, 0), opens in the spectrum.

The states and the dispersion relation around kD can again be described by a lin-
earized approximation of the half BHZ Hamiltonian H(k) that is obtained via a Taylor
expansion of H(k) up to first order in the k-space location q = k−kD measured from the
Dirac point kD. For example, in the case of ∆0 = −2 and kD = (0, 0), the linearization
yields

H(kD + q) ≈Mσz + A (qxσx + qyσy) , (5.8)

where we defined M = ∆−∆0. The dispersion relation reads

E±(q) = ±
√
M2 + A2q2. (5.9)

Note that the dispersion relation of the Dirac equation for fermions with finite mass
µ 6= 0 reads

E±(k) = ±
√
µ2c4 + ~2k2c2. (5.10)

Therefore, the parameter M of the half BHZ model plays the role of µc2 of the relativistic
dispersion relation (5.10). The (unnormalized) eigenstates of the linearized Hamiltonian
(5.8) have the form

ψ±(q) =

(
qx − iqy
E± −M

)
. (5.11)
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5.2.3 Inhomogeneous systems

A half BHZ lattice with inhomogeneous ∆ parameter might support topologically pro-
tected bound states at boundaries separating locally homogeneous regions with different
Chern numbers. Under certain conditions, as shown below, these bound states can be
described analytically using the envelope function approximation (EFA) that results in
a low-energy continuum description, i.e., a partial differential equation similar to the
Dirac equation, of the states of the lattice. EFA is based on the assumption that the
low-energy eigenstates of the inhomogeneous system are localized in Fourier space to the
close neighborhood of a given wave vector. In the rest of this Chapter, we focus on the
case where the inhomogeneous ∆ is in the vicinity of −2 (e.g., |∆+2| � 1), in which case
the the low-energy excitations are expected to localize in Fourier space around the band
extremum point kD = (0, 0) (see Figs. 3.3a and d). Here we derive the Schrödinger-type
PDE, in fact resembling the two-dimensional Dirac equation, relevant for this case, and
in the next Section we solve that for simple domain-wall arrangements.

The considered lattice is inhomogeneous due to the spatial dependence of the pa-
rameter ∆. In the tight-binding lattice model, we denote the value of ∆ on site m =
(mx,my) as ∆m, and correspondingly, we introduce the local mass parameter on site m
as Mm = ∆m − (−2) = ∆m + 2. The main result of the EFA in our case is that the
eigenstates and eigenvalues of the continuum Hamiltonian

ĤEFA = M(r)σz + A (q̂xσx + q̂yσy) , (5.12)

which we will refer to as the EFA Hamiltonian, correspond to and determine the low-
energy eigenstates and eigenvalues of the tight-binding Hamiltonian of the inhomoge-
neous lattice model. In (5.12), M(r) is a smooth extension of Mm such that M(rm) =
Mm, and q̂α is the differential operator −i∂α. Note that ĤEFA is related to the linearized
k-space Hamiltonian (5.8) by the relations M ↔ M(r) and qα ↔ q̂α. The eigenvalue
equation

ĤEFAψ(r) = Eψ(r). (5.13)

will be referred to as the EFA Schrödinger equation and we call ψ(r) the envelope func-
tion. Note that in the case considered here, the EFA Schrödinger equation (5.13) takes
the form of a 2D Dirac equation with inhomogeneous mass.

Before specifying the connection between ĤEFA and the inhomogeneous tight-binding
model, a rather informal definition of spatially slowly varying functions is in order. We
will call the envelope function ψ(r) spatially slowly varying on the scale of the lattice
constant (‘ssv’ for short), if its Fourier-transform ψF (q) is localized to the |q| � π region,
i.e., to the vicinity of the center of the first Brillouin zone of the lattice.

With this definition at hand, we can formulate the EFA proposition. Consider
an inhomogeneous half-BHZ lattice with spatially varying mass parameter Mm, with
|Mm| � 1 as discussed above. The Hamiltonian of the lattice is Ĥ =

∑
`,`′ H`,`′a

†
`a`′ ,
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where ` = (m, j) ≡ (mx,my, j) is a composite index of the two-component unit cell index

m = (mx,my) and internal (spin) quantum number j ∈ {↑, ↓}, and a†` creates an electron
on site m with spin quantum number j. The matrix elements H`,`′ are given in Eq. (3.35).
Assume that the pair (ψ(r), E) solves the EFA Schrödinger equation corresponding to
this lattice and ψ(r) is ssv. Define the tight-binding state |Ψ〉 =

∑
`=(m,j) ψj(rm)a†` |0〉.

It is claimed that the tight-binding state |Ψ〉 is approximately an eigenstate of the inho-
mogeneous lattice Hamiltonian with the eigenvalue E: Ĥ |Ψ〉 = E |Ψ〉.

To prove this, we calculate Ĥ |Ψ〉:

Ĥ |Ψ〉 =

(∑
`,`′

H`,`′ â
†
`â`′

)(∑
`′′

ψj′′(rm′′)â
†
`′′ |0〉

)
=
∑
`,`′

H`,`′ψj′′(rm′′)â
†
` |0〉 , (5.14)

which, after separating H to a spatially depenent on-site part U`,`′ = ∆mδm,m′ (σz)j,j′
and a spatially homogeneous hopping part T`,`′ = H`,`′ − U`,`′ reads

Ĥ |Ψ〉 =
∑
`,`′

(U`,`′ + T`,`′)ψj′(rm′) |`〉 . (5.15)

Here we introduced the notation |`〉 = a†` |0〉.
Consider the hopping part of (5.15) first:∑

`,`′

T`,`′ψj′(rm′) |`〉 =
∑
`,`′

T`,`′

(∫
dqψFj′ (q)eiqrm′

)
|`〉 =

∑
`,j′

∫
dqTj,j′(q)ψFj′ (q)eiqrm |`〉 .

(5.16)
In the first step we inserted the Fourier transform ψF (q) of the envelope function ψ(r),
and in the second we utilized the fact that T is representing a homogeneous lattice
Hamiltonian and therefore

∑
`′ T`,`′ψj′(q)eiqrm′ = eiqrm

∑
j′ Tj,j′(q)ψj′(q). Note that the

explicit form of T (q) is T (q) = (cos qx + cos qy)σz + A(sin qxσx + sin qyσy) in our case,
see Eq. (5.1).

We now make use of the assumption that ψ(r) is ssv, which implies that the integrand
of the q-integral in the last formula of (5.16) is significant only around q = 0. Therefore
we can expand T (q) around q = 0, yielding the following approximation:∑

`,`′

T`,`′ψj′(rm′) |`〉 ≈
∑
`,j′

∫
dq
[
Tj,j′(q = 0) + (∇qTj,j′)q=0 · q

]
ψFj′ (q)eiqrm |`〉 . (5.17)

As the next step, we use qαe
iqrm = (−i∂αeiqr)r=rm

= (q̂αe
iqr)r=rm

, which implies that
the second factor (q) of the second term in the square bracket of Eq. (5.17) can be
substituted with q̂ . Therefore∑

`,`′

T`,`′ψj′(rm′) |`〉 ≈
∑
`

[∫
dqA (q̂xσx + q̂yσy) ψ

F (q)eiqr
]
j,r=rm

|`〉

=
∑
`

[A (q̂xσx + q̂yσy) ψ(r)]j,r=rm
|`〉 . (5.18)
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Together with the on-site U terms of Eq. (5.15) we have

Ĥ |Ψ〉 ≈
∑
`

{[M(r)σz + A (q̂xσx + q̂yσy)]ψ(r)}j,r=rm
|`〉 , (5.19)

which, as ψ(r) solves the EFA Schrödinger equation with energy E, equals

Ĥ |Ψ〉 ≈
∑
`

Eψj(rm) |`〉 = E |Ψ〉 . (5.20)

With this the proof is concluded.
Even though this proposition was stated for the special case of the half BHZ model

with ∆(rm) ≈ −2, it can be straightforwardly generalized to the other two nearly metallic
states of the half BHZ model (∆(rm) ≈ 0 and ∆(rm) ≈ 2), as well as to describe electronic
states in the vicinity of a band extremum in a generic crystalline solid. In fact, EFA is
a widely used method to describe such electronic states in the presence of a spatially
slowly varying electromagnetic field.

Finally, let us highlight a limitation of the EFA that perhaps is not obvious from the
above statement. Even though there was no explicit condition on the characteristics of
the mass inhomogeneity in the EFA proposition above, the ssv condition on the enve-
lope function ψ(r) is actually an implicit condition for the inhomogeneous mass M(rm).
Namely, if the Fourier components of the spatial mass inhomogeneity that correspond
to wave vectors outside the central part of the Brillouin zone are strong enough, then
the low-energy solutions of the EFA Schrödinger equation acquire large-q Fourier com-
ponents, and therefore cannot fulfill the ssv criterion. Therefore, the applicability of
the EFA scheme is limited to inhomogeneities that are also, in a certain sense, spatially
slowly varying.

5.3 Edge states

Having the EFA Hamiltonian (5.12) at hand, we can now use it to describe low-energy
states in the inhomogeneous half BHZ model, provided |M(x, y)| � 1 everywhere in the
x-y plane. From now on, we measure the prefactors in the EFA Hamiltonian in units of
A, hence the Dirac-type EFA Schrödinger equation reads:

[M(x, y)σz + σxq̂x + σy q̂y]ψ(x, y) = Eψ(x, y). (5.21)

Consider the homogeneous case first: M(x, y) = M0, where M0 might be positive or
negative. What is the dispersion relation for propagating waves? What are the energy
eigenstates? The answers follow from the plane-wave Ansatz

ψ(x, y) =

(
a
b

)
eiqxxeiqyy (5.22)
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with qx, qy ∈ R and a, b ∈ C. With this trial wave function, Eq. (5.21) yields two
solutions:

E± = ±
√
M2

0 + q2
x + q2

y, (5.23)

and
a±
b±

=
qx − iqy
E± −M0

. (5.24)

Now let us turn to our main focus and establish the edge states at a domain wall
between two locally homogeneous regions where the sign of the mass parameter is differ-
ent. Remember that the sign of the mass parameter in the EFA Hamiltonian is related
to the Chern number of the corresponding homogeneous half-BHZ lattice: in our case, a
positive (negative) mass implies a Chern number −1 (0).

To be specific, we will consider the case when the two domains are defined as the
y < 0 and the y > 0 half-planes, i.e., the mass profiles in Eq. (5.21) are

M(x, y) =

{
M0 if y > 0,
−M0 if y < 0

. (5.25)

Let M0 be positive; the corresponding mass profile is illustrated in Fig. 5.1a.

Figure 5.1: (a) Step-like and (b) irregular spatial dependence of the mass parameter of
the 2D Dirac equation.

Now we look for edge-state solutions of Eq. (5.21), i.e., for states that reside in
the energy range −M0 < E < M0, i.e., in the bulk gap of the two domains and which
propagate along but decay perpendicular to the domain wall at y = 0. Our wave-function
Ansatz for the upper half plane y > 0 is

ψu(x, y) =

(
au
bu

)
eiqxxeiq

(u)
y y (5.26)

with qx ∈ R, q
(u)
y ∈ iR+ and a, b ∈ C. For the lower half plane, ψl(x, y) is defined as

ψu(x, l) but with u ↔ l interchanged and q
(l)
y ∈ iR−. The wave function ψu(x, y) does

61



solve the 2D Dirac equation defined by Eqs. (5.21) and (5.25) in the upper half plane
y > 0 provided

q(u)
y = iκ ≡ i

√
M2

0 + q2
x − E2 (5.27)

and
au
bu

=
qx + κ

E −M0

(5.28)

Similar conditions apply for the ansatz ψl(x, y) for the lower half plane, with the substi-
tutions u 7→ l, κ 7→ −κ and M0 7→ −M0. The complete (unnormalized) wave function
has the form

ψ(x, y) = ψu(x, y)Θ(y) + cψl(x, y)Θ(−y), (5.29)

where c is a yet unknown complex parameter to be determined from the boundary
conditions at the domain wall.

The wave function (5.29) is an eigenstate of the EFA Hamiltonian with energy E if
the boundary condition that the wave function is continuous on the line y = 0, that is,

ψu(x, 0) = ψl(x, 0), (5.30)

is fulfilled for every x. Note that in our case, the Dirac equation is a first-order differential
equation and therefore there is no boundary condition imposed on the derivative of the
wave function.

The boundary condition (5.30) determines the value of the parameter c as well as the
dispersion relation E(qx) of the edge states. First, (5.30) implies

qx − κ = c(qx + κ) ⇒ c =
qx − κ
qx + κ

, (5.31)

E +M0 = c(E −M0) ⇒ −qxM0 = κE. (5.32)

Note that κ depends on E according to Eq. (5.27). It is straigthforward to find the
dispersion relation of the edge states by solving −qxM0 = κ(E)E for E with the condition
−M0 < E < M0:

E = −qx. (5.33)

This simple dispersion relation is shown in Fig. 5.2a. Together with Eq. (5.27), this
dispersion implies that the localization length of edge states is governed by M0 only, i.e.,
is independent of qx. The squared wave function of an edge state is shown in Fig. 5.2b.

A remarkable consequence of this simple dispersion relation is that the spinor com-
ponents of the envelope function also have a simple form:(

au
bu

)
=

(
al
bl

)
=

(
1
−1

)
. (5.34)

Edge states at similar mass domain walls at ∆(y) ≈ 0 and ∆(y) ≈ 2 can be derived
analogously. Note that at ∆(y) ≈ 0, the low-energy states can reside in two different

62



Figure 5.2: Edge state obtained from the 2D Dirac equation. (a) Dispersion relation and
(b) squared wave function of an edge state localized at the mass domain wall illustrated
in Fig. 5.1a.

Dirac valleys, around kD = (0, π) or kD = (π, 0), and there is one edge state in each valley.
The number of edge states obtained in the continuum model, as well as their directions
of propagation, are in correspondence with those obtained in the lattice model; as we
have seen for the latter case, the number and direction are given by the magnitude and
the sign of Chern-number difference across the domain wall, respectively.

An interesting fact is that the existence of the edge state is not constrained to case of
a sharp, step-like domain wall described above. Moreover, the simple dispersion relation
and spinor structure found above generalize for more irregular domain walls. To see this,
consider an almost arbitrary 1D spatial dependence of the mass, illustrated in Fig. 5.1b:
M(x, y) = M(y) with the only condition that M changes sign between the half-planes
y < 0 and y > 0, i.e., M(y → −∞) < 0 and M(y →∞) > 0. We claim that there exists
a solution of the corresponding 2D Dirac equation that propagates along the domain
wall, has the dispersion relation E = −qx, is confined in the direction perpendicular to
the domain wall, and has the wave function

ψ(x, y) =

(
1
−1

)
eiqxxf(y). (5.35)

To prove this proposition, insert this wave function ψ(x, y) to the 2D Dirac equation and
substitute E with −qx therein. This procedure results in two equivalent equations that
are fulfilled if ∂yf(y) = −M(y)f(y), implying that Eq. (5.35) is indeed a normalizable
solution with E = −qx provided that the function f has the form

f(y) = e−
∫ y
0 dy

′M(y′). (5.36)
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In the preceding Chapters, we introduced the topological characterization of lattice
models and the corresponding edge states, with the Brillouin zone of the lattice playing
a central role in the formulation. In this Chapter, we demonstrated that under certain
conditions, a low-energy continuum description (the EFA Schrödinger equation) can be
derived from a lattice model, and can be used to describe edge states at domain walls
between regions of differing topological character. Besides being a convenient analyt-
ical tool to describe inhomogeneous lattices, the envelope-function approximation also
demonstrates that the emergence of protected edge states is not restricted to lattice
models.
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Chapter 6

2-dimensional time-reversal
invariant topological insulators

In the previous chapters, we have understood how 2-dimensional insulators can host chi-
ral (i.e., one-way propagating) edge states. The existence of chiral edge states precludes
time-reversal symmetry. Indeed, time-reversed edge states would describe particles prop-
agating backwards along the edge. In “Chern insulators”, the fact that these states are
not present in the spectrum is what ensures the reflectionless propagation of particles at
the edges.

What about time-reversal symmetric (or time-reversal invariant, TRI) two-dimensional
insulators? According to the above, they cannot be Chern insulators. Interestingly
though, the same time-reversal symmetry that ensures that for every edge state there is
a “backward-propagating” partner, can also ensure that no scattering between these two
modes occurs. This means that it is possible for time-reversal invariant 2D insulators to
host edge states that show reflectionless propagation, in both directions, at both edges.
The details of why and how this happens are discussed in this and the following chapters.

We will find that all two-dimensional time-reversal invariant insulators fall into two
classes: the trivial class, with an even number of pairs of edge states at a single edge,
and the topological class, with an odd number of pairs of edge states at a single edge.
We then subsequently show that disorder that breaks translational invariance along the
edge can destroy edge state conduction in the trivial class, but not in the topological
class.

For Chern Insulators, we had a simple way to relate the topological invariant charac-
terizing the properties of the edge of a finite sample, the net number of edge states on the
edge, N+ −N−, to a topological invariant characterizing the translation invariant bulk,
the Chern number Q. We showed that Q = N+−N− using the Laughlin argument, which
mapped the 2-dimensional system to a periodically, adiabatically pumped 1-dimensional
chain. After the mapping, the unit of charge pumped through the chain during a period
could be identified with the net number of chiral edge states. This is the bulk–boundary
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correspondence for Chern insulators.
Unfortunately, identifying and calculating the bulk topological invariant of a time-

reversal invariant two-dimensional insulator is much more cumbersome than for a Chern
insulator. There is extensive mathematical work on how to formulate the bulk invariant,
but there is no general and simple recipe for actually calculating it for a lattice model.
Therefore, in this chapter we only give some of the theoretical elements used in the
constructions, and the numerical recipe for the special (but rather common) case of
systems with inversion symmetry.

6.1 Time-Reversal Symmetry

Before we discuss Time-reversal symmetric topological insulators, we first need to under-
stand what we mean by time reversal symmetry, and how it leads to Kramers’ degeneracy.

6.1.1 Time Reversal in continuous variable quantum mechanics

Take a single particle with time independent Hamiltonian Ĥ = (p̂−eA(r̂))2+V (r̂), where
A and V are the vector and scalar potentials, real valued functions of r̂, respectively,
and e is the charge of the particle. The corresponding Schrödinger equation for the
wavefuncion Ψ(r, t) reads

i∂tΨ(r, t) =
{

(−i∂r − eA(r))2 + V (r)
}

Ψ(r, t). (6.1)

Any solution Ψ of the above equation can be complex conjugated, and gives a solution
of the complex conjugate of the Schrödinger equation,

−i∂tΨ(r, t)∗ =
{

(−i∂r + eA(r))2 + V (r)
}

Ψ(r, t)∗. (6.2)

We use K to denote the operator that complex conjugates everything to its right in real
space basis. Note that K2 = 1, and therefore, KAK = A∗, where A is any operator or
vector, and ∗ denotes complex conjugation in real space basis. The Schrödinger equation
above can thus be written succintly as

Ki∂tΨ = Ki∂tKKΨ = −i∂tΨ∗ = KĤKKΨ = Ĥ∗Ψ∗. (6.3)

The above relation shows that for any closed quantum mechanical system, there is a
simple way to implement time reversal. This requires to change both the wavefunction
Ψ to Ψ∗ and the Hamiltonian Ĥ to Ĥ∗.

In the special case where the Hamiltonian in real space basis is real, Ĥ∗ = Ĥ, we can
implement time reversal by only acting on the wavefunction. In that case, we say that
the system has time reversal symmetry. For the scalar Schrödinger equation above, this
happens if there is no vector potential, A = 0. To see this more explicitly, consider time
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evolution for a time t, then applying the antiunitary operator K, then continuing time
evolution for time t, then applying K once more:

Û = Ke−iĤtKe−iĤt = e−KiĤtKe−iĤt = eiĤ
∗te−iĤt (6.4)

If Ĥ∗ = Ĥ, then Û = 1, which means that K acts like time reversal.
Time reversal is an operation that is local in space, that takes x̂→ x̂ and p̂→ −p̂.

6.1.2 Two types of time reversal

For a particle with an internal degree of freedom, time reversal T can also include a
unitary rotation of this internal degree of freedom:

T = τK, (6.5)

where τ is a unitary operator. For complex conjugation K to be well defined we also
have to fix the internal basis on which it acts. For example, for a spin-1/2 particle, time
reversal should also flip the spin, which is achieved by T = −iσyK, if K is defined on the
basis of the eigenstates of σz. The fact that this works can be checked by T σjT −1 = −σj
for j = x, y, z.

A simple requirement for a time reversal operator is that if squared, it should give at
most a phase, eiφ:

τKτK = ττ ∗ = eiφ. (6.6)

This phase turns out to have only two possible values: 0 or π. Multiplying Eq. (6.6) from
the left by τ †, we get τ ∗ = eiφτ † = eiφ(τ ∗)T , where T denotes transposition. Iterating
this last relation once more, we obtain τ ∗ = e2iφτ ∗, which means eiφ = ±1, wherefore

T 2 = ±1. (6.7)

6.1.3 T 2 = −1 gives Kramers’ degeneracy

Time reversal T is an antiunitary operator, i.e., the product of a unitary operator τ and
complex conjugation operator K. Therefore, for any pair of states |Ψ〉 and |Φ〉, we have

〈T Φ | T Ψ〉 = (τ |Φ∗〉)†τ |Ψ∗〉 . = |Φ∗〉† τ †τ |Ψ∗〉 = 〈Φ∗ | Ψ∗〉 = 〈Φ | Ψ〉∗ . (6.8)

Consider now this relation with Φ = T Ψ:

〈T Ψ | Ψ〉∗ =
〈
T 2Ψ

∣∣ T Ψ
〉

= 〈±Ψ | T Ψ〉 = ±〈T Ψ | Ψ〉∗ , (6.9)

where the ± stands for the square of the time reversal operator T , which is ±1. If
T 2 = +1, the above line gives no information, but if T 2 = −1, it leads immediately to
〈T Ψ | Ψ〉 = 0, which means that for every energy eigenstate, its time-reversed partner,
which is also an energy eigenstate with the same energy, is orthogonal. This is known as
Kramers degeneracy.
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6.1.4 Time-Reversal Symmetry of a Bulk Hamiltonian

Solid-state systems are represented by lattice Hamiltonians, which have a bulk, transla-
tionally invariant part. Translational invariance implies that the total bulk Hamiltonian
H is block diagonal in the momentum (wavevector) eigenbasis:

H = eikrH(k)e−ikr, (6.10)

where k are the wavevectors.
The time-reversal symmetry operator is antiunitary, and local, and therefore T eikr =

e−ikrT . This implies that the requirement for time reversal symmetry, T HT −1 = H,
reads for the bulk Hamiltonian,

H(k) = T H(−k)T −1 (6.11)

for every k.
A direct consequence is that the dispersion relation of a time-reversal symmetric

Hamiltonian has to be symmetric with respect to inversion in the Brillouin Zone, k →
−k. Note however, that this is only a one-way implication: symmetry of the dispersion
relation can suggest time-reversal symmetry, but by itself is not enough to ensure it.

It is especially interesting to look at points in the Brillouin Zone which map unto
themselves under inversion: the Time-reversal invariant momenta (TRIM). In d dimen-
sions there are 2d such points, one of which is at the center of the Brillouin Zone (so-called
Γ point), and others at the edges. In light of Eq. (6.11), the Hamiltonian of a TRS system
at a TRIM has

T H(kTRIM)T −1 = H(kTRIM). (6.12)

6.2 Doubling the Hilbert Space for Time-Reversal

Symmetry

There is a simple way to construct lattice systems with Time-Reversal Symmetry. Take
as a starting point a lattice model of a d dimensional insulator, with a Hamiltonian H(k).
We define a time-reversal invariant new system by giving the Hamiltonian,

H2(k) =

[
H(k) 0

0 H∗(−k)

]
=

1 + τz
2

H(k) +
1− τz

2
H∗(−k). (6.13)

Here H∗ denotes the complex conjugate of the matrix, an operation that is basis de-
pendent (and H∗ is equal to HT , the basis-dependent transpose of H). Furthermore,
KH(k)K = H∗(−k), with the basis-dependent antilinear operator K of complex conju-
gation in the real space and in the given basis. We also used the Pauli operators τj for
j = x, y, z, which shuffle the submatrices, as above.
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The HamiltonianH2(k) has time-reversal symmetry (TRS), represented by T = iτyK.
The factor of i is included for convenience, so that iτy is real - but now its inverse is
−iτy. A quick proof of time-reversal symmetry:

(iτyK)H2(k)(iτyK)−1 =

[
0 1
−1 0

]
·
[
H∗(−k) 0

0 H(k)

]
·
[
0 −1
1 0

]
(6.14)

=

[
0 H(k)

−H∗(−k) 0

]
·
[
0 −1
1 0

]
= H2(k) (6.15)

The TRS operator T squares to −1, and therefore implies Kramers degeneracy.

6.2.1 A concrete example: the BHZ model

To be concrete, we can build a simple model for a time-reversal invariant topological
insulator starting from the “half BHZ” model of Eq. (3.30),

H1(k) = [∆ + cos kx + cos ky]σz + A(sin kxσx + sin kyσy), (6.16)

and doubling the Hilbert space as in the recipe (6.13). Following the recipe

HBHZ(k) = [(∆ + cos kx + cos ky)σz + A sin kyσy)]τ0 + A sin kxσxτz. (6.17)

which is a simple 4-band model for HgTe, introduced by Bernevig, Hughes and Zhang
[?], known as “BHZ model”. We introduced the name “half BHZ” for the original Chern
insulator H(k) to indicate that it forms the basis of the full BHZ model.

6.3 Edge States in 2-dimensional T 2 = −1 insulators

After the general considerations of the previous sections, we now focus on 2D time-
reversal invariant (TRI) lattice models with a time-reversal symmetry T which squares
to T 2 = −1. We explore edge states of these TRI topological insulators, much in the
same way as we did for the Chern insulators of Chapter 4. We separate a 2D sample
into a translational invariant bulk, with a finite energy gap around E = 0, and an edge.
Because the bulk is insulating, when we consider the low energy physics, we can restrict
our attention to the vicinity of an edge. Edge states are eigenstates with energies that
lie in the gap of the bulk of the sample, and whose wavefunction therefore has most of
its weight at the edge.

As with Chern insulators, we first consider clean samples, i.e., translational invariant
along the edge direction x. Then, the wavenumber kx is a good quantum number. The
states form 1-dimensional edge state bands in the 1D Brillouin Zone kx = −π, . . . , π,
shown schematically in Fig. 6.1. In general, an edge will host edge states propagating
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in both directions. However, due to time-reversal symmetry, the dispersion relations
must be left-right symmetric when plotted against the wavenumber kx along the edge
direction. This means that the number N+ of right-moving edge states (these are plotted
with solid lines in Fig. 6.1), and N−, the number of left-moving edge states (dashed lines)
have to be equal at any energy,

N+(E) = N−(E). (6.18)

As with Chern insulators, we next consider the effect of adiabatic deformations of the
clean Hamiltonian on edge states. We consider terms in the Hamiltonian that conserve
translational invariance along the edge, and respect Time Reversal Symmetry. The whole
discussion of section 4.5 applies, and therefore adiabatic deformations cannot change the
signed sum of of the left- and right-propagating edge states in the gap. However, time-
reversal symmetry restricts this sum to zero anyway.

Time reversal symmetry that squares to T 2 = −1, however, provides a further re-
striction: adiabatic deformations can only change the number of edge states by integer
multiples of four (pairs of pairs). To understand why, consider the adiabatic deformation
corresponding to Fig. 6.1 (a)-(d). Degeneracies in the dispersion relation can be lifted
by coupling the edge states, as it happens in (b), and this can lead to certain edge states
disappearing at certain energies, as in (c). This can be visualized by plotting the kx
values at E = 0 of the branches of the edge state dispersion as functions of the defor-
mation parameter (which is some combination of the parameters of the Hamiltonian)
a, as in Fig. 6.1 (e). Due to the deformation, two counterpropagating edge states can
“annihilate”, when the corresponding modes form an avoided crossing. If this happens
at a generic momentum value k, as in (c), then, due to the time reversal invariance, it
also has to happen at −k, and so the number of edge states decreases by 4, not by 2.
The special momentum values of kx are the TRIM, which in this case are kx = 0,±π. If
the edge state momenta meet at a TRIM, as in (b) at kx = 0, their “annihilation” would
change the number of edge states by 2 and not by 4. However, this cannot happen, as
it would create a situation that violates the Kramers degeneracy: at the TRIM, energy
eigenstates have to be doubly degenerate. The deformations in Fig. 6.1 can be also read
from (d) to (a), and therefore apply to the introduction of new edge states as well.

6.3.1 Z2 invariant: parity of edge state pairs

At any energy inside the bulk gap, the parity of the number of edge-states Kramers
pairs for a given dispersion relation is well defined. In Fig. 6.1(a), there are 3 edge-state
Kramers pairs for any energy in the bulk gap, i.e., the parity is odd. In Fig. 6.1(c),
there are 3 of them for every energy except for energies in the mini-gap of the bands
on the left and right for which the number of edge-state Kramers pairs is 1, and for the
upper and lower boundaries of the mini-gap [the former depicted by the horizontal line
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in Fig. 6.1(c)], where the number of Kramers pairs is 2. The parity is odd at almost
every energy, except the two isolated energy values at the mini-gap boundaries.

The general proposition is that the parity of the number of edge-state Kramers pairs
at a given edge for a given Hamiltonian at a given energy is independent of the choice of
energy, as long as this energy is inside the bulk gap. Since in a time-reversal invariant
system, all edge states have counter-propagating partners, we can express this number
as

D =
N(E)

2
mod 2 =

N+(E) +N−(E)

2
mod 2, (6.19)

where N(E) = N+(E) +N−(E) is the total number of edge states at an edge. A caveat
is that there are a few isolated energy values where this quantity is not well defined, e.g.,
the boundaries of mini-gaps in the above example, but these energies form a set of zero
measure.

Since D is a topological invariant, we can classify 2D time-reversal invariant lattice
models according to it, i.e., the parity of the number of edge-state Kramers pairs sup-
ported by a single edge of the terminated lattice. Because it can take on two values, this
‘label’ D is called the Z2 invariant, and is represented by a bit taking on the value 1 (0)
if the parity is odd (even).

As a final step, we should next consider disorder that breaks translational invarance
along the edge, in the same way as we did for Chern insulators. Due to the presence of
edge states propagating in both directions along the edge, the treatment of disorder is a
bit trickier than it was for Chern states, and we therefore relegate it to the next chapter.

6.3.2 Two Time-Reversal Symmetries

A time reversal invariant lattice model constructed by “doubling the Hilbert space”, as in
Eq. (6.13), has not one, but two different time reversal symmetries. Not only T = τyK,
but also T ′ = τxK fulfils the requirements of being antiunitary and commuting with
the Hamiltonian of the model, H2. This second time reversal symmetry, T ′, squares to
T ′2 = +1, and so it belongs to the class of time reversal symmetries that does not imply
Kramers degeneracy, and so provides no protection for edge states. Which of these time
reversal symmetries is really present depends on which symmetry is respected by extra
terms in our Hamiltonian or by the disorder in our system: τyK, τxK, or perhaps both.

On the one hand, the presence of the extra symmetry should not worry us: we already
have a TRS which squares to −1, and so we already have topological protection for our
edge state pairs.

On the other hand, the fact that our model has two different antiunitary time re-
versal symmetry operations means it must have a conventional unitary symmetry: the
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composition of these two. Consider

T1ĤT1 = T2ĤT2 = H; (6.20)

T1T2ĤT −1
2 T −1

1 = T1ĤT −1
1 = Ĥ; (6.21)

A ≡ T1T2; =⇒ AĤA† = Ĥ. (6.22)

The extra unitary symmetry of our time-reversal symmetric lattice modelH2 is iτyKτxK =
τz. This should be no surprise: of course τz is a symmetry, this follows from the block di-
agonal structure of the Hamiltonian. The presence of this unitary symmetry implies that
we can factor it out: consider each sector of the symmetry separately. In our case, these
sectors correspond to the various blocks, which, on their own, do not have time-reversal
symmetry.

6.4 The bulk–boundary correspondence: Z2 invari-

ant from the bulk

We defined the Z2 invariant D as the parity of the number of edge state pairs at an
edge. However, this number does not depend on the type of edge: it is a topological
invariant that is a set by the bulk Hamiltonian. Suppose we are given a two-dimensional
time-reversal invariant lattice model with periodic boundary conditions, so there are no
edges. To read off the topological invariant D, there is a surefire way: we have to create
an edge by selecting a closed loop C on the lattice, and setting all hopping amplitudes
that hop across this loop to 0. The parity of the number of edge states that propagate
along the loop is independent not only of the position along the closed loop C, but also
on the shape and position of the loop itself (as long as the loop is big enough).

Since the Z2 invariant is the property of the Hamiltonian independent of the edges,
there should be a topological invariant of the bulk Hamiltonian H(k) that corresponds
to it. For 2D insulators we already have such a bulk invariant: the Chern number Q,
which also gives the net number of edge states at an edge, N+(E)−N−(E). This Chern
number is 0 for all time-reversal invariant 2-dimensional insulators. For 2-dimensional
lattice systems with time reversal that squares to T 2 = −1, there must be another
bulk topological invariant equal to D. Finding this other invariant would amount to
completing the bulk–boundary correspondence for time-reversal invariant 2-dimensional
insulators.

If the time-reversal invariant Hamiltonian was constructed by “doubling the Hilbert
space” of an insulator with Chern number Q, via the recipe (6.13), the topological in-
variant D can easily be calculated as

D = Q mod 2. (6.23)
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This is straigthtforward to show. The “doubling of the Hilbert space” can be understood
as taking two layers with Hamiltonians H and H∗. As we saw in chapter 4, the number
of counterclockwise (clockwise) propagating edge states in the layer with Hamiltonian H
is N+ (N−), with N+−N− = Q. The total number of edge states in the layer is |Q|+2n,
with |Q| of these topologically protected. Each edge state has a time-reversed partner on
the other layer which propagates in the opposite direction. Therefore, the total number
of edge states in both layers is N = |2Q| + 4n. If we substitute this into Eq. (6.19), we
obtain Eq. (6.23).

For the BHZ model, Eq. (6.17), this shows that the Z2 topological invariant D is:

D = 0 if |∆| > 2; (6.24)

D = 1 if |∆| < 2; (6.25)

D undefined if ∆ = 0 (not an insulator). (6.26)

If the time-reversal invariant Hamiltonian can be brought to a block diagonal form as
in Eq. (6.13) adiabatically, the topological invariant D is again easy to calculate. Since
D is a topological invariant, its value is not affected by the adiabatic deformation, i.e.,
by the switching off of the couplings between the blocks. However, with the couplings
between the layer and its time-reversed partner set to 0, we can plug in Eq. (6.23).

In the general case, it can happen that it is not possible to find a way to adiabatically
deform the Hamiltonian to the block diagonal form of Eq. (6.13). Although there are
mathematical constructions of the Z2 invariant in this most general case as well, these
are much more difficult to calculate than the discretized Chern number of Section 3.4.2.
Therefore we do not detail these constructions in these notes. However, there is an
important special case where a simple numerical algorithm exists, which we discuss in
the next Section.

6.4.1 The Z2 invariant for systems with inversion symmetry

By its standard definition, inversion around the origin is r ↔ −r. When we apply
inversion to the wavefunction of a particle with spin, it should not change the spin,
but should flip the momentum. If the particle has some other ”pseudospin” degrees of
freedom, the action of inversion on these is represented by a unitary matrix P . Inversion
should commute with time reversal.

Applying the concept of inversion to a lattice system, we say that it has inversion
symmetry, if there exists a unitary P independent of k such that

P †P = 1; (6.27)

P 2 = 1; (6.28)

PH(k)P−1 = H(−k); (6.29)

PT = T P. (6.30)
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A concrete example for inversion symmetry is given by the BHZ model, Eq. (6.17).
It can be checked directly that this has inversion symmetry represented by P = σzτ0.

Consider the Time-Reversal Invariant Momenta (TRIM), Γj. There are 2d such mo-
menta in a d-dimensional lattice model. Each eigenstate |Ψ〉 at these momenta has an
orthogonal Kramers pair T |Ψ〉,

H(Γj) |Ψ〉 = E |Ψ〉 ; (6.31)

H(Γj)T |Ψ〉 = ET |Ψ〉 . (6.32)

If H is inversion symmetric, |Ψ〉 can be chosen to be an eigenstate of P as well, since

PH(Γj)P = H(−Γj) = H(Γj). (6.33)

Therefore,

P |Ψ〉 = ± |Ψ〉 . (6.34)

The Kramers pair of Ψ has to have the same parity eigenvalue:

PT |Ψ〉 = T P |Ψ〉 = T (±) |Ψ〉 = ±T |Ψ〉 . (6.35)

Therefore, in a system with both time-reversal and inversion symmetry, we get 2d

topological invariants. These are the products of the parity eigenvalues ξm(Γj) of the
occupied Kramers pairs at Γj, for j = 1, . . . , 2d.

Parity breaking disorder can mix the Kramers pairs at the edges, and so these in-
variants not robust. However, their product is. Without proof, we quote the statement,
that this product turns out to be the same as the Z2 invariant.

(−1)D =
∏
j

∏
m

ξm(Γj). (6.36)

We can check the above construction for the BHZ model. It has a simple square
lattice, and the four TRIM k1,k2,k3,k4, are the combinations of kx, ky with kx = 0, π
and ky = 0, π. The Hamiltonian HBHZ(kx, ky) at these momenta reads:

HBHZ(k1 = 0, 0) = (∆ + 2)σzτ0; (6.37)

HBHZ(k2 = 0, π) = ∆ σzτ0; (6.38)

HBHZ(k4 = π, π) = (∆− 2)σzτ0; (6.39)

HBHZ(k4 = π, 0) = ∆ σzτ0. (6.40)

At each TRIM, the Hamiltonian is proportional to the parity operator P = σzτ0, so
they obviously have the same eigenstates. At each TRIM, two of these states form one
occupied Kramers pair and the two others one empty Kramers pair. If ∆ > 2, at all
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four TRIM, the occupied Kramers pair is the one with σzτ0 eigenvalue of −1, and so
Eq. (6.36) gives D = 0. Likewise, if ∆ < −2, the eigenvalues are all +1, and we again
obtain D = 0. For 0 < ∆ < 2, we have P eigenvalues −1,−1,+1,−1 at the four TRIM
k1,k2,k3,k4, respectively, whereas if −2 < ∆ < 0, we have −1,+1,+1,+1. In both
cases, Eq. (6.36) gives D = 1. This indeed is the correct result, Eqs. (6.24),(6.25),(6.26),
that we obtained via the Chern numbers earlier.
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Figure 6.1: Edge states on a single edge of a 2-dimensional time-reversal invariant
topological insulator with T 2 = −1. From (a) to (d), the edge region of the sample
undergoes a continuous deformation, summerized by an arbitrary parameter a, respecting
the symmetry and the translational invariance along the edge. In (a)–(d), the edge state
dispersions relations are shown, in the full edge Brillouin zone kx = −π, . . . , π, and in
the energy window corresponding to the bulk gap. For clarity, right- (left-) propagating
edge states are denoted by continuous (dashed) lines. Due to the deformation of the
Hamiltonian, the edge state dispersion relations can move in the Brillouin zone, bend,
and couple, while the bulk energies remain unchanged. From (a) to (b), the crossing
points between counterpropagating edge states become anticrossings, i.e., gaps open in
these pairs of dispersion relation branches as a usual consequence of any parameter
coupling them. Notice that the crossings at kx = 0 and kx = π cannot become avoided
crossings, as these degeneracies are protected by the Kramers theorem. From (b) to (d),
as a result of the deformation, these gaps become so large that at energy E = 0, the
number of edge states drops from 6 (3 Kramers pairs) to 2 (1 Kramers pair). The kx
values of the edge states at 0 energy are plotted in (e), where this change in the number
of edge states shows up as an “annihilation” of right-propagating and left-propagating
edge states.
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Chapter 7

Absence of backscattering

A remarkable property of Chern insulators is that they support chiral edge states, i.e.,
edge states that have no counter-propagating counterparts. A simple fact implied by the
chiral nature of these edge states is that impurities are unable to backscatter a particle
that occupies them. As we argue below, absence of backscattering is also characteristic
of disordered D = 1 insulators (that is, 2D TRI topological insulators with T 2 = −1),
although the robustness is guaranteed only against time-reversal symmetric scatterers.

In this Chapter we introduce the scattering matrix , a simple concept that allows
for a formal analysis of scattering at impurites, and discuss the characteristic properties
of edge state scattering in 2D TRI topological insulators. The scattering matrix will
also serve as a basic tool in the subsequent Chapter, where we give a simple theoretical
description of electronic transport of phase-coherent electrons, and discuss observable
consequences of the existence and robustness of edge states.

7.1 The scattering matrix

Consider a phase-coherent 2D conductor with a finite width in the y direction, and perfect
translational symmetry along the x axis. The electronic energy eigenstates propagating
along the x axis at energy E have a product structure:

ψn,±(x, y) = Φn,±(y)e±ikn,±x (7.1)

The integer n = 1, 2, . . . , N labels the propagating modes, also referred to as scattering
channels. The + and − signs correspond to right-moving and left-moving states, respec-
tively. The transverse wave function of mode n,± is Φn,±(y). and its wave number is
kn,±.

Now consider the situation when the electrons are obstructed by a disordered region
in the conductor, as shown in Fig. 7.1. A monoenergetic wave incident on the scattering
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Figure 7.1: Disordered region (gray) obstructing electrons in a 2D phase-coherent con-

ductor. The scattering matrix S relates the amplitudes a
(in)
L and a

(in)
R of incoming waves

to the amplitudes a
(out)
L and a

(out)
R of outgoing waves.

region is characterized by a vector of coefficients

ain =
(
a

(in)
L,1 , a

(in)
L,2 , . . . , a

(in)
L,N , a

(in)
R,1 , a

(in)
R,2 , . . . , a

(in)
R,N

)
. (7.2)

The first (second) set of N coefficients correspond to propagating waves (7.1) of the clean
region on the left (right) side of the disordered part. The reflected and transmitted parts
of the wave are described by the vector

aout =
(
a

(out)
L,1 , a

(out)
L,2 , . . . , a

(out)
L,N , a

(out)
R,1 , a

(out)
R,2 , . . . , a

(out)
R,N

)
. (7.3)

The scattering matrix S relates these two vectors,

aout = Sain. (7.4)

The size of the scattering matrix is 2N × 2N , and it has the following block structure:

S =

(
r t′

t r′

)
(7.5)

where r and r′ are N × N reflection matrices describing reflection from left to left and
from right to right, and t and t′ are transmission matrices describing transmission from
left to right and right to left.

Particle conservation implies the unitarity of the scattering matrix S. In turn, its
unitary character implies that the Hermitian matrices tt†, t′t′†, 1− rr†, and 1− r′r′† all
have the same set of real eigenvalues T1, T2, . . . TN , called transmission eigenvalues.
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7.2 A single Kramers pair of edge states

Now we use the scattering matrix S to characterize defect-induced scattering of an elec-
tron occupying an edge state of a 2D TRI topological insulator with T = −1. Consider a
half-plane of a homogeneous lattice that is in the D = 1 class, and supports exactly one
Kramers pair of edge states at a given energy E in the bulk gap, as shown in Fig. 7.2.
Consider the scattering of the electron incident on the defect from the left side in Fig.
7.2. The scatterer is characterized by the Hamiltonian V . We show that the impurity
cannot backscatter the electron as long as V is time-reversal symmetric.

Figure 7.2: Scattering of an edge state on a time-reversal symmetric defect V . In a
2D TRI topological insulator with a single Kramers pair of edge states, the incoming
electron is transmitted through such a defect region with unit probability.

We choose our propagating modes such that the incoming and outgoing states are
related by time-reversal symmetry, i.e., ψ

(out)
L = Tψ

(in)
L and ψ

(out)
R = Tψ

(in)
R . In the

presence of the perturbation V , the edge states of the disorder-free system are no longer
energy eigenstates of the system. A general scattering state ψ at energy E is characterized
by the vector a(in) of incoming amplitudes. According to the above definition of the
scattering matrix S, the energy eigenstates outside the scattering region can be expressed
as:

ψ =
∑

s∈(L,R)

a(in)
s ψ(in)

s +
∑

s∈(L,R)

(
Sa(in)

)
s
ψ(out)
s . (7.6)

Due to time reversal symmetry,

−Tψ = −
∑

s∈(L,R)

a(in)∗
s ψ(out)

s +
∑

s∈(L,R)

(S∗a(in)∗)sψ
(in)
s

=
∑

s∈(L,R)

(S∗a(in)∗)sψ
(in)
s +

∑
s∈(L,R)

(−STS∗a(in)∗)sψ
(out)
s , (7.7)

where ST denotes the transpose of S, is also an energy eigenstate having the same energy
as ψ. A direct consequence of Eqs. (7.6) and (7.7) is that S = −ST , that is(

r t′

t r′

)
= S = −ST =

(
−r −t
−t′ −r′

)
(7.8)
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implying
r = r′ = 0, (7.9)

and hence perfect transmission of each of the two incoming waves.

Figure 7.3: Backscattering of edge states at a constriction. The states forming the
edge-state Kramers pairs are depicted as solid and dashed lines. (a) A time-reversal
symmetric defect localized to the edges, such as a small constriction shown here, is
unable to backscatter the incoming electron. (b) Backscattering is possible between
different edges, if the width of the constriction is of the order of the decay length of the
edge states. (c) A finite spatial gap between the left and right part of the wire implies
zero transmission.

If the D = 1 lattice has the geometry of a ribbon, and the TRS scatterer extends
to both edges, then the absence of backscattering is not guaranteed. This is illustrated
in Fig. 7.3, where we compare three examples. In (a), the defect is formed as a wide
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constriction on both edges, with a width much larger than the characteristic length of the
penetration of the edge states to the bulk region of the ribbon. Backscattering between
states at the same edge is forbidden due to TRS, and backscattering between states at
different edges is forbidden due to a large spatial separation of their corresponding wave
functions. In (b), a similar but narrower constriction with a width comparable to the
penetration length of the edge states does allow for scattering between states on the
lower and upper edges. In this case, backscattering from a right-moving state on one
edge to a left-moving state at the other edge is not forbidden. In (c), the constriction
divides the ribbon to two unconnected parts, resulting in zero transmission through the
constriction.

Naturally, backscattering is also allowed if the scatterer is not time-reversal sym-
metric, or if the scattering process is inelastic. Backscattering is not forbidden for the
‘unprotected’ edge states of topologically trivial (D = 0) 2D TRI insulators.

7.3 An odd number of Kramers pairs of edge states

The above statement (7.9) implying unit transmission, albeit in a somewhat weakened
form, can be generalized for arbitrary D = 1 lattice models, including those where the
number of edge-state Kramers pairs N is odd but not necessarily one. The proposition
is that in such a system, given a time-reversal symmetric scatterer V and an arbitrary
energy E in the bulk gap, there exists at least one linear combination of the incoming
states of energy E from each side of the defect that is perfectly transmitted through the
defect.

The proof follows that in the preceding Section, with the difference that the quantities
r and t describing reflection and transmission are N × N matrices, and that the anti-
symmetric nature of the S-matrix S = −ST implies the antisymmetry of the reflection
matrices r = −rT . Every antisymmetric matrix has a vanishing determinant, therefore
det(r) = 0 and hence det(r†r) = det(r†) det(r) = 0, therefore at least one eigenvalue of
r†r is zero, which implies that at least one transmission eigenvalue Tn is unity.

7.4 Robustness against disorder

The absence-of-backscattering result (7.9) implies a remarkable statement regarding the
existence of (at least) one perfectly transmitting ‘edge state’ in a finite-size disordered
sample of a 2D TRI topological (D = 1) insulator. (See also the discussion about Fig. 4.8
in the context of Chern Insulators). Such a sample with an arbitrarily chosen geometry
is shown in Fig. 7.4. Assume that the disorder is TRS and localized to the edge of the
sample. We claim that any chosen segment of the edge of this disordered sample supports,
at any energy that is deep inside the bulk gap, (at least) one counterpropagating Kramers
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Figure 7.4: A disordered 2D TRI topological insulator contacted with two electrodes.
Disorder is ‘switched off’ and the edge is ‘straightened out’ within the dashed box, hence
the edge modes there resemble those of the disorder-free lattice.

pair of edge states that are delocalized along the edge and able to transmit electrons with
unit probability. This is a rather surprising feature in light of the fact that in truly one-
dimensional lattices, a small disorder is enough to induce Anderson localization of the
energy eigenstates, and hence render the system an electronic insulator.

To demonstrate the above statement, let us choose an edge segment of the disor-
dered sample for consideration, e.g., the edge segment running outside the dashed box
in Fig. 7.4. Now imagine that we ‘switch off’ disorder in the complementer part of the
edge of the sample, and ‘straighten out’ the geometry of that complementer part, the
latter being shown within the dashed box of Fig. 7.4. Furthermore, via an appropriate
spatial adiabatic deformation of the Hamiltonian of the system in the vicinity of the
complementer part of the edge (i.e., within the dashed box in Fig. 7.4), we make sure
that only a single edge-state Kramers pair is present within this complementer part. The
existence of such an adiabatic deformation is guaranteed by the D = 1 property of the
sample, see the discussion of Fig. 6.1. The disordered edge segment, outside the dashed
box in Fig. 7.4, now functions as a scattering region for the electrons in the straightened
part of the edge. From the result (7.9) we know that such a TRS scatterer is unable
to induce backscattering between the edge modes of the straightened part of the edge,
hence we must conclude that the disordered segment must indeed support a perfectly
transmitting edge state in each of the two propagation directions.

In the next Chapter, we show that the electrical conductance of such a disordered
sample is finite and ‘quantized’, if it is measured through a source and a drain contact
that couple effectively to the edge states.
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Chapter 8

Electrical conduction of edge states

8.1 Electrical conduction in a clean quantum wire

It is well known that the electrical conduction of ordinary metallic samples at room
temperature shows the following two characteristics. First, there is a linear relation
between the electric current I that flows through the sample and the voltage V that drops
between the two ends of the sample: I/V = G ≡ R−1, where G (R) is the conductance
(resistance) of the sample. Second, the conductances Gi of different samples made of
the same metal but with different geometries show the regularity GiLi/Ai = σ for ∀i,
where Li is the length of the sample and Ai is the area of its cross section. The material-
specific quantity σ is called the conductivity. Conductors obeying both of these relations
are referred to as Ohmic.

Microscopic theories describing the above behavior (e.g., Drude model, Boltzmann
equation) rely on models involving impurities, lattice vibrations, and electron scatter-
ing within the material. Electrical conduction in clean (impurity-free) nanostructures
at low-temperature might therefore qualitatively deviate from the ordinary case. We
demonstrate such deviations on a simple zero-temperature model of a two-dimensional,
perfectly clean, constant-cross-section metallic wire, depicted in Fig. 8.1a. In the subse-
quent Section 8.2, we describe how scattering at static impurities affects the conduction
in general, and in Section 8.3 we discuss the influence of edge modes of 2D topological
insulators on their phase-coherent electrical conduction.

Assume that the wire lies along the x axis and has a finite width in the y direction,
which might be defined by an electric confinement potential or the termination of the
crystal lattice. Each electronic energy eigenfunction ψnk in such a wire is a product of
a standing wave along y, labeled by a positive integer n, and a plane wave propagating
along x, labeled by a real wave number k (see Eq. (7.1)). A typical set of dispersion
relations Enk (‘subbands’) for different n indices is shown in Fig. 8.1b.

We also make assumptions on the two metallic contacts that serve as source and drain
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Figure 8.1: (a) Schematic representation of a clean quantum wire contacted to two
electron reservoirs (contacts). (b) Occupations of electronic states in the contacts and
the quantum wire in the nonequilibrium situation when a finite voltage V is applied
between the left and right reservoirs.

of electrons. We assume that the electrons in each contact are in thermal equilibrium,
but the Fermi energies in the contacts differ by µL − µR = |e|V > 0. We consider the
linear conductance, that is, the case of an infinitesimal voltage |e|V → 0. We further
assume that both contacts absorb every incident electron with unit probability, and that
the energy distribution of the electrons they emit is the thermal distribution with the
respective Fermi energy.

These assumptions guarantee that the right-moving (left-moving) electronic states in
the wire are occupied according to the thermal distribution of the left (right) contact,
as illustrated in Fig. 8.1b. We work with electron states normalized to the area of the
channel. It is a simple fact that with this normalization convention, a single occupied
state in the nth channel, with wave number k carries an electric current of −|e|vnk

L
, where

L is the length of the wire, and vnk = 1
~
dEnk

dk
is the group velocity of the considered state.

Therefore, the current flowing through the wire is

I = −|e| 1
L

∑
nk

vnk [f(Enk − µL)− f(Enk − µR)] , (8.1)

where f(ε) =
(

exp ε
kBT

+ 1
)−1

is the Fermi-Dirac distribution. Converting the k sum to
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an integral via 1
L

∑
k . . . 7→

∫
dk
2π
. . . yields

I = −|e|
∑
n

∫
dk

2π

1

~
dEnk
dk

[f(Enk − µL)− f(Enk − µR)] . (8.2)

The Fermi-Dirac distribution has a sharp edge at zero temperature, implying

I = −|e|
h
M

∫ µL

µR

dE = −|e|
h

(µL − µR)M = M
e2

h
V (8.3)

Note that the first equality in (8.3) holds only if the number of subbands intersected
by µL and µR are the same, which is indeed the case if the voltage V is small enough.
The number of these subbands, also called ‘open channels’, is denoted by the integer
M . From (8.3) it follows that the conductance of the wire is an integer multiple of e2/h
(commonly referred to as ‘quantized conductance’):

G =
e2

h
M. (8.4)

The numerical value of e2/h is approximately 40 µS (microsiemens), which corresponds
to a resistance of approximately 26 kΩ. Note the the conductance quantum is defined
as G0 = 2e2/h, i.e., as the conductance of a single open channel with twofold spin
degeneracy.

It is instructive to compare the conduction in our clean quantum wire to the ordinary
Ohmic conduction summarized above. According to (8.3), the proportionality between
voltage and current holds for a clean quantum wire as well as for an ordinary metal.
However, the dependence of the conductance on the length of the sample differs qualita-
tively in the two cases: in an ordinary metal, a twofold increase in the length of the wire
halves the conductance, whereas the conductance of a clean quantum wire is insensitive
to length variations.

Whether the conductance of the clean quantum wire is sensitive to variations of the
wire width depends on the nature of the transversal modes. Conventional quantum wires
that are created by a transverse confinement potential have a subband dispersion similar
to that in Fig. 8.1b. There, the energy separation between the subbands decreases as the
width of the wire is increased, therefore the number of subbands available for conduction
increases. This leads to an increased conductance for an increased width, similarly to
the case of ordinary metals. If, however, we consider a topological insulator, where the
current is carried by states localized to the edges of the wire, the conductance of the wire
will be insensitive to the width of the wire.

85



8.2 Phase-coherent electrical conduction in the pres-

ence of scatterers

Having calculated the conductance (8.4) of a clean quantum wire, we now describe how
this conductance is changed by the presence of impurities. We analyze the model shown in
Fig. 8.2, where the disordered region, described by a scattering matrix S, is connected to
the two contacts by two identical clean quantum wires, also called ‘leads’ in this context.

Figure 8.2: Simple model of a phase-coherent conductor in the presence of scatter-
ers. The ideal contacts L and R are connected via ideal leads to the disordered region
represented by the scattering matrix S.

First, we consider the case when each lead supports a single open channel. The current
in the lead connecting contact L and the scattering region consists of a contribution from
right-moving states arriving from contact L and partially backscattered with probability
R = |r|2, and from left-moving states arriving from contact R and partially transmitted
with probability T ′ = |t′|2:

I = −|e| 1
L

∑
k

vk [(1−R(Ek)) fL(Ek)− T ′(Ek)fR(Ek)] (8.5)

Converting the k sum to an integral, assuming that the transmission and reflection
probabilities are independent of energy in the small energy window between µR and µL,
and using 1−R = T = T ′, we arrive at

I = −|e|
h
T

∫ µL

µR

dE [fL(E)− fR(E)] =
e2

h
TV, (8.6)

which implies that the conductance can be expressed through the transmission coefficient
T :

G =
e2

h
T. (8.7)
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The result (8.7) can be straightforwardly generalized to the case when the leads
support more than one open channel. The generalized result for the conductance, also
known as the Landauer formula, reads:

G =
e2

h

M∑
n=1

Tn, (8.8)

where Tn are the transmission eigenvalues of the scattering matrix i.e., the real eigenval-
ues of the Hermitian matrix tt†, as defined in the preceding Chapter.

8.3 Electrical conduction in 2D topological insula-

tors

8.3.1 Chern Insulators

In Section 4.4, we have seen that an impurity-free straight strip of a topologically nontriv-
ial Chern Insulator supports edge states. The relation between the Chern number Q of
the Chern Insulator and the numbers of edge states at a single edge at a given energy E,
propagating ‘clockwise’ (N+(E)) and ‘anticlockwise’ (N−(E)), is Q = N+(E)−N−(E).
In addition, in Section 4.5 it was shown that any segment of the edge of a disordered
Chern Insulator with Chern number Q and an arbitrary geometry supports |Q| chiral
edge modes. Here we show that existence of these edge modes leads to experimentally
detectable effects in the electrical transport through Chern Insulator samples.

We consider a transport setup where the Chern Insulator is contacted with two metal-
lic electrodes, as shown in Fig. 8.3. In this discussion, we rely on the usual assumptions
behind the Landauer formula: phase-coherence of the electrons, good contact between
contacts and sample, and large spatial separation of the two electrodes ensuring the
absence of tunneling contributions to the conductance.

In the following list, we summarize how the phase-coherent electrical conductance of
a Chern Insulator varies with the sample geometry, absence or presence of disorder, and
the value of the electronic Fermi energy.

1. Disorder-free sample with a strip geometry (see Fig. 8.1a)

(a) Fermi energy lies in a band. In this case, the sample is a clean quantum wire
(see Section 8.1) with an integer number of open channels. The correspond-
ing transversal wave functions might or might not be localized to the sample
edges, and therefore the number of channels might be different from any com-
bination of Q, N+ or N−. According to Eq. 8.4, the conductance of such a
clean quantum wire is quantized and insensitive to the length of the sample.
Furthermore, the conductance grows in a step-like fashion if the width of the
sample is increased.
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Figure 8.3: A disordered sample of Chern insulator, with contacts 1 and 2, that can be
used to pass current through the sample in order to detect edge states.
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(b) Fermi energy lies in the gap. The sample is a clean quantum wire with open
channels that are all localized to the sample edges. The number of those
channels is N+(E) +N−(E), where E is the Fermi energy: in each of the two
possible direction of current flow, there are N+ channels on one edge and N−
on the other edge that contribute to conduction. Conductance is finite and
quantized, a behavior rather unexpected from an insulator. The conduction
is not Ohmic, as the conductance is insensitive to both the length and the
width of the sample.

2. Disordered sample with an irregular shape (see Fig. 8.3):

(a) Fermi energy lies in a band. Because of the presence of disorder, the electrical
conduction of such a sample is typically Ohmic. There are no protected edge
states at the Fermi energy.

(b) Fermi energy lies well within the gap. According to Section 4.5, any edge
segment of such a sample supports Q reflectionless chiral edge modes at the
Fermi energy. Therefore, conductance is typically quantized, G = |Q|e2/h,
although, disorder permitting, it might in principle be larger than this value.
The quantized conductance is insensitive to changes in the geometry or the
disorder configuration. This transport property, unexpected for an insulator,
let alone for one with disorder, is a hallmark of Chern Insulators.

In the case of 2D samples there is often an experimental possibility of tuning the electronic
Fermi energy in situ by controlling the voltage applied between the sample and a nearby
metallic plate, as discussed in Section 8.4. This allows, in principle, to observe the
changes in the electrical conduction of the sample as the Fermi energy is tuned across
the gap.

8.3.2 2D TRI topological insulators with T 2 = −1

In the following list, we summarize the predictions of the Landauer formalism for the
conductance of 2D TRI topological insulators with T 2 = −1 (‘D = 1 insulators’ for
short).

1. Disorder-free sample with a strip geometry:

(a) Fermi energy lies in a band. A simple consequence of the Landauer formula is
that phase-coherent conductance of an impurity-free D = 1 topological insu-
lator of the strip geometry shown in Fig. 8.1a is quantized. The conductance
grows if the width of the strip is increased, but insensitive to change in the
length.
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(b) Fermi energy lies in the gap. Only edge channels are open in this case. These
also provide conductance quantization. As the number of edge-state Kramers
pair per edge is odd, the conductance might be 2e2/h, 6e2/h, 10e2/h, etc.
Conductance is insensitive to width or length changes of the sample.

2. Disordered sample with an irregular shape and TRS disorder:

(a) Fermi energy lies in a band. The electrical conduction is Ohmic.

(b) Fermi energy lies in the gap. We have shown in Chapter 7 that a D = 1 insu-
lator supports one protected edge-state Kramers pair per edge, which allows
for reflectionless electronic transmission if only TRS defects are present. The
Landauer formula (8.8) implies, for typical cases, G = 2e2/h for such a sam-
ple, as one edge state per edge contributes to conduction. The conductance
might also be larger, provided that the number of edge-state Kramers pairs
is larger than 1 and disorder is ineffective in reducing the transmission of the
topologically unprotected pairs.

We note that in real materials with Z2 invariant D = 1, various mechanisms might
lead to backscattering and, in turn, to G < 2e2/h. Examples include TRS-breaking im-
purities, TRS impurities that bridge the spatial distance between the edges (see Chapter
7), hybridization of edge states from opposite edges in narrow samples, and inelastic
scattering on phonons or spinful impurities.

8.4 An experiment with HgTe quantum wells

Electrical transport measurements [?] on appropriately designed layers of the semicon-
ductor material mercury-telluride (HgTe) show signatures of edge-state conduction in
the absence of magnetic field. These measurements are in line with the theoretical pre-
diction that a HgTe layer with a carefully chosen thickness can realize a topologically
nontrivial (D = 1) 2D TRI insulator with T 2nov = −1. In this Section, we outline the
main findings of this experiment, as well as its relation to the BHZ model introduced
and discussed in Chapter 6.

The experiments are performed on sandwich-like structures formed by a few-nanometer
thick HgTe layer (quantum well) embedded between two similar layers of the alloy
HgxCd1−xTe, as shown in Fig. 8.4. (In the experiment reported in [?], the alloy compo-
sition x = 0.3 was used.) In this structure, the electronic states with energies close the
Fermi energy are confined to the HgTe layer that is parallel to the x-y plane in Fig. 8.4.
The energy corresponding to the confinement direction z is quantized. The carriers are
free to move along the HgTe layer, i.e., parallel to the x-y plane, therefore 2D subbands
are formed in the HgTe quantum well. Detailed band-structure calculations of Ref. [?]
show that as the the thickness d of the HgTe layer is decreased, the lowermost conduction
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Figure 8.4: Schematic representation of a HgTe quantum well of width d, sandwiched
between two HgxCd1−xTe layers. Electrons are confined to the HgTe layer, and their
Fermi energy can be tuned in situ by adjusting the voltage Vgate of the metallic electrode
on the top of the sample (black). For a more accurate description of the experimental
arrangement, see [?].

subband and the uppermost valence subband touch at a critical thickness d = dc, and the
gap is reopened for even thinner HgTe layers. (For the alloy composition x = 0.3 used
in the experiment, the critical thickness is d ≈ 6.35 nm.) This behavior is illustrated
schematically in Fig. 8.5, where (a) shows, as a function of the quantum well thickness
d, the energy of the lowermost conduction subband and the uppermost valence subband
at the center of the Brillouin zone (i.e., the energy distance between the two lines at a
certain thickness d is the energy gap), whereas (b) illustrates the dispersion relations of
these two bands in the vicinity of the Brillouin zone center, for three different quantum
well thicknesses.

Band-structure calculations have also revealed a connection between the subbands
depicted in Fig. 8.5b and the BHZ model introduced and discussed in Chapter 6. The
4 × 4 effective Hamiltonian describing the two spinful 2D subbands around their ex-
tremum point at the centre of the HgTe Brillouin zone resembles the low-energy con-
tinuum Hamiltonian derived from the BHZ lattice model in the vicinity of the ∆ ≈ −2
value. Changing the thickness d of the HgTe layer corresponds to a change in the pa-
rameter ∆ of the BHZ model, and the critical thickness d = dc corresponds to ∆ = −2
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Figure 8.5: Illustration of the evolution of the 2D band structure of a HgTe slab as
a function of its thickness d. (a) Energies of the lowermost conduction subband and
the uppermost valence subband at the center of the 2D Brillouin zone, as a function of
quantum well thickness d. (b) Schematic dispersion relation of the two bands for a HgTe
quantum well for three different thicknesses.

and, consequently, a zero mass in the corresponding 2D Dirac equation.
As a consequence of the strong analogy of the band structure of the HgTe quantum

well and that of the BHZ model, it is expected that either for d < dc or for d > dc the
material is a D = 1 insulator with a single Kramers pair of edge states. Arguments
presented in [?] suggest that the thick quantum wells with d > dc are topologically
nontrivial.

Electrical transport measurements were carried out in HgTe quantum wells patterned
in the Hall bar geometry shown in Fig. 8.6. The quantity that has been used in this
experiment to reveal edge-state transport is the four-terminal resistance R14,23 = V23/I14,
where V23 is the voltage between contacts 2 and 3, and I14 is the current flowing between
contacts 1 and 4. This quantity R14,23 was measured for various devices with different
thicknesses d, below and above the critical thickness dc, of the HgTe layer, and for
different values of the Fermi energy. The latter can be tuned in situ by controlling the
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voltage between the HgTe layer and a metallic ‘gate’ electrode on the top of the layered
semiconductor structure, as shown in Fig. 8.4.

Figure 8.6: HgTe quantum well patterned in the Hall-bar geometry (gray area). Num-
bered terminals lead to metallic contacts. Solid and dashed lines depict counterpropa-
gating edge states.

To appreciate the experimental result, let us first derive the four-terminal resistance
R14,23 for such a device. To this end, we express V23 with I14. Ohm’s law implies V23 =
I23/G23, where I23 is the current flowing through the edge segment between contacts 2
and 3, whereas G23 is the conductance of that edge segment. Furthermore, as the current
I14 flowing through terminals 1 and 4 is equally devided between the upper and lower
edges, the relation I23 = I14/2 holds, implying the result R14,23 = 1/(2G23).

If the Fermi energy lies in the bands neighboring the gap, then irrespective of the
topological invariant of the system, the HgTe quantum well behaves as a good conductor
with G23 � e2/h, implying R14,23 � h/e2. If the Fermi energy is tuned to the gap in
the topologically nontrivial case d > dc, then G23 = e2/h and therefore R14,23 = h/(2e2).
This holds, of course, only at a temperature low enough and a sample size small enough
such that phase coherence is guaranteed. The presence of static TRI defects is included.
If the system is topologically trivial (d < dc), then there is no edge transport, and the
quantum well is a good insulator with R14,23 � h/e2.

The findings of the experiments are consistent with the above expectations. Further-
more, the four-terminal resistance of topologically nontrivial HgTe layers with different
widths were measured, with the resistance found to be an approximately constant func-
tion of the width W of the Hall bar. This is a further indication that the current in these
samples is carried by edge states.

To wrap up this Chapter, we finally note that HgTe quantum wells provide the only
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experimental realization of D = 1 topological insulators to date. Graphene is believed to
be a D = 1 topological insulator as well, even though its energy gap between the valence
and conduction band, induced by spin-orbit interaction and estimated to be of the order
of µeV, seems to be too small to allow for the detection of edge-state transport even at
the lowest available temperatures. The concept of a TRI topological insulator can be
extended to 3D crystals as well, where the role of the edge states is played by states
localized to the 2D surface of the 3D material. The description of such systems is out of
the scope of the present course; the interested reader might consult, e.g., Refs. [?, ?].
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