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Chapter 1

Stationary sequences, ergodic
theorems

1.1 Stationary sequences of random variables
e (O, F,P) a probability space
e (5,S) a measurable space

o ¢ : Q) — S measurable functions, j € N (or j € Z)

Definition 1.1. The sequence of (S-valued) random variables &; is station-
ary iff (Vk € N) (or (Vk € Z)) and (VI > 0):

distrib (507 517 ° oo 7&) = distrib (gka €k+17 000 >£k+l)

Elementary remarks:

Remark 1.1. A stationary sequence (@)JEN can always be embedded into a

stationary sequence (§j)jez.

Balint Téth, BME TTK tankonyvtar.math.bme.hu



4 LIMIT THEOREMS OF PROBABILITY THEORY

Remark 1.2. If (§j),, is a stationary sequence of (S5, S)-valued random

variables, (S 3) is another measurable space, g : S% — S is measurable
map, and

%:;' = g( .. 7§j—175j7§j+1; P )

Then: (Ej) s a stationary sequence of (5’, g)—valued random variables.
JEL

The essential content of ergodic theorems: generalizations of the laws of
large numbers.

If (Xj);io is a stationary sequence of R-valued random variables, such
that E (| X |) < oo, then

n—1

! Y X, —E(Xy)

n
J=0

asymptotic time averages = state-space averages

— almost surely and in L'(Q, F, P) (Birkhoff, difficult);

~ in L*(Q, F,P), (von Neumann, easier).

1.1.1 Examples of stationary sequences

Example 1.1 (Li.d. sequences). (), i.i.d. sequence of (S5,S)-valued
random variables.

Example 1.2 (Finitely dependent sequences). Let ({;), , t.i.d. se-

quence of (S,S)-valued random variables, (S,S) another measurable space,
m >0 (fized), g : S — S measurable map. Then

g;’ = g<£j7 000 7€j+m)

is a (S,8)-valued stationary sequence.
E.g. & i.i.d. Bernoulli, §; == max{§;,&+1}.

tankonyvtar.math.bme.hu Balint Toéth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 5

Example 1.3 (Example 3a, 3b). ()., t.i.d. Bernoulli, P ({; = 0) =
1/2=P (& =1).

Go=) 275,
k=0
= 277 4
k=0
Then:
distrib ((;) = UNI[0, 1] = distrib (n;) .
Remarks:

G ={2¢;} :==2¢; — [2¢;] deterministically!

(mj);50 i @ Markov chain on [0, 1].

Example 1.4 (Stationary Markov chains). Let S be a finite or countable
state space, P = (Pa), geg Stochastic matriz, m: S — [0,1], >0 cgm(a) =
1 stationary for P:

> (@) Pag = 7(B).

a€esS

(&);50 the stationary Markov chain:

P (60 = aOvSl =Qq,... >€l = al) - W(OZO)PO%OQ 000 POél—hal

Example 1.5 (Rotations of the circle). S = [0,1), S = Borel, P =
Lebesque.

6 € (0,1) (fized), (iw) ={w+0}, jeZ

Example 1.6 (“Bernoulli shift”). (see also )S=1[0,1), S =
Borel, P = Lebesque.

§i(w) == {2w} = 2w — [2w)], j=20

Balint Téth, BME TTK tankonyvtar.math.bme.hu



6 LIMIT THEOREMS OF PROBABILITY THEORY

1.1.2 Measure preserving transformations, dy-
namical systems

Definition 1.2. Let (2, F,P) be a probability space. The T : Q — Q
measurable transformation is measure preserving if

VAeF: P(T'A)=P(4).

We call (2, F,P,T) an endomorphism or a dynamical system.
If T is a.s. invertible we call it an automorphism.

Let (S,S) be another measurable space and ¢ : 2 — S a measurable
function. Then

& = g(TVw)

is a stationary sequence of S-valued random variables.

Remark 1.3. Any stationary sequence of random variables can be realized
this way!

(S,S) measurable space, (fj);.’io stationary sequence of S-valued random

variables.

Q=N ={w = (wy,wr,wa,...) w; €S}
Fi=0(Ex8xSx...)

P = joint distribution of (£;)72,

T:Q — Q) (Tw)j = Wjt1

g: Q=5 gw):=w

1.1.3 The invariant sigma-algebra, ergodicity
Definition 1.3. Let (2, F,P,T) be an endomorphism. Then
I:={AeF :P(AoT'4A)=0}CF

15 the sub-sigma-algebra of invariant sets.

tankonyvtar.math.bme.hu Balint Toth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 7

Definition 1.4. The dynamical system (Q, F,P,T) is ergodic iff the invari-
ant sigma-algebra L is trivial with respect to P:

VAeZ: P(A) e {01}

Remark 1.4. Equivalently: (2, F, P, T) is ergodic iff for [ : Q — R mea-
surable

{f(Tw) = f(w) a.s.} & {f(w) = const. a.s.}

Example 1.7 (I.i.d. sequence). See . (S,8,Py) a probability
space,

Q=N = {w = (wy,wr,ws,...) :w; €S}
F=0(§x8xSx...)
P:P1XP1XP1X...

T:Q—Q, (Tw)j:wj+1

Theorem 1.1. The endomorphism (0, F,P,T) is ergodic.
Proof. The tail sigma-algebra is

T = ﬂa (Wny Wit 1, Wna2, - - )
n

Fact: Z C 7. Not very difficult.

Kolmogorov’s 0-1 law: 7 is P-trivial. ]
Example 1.8 (Factors). See and (Q,F,P,T)
and (Q, F,P,T) dynamical systems, ¢ : 0 — € measurable, such that

P(p ' (A)) = P(4) VAe F
gpoT:Tvogo P—a.s.

then (Q,j—v—,f’,f) is a factor of (U, F,P,T).

Balint Téth, BME TTK tankonyvtar.math.bme.hu



8 LIMIT THEOREMS OF PROBABILITY THEORY

Theorem 1.2. If ((NZL}N"LISL?)JS a factor of (0, F,P,T) and (2, F,P,T)
is ergodic then so is (Q, F,P.T).

Proof. Homework. O

Example 1.9 (Ergodic Markov chains). See Frample 1.). The state
space: (S,8S) finite or countable

The stochastic matriz P = (Pa,g), segs

m probability measure on S, stationary for P: 7P = 7.

Q:= N ={w= (wy,w1,ws,...) w; €S}
Fi=0(Ex8x8x...)

P (wo, w1, ... ,wi) = T(wWo)Pgwy - - - Py
T:Q — Q) (Tw)j = Wjt1

Theorem 1.3. The dynamical system (2, F, P, T) is ergodic iff P is irre-
ducible.

Proof. : Proof of =: trivial
Proof of <: Denote F,, := o(wo, ...,w,) and let A € 7.
Then E (ILA | fn) is a bdd martingale w.r.t. the filtration F,, and

Bl | 7)) @ YEMs 0T | F) (@) 2 hw,)

(1): due to invariance of A
(2): due to the Markov property
Due to the martingale convergence theorem

hMwy,) =E (IIA ‘ fn) (W) 2% E (]lA ‘ .7-"00) (W) = T 4(w)
This can hold only if A = const. O

Example 1.10 (Rotations of the circle). See Frample 1.5. Q =[0,1),
F = Borel, P = Lebesgue, Tw := {w + 0}

Theorem 1.4. The dynamical system (2, F,P,T) is ergodic iff 0 is irra-
tional.

tankonyvtar.math.bme.hu Balint Toéth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 9

Proof. Fourier method: let f € L*(Q), F,P).

o0

2 . 1 .
f(w) I& Z Ck6227rk:w’ = / e—z?ﬂ'kwf(w)dw
0

Then
{fw)=f(Tw) as} & {VkeZ: ¢ (”™ —1) =0}

o {9¢@3 Ck=5k,o }

0==2cQ: cr=crllikmmg

]

Example 1.11 (“Bernoulli shift”). See frample 1.0. Q =[0,1), F =
Borel, P = Lebesque, Tw := {2w}

Theorem 1.5. The dynamical system (2, F,P,T) is ergodic.

Proof. (See FExample 1.1.) Let Q= {0, 1}, F=..., P = (% : %) -Bernoulli,
T = left shift
0:Q—Q p(w) = 2273;1@
=0
e 10— 0 ¢ N (w); = [2'w] mod 2

Then (Q, F,P,T) s (ﬁ,f,P,T), and (Q}:,f’,f) is ergodic, according
to Example 1.1. O]

Alternative proof: by Fourier method (Homework).

Example 1.12 (Algebraic automorphism of the 2-d torus). 2 =
[0,1) x [0,1), F = Borel, P = Lebesgue,
T(z,y) = ({x + 2y}, {z +y}) (picture on blackboard)

Example 1.13 (The “Baker’s Transformation”). 2 = [0,1) x [0, 1),
F = Borel, P = Lebesque,
T(x,y) = ({2z},{2x + y/2}) (picture on blackboard)

In both examples:

Balint Téth, BME TTK tankonyvtar.math.bme.hu



10 LIMIT THEOREMS OF PROBABILITY THEORY

Theorem 1.6. The dynamical system (2, F,P,T) is ergodic.

Proof. e Proof 1 Fourier method

e Proof 2 “Markov partition”

Example 1.14 (Statistical physics). o () =
phase space of physical particle system,

e F = Borel,
o P = Liouville measure

= Lebesgue meas. restricted to manifold of conserved quantities,

T; := Newtonian dynamical flow

Theorem 1.7 (Liouville’s theorem). The dynamical flow t — T, con-
serves the measure. le. (2, F,P,T}) is a continuous time dynamical sys-
tem.

Ludung Boltzmann’s ergodic hypothesis: In the physically relevant cases,
(Q,F,P,T,) is ergodic.

Magjor open question! Answer known in very few cases.

1.2 Koopmanism and von Neumann’s (mean,
L?) ergodic theorem

(Q,F,P,T): dynamical system,

F D I: its invariant sigma-algebra,

H = L?(Q, F,P): Hilbert space of square integrable functions,

K = L*(Q,I,P) = {f € H: f(Tw) = f(w)P-as.}: subspace of

T-invariant L2-functions.

tankonyvtar.math.bme.hu Balint Toéth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 11

Two linear operators:

Im:H— K, If(w):=E(f|7)w)
U:H—H, Uf(w):= f(Tw)

e [I is the orthogonal projection to the subspace
e U is Koopman’s representation of the action 7'.
o K=Ker(U—-I)={feH :Uf=f}

Lemma 1.1. U is a (partial) isometry.

Proof.

(U.Ug) / F(Tw)g(Tw)dP(w)

/Q F@g(@)dP(w) = (/,9)

(1) : due to invariance of the measure under the action 7'

—
—
~—

Remark 1.5. If T" is a.s. invertible then U is unitary.

Theorem 1.8 (von Neumann’s mean ergodic theorem). Let
e H: a separable Hilbert space,
o U e B(H): a (partial) isometry,
o K:=Ker(U—-1),

e [I: the orthogonal projection to the closed subspace K.

Then
1 n—1
_ - J_
st nh_)rrolo - Z U’ =11,
7=0
That 1is,

VfeH: lim = 0.

Balint Téth, BME TTK tankonyvtar.math.bme.hu



12 LIMIT THEOREMS OF PROBABILITY THEORY

Corollary 1.1. (Q, F,P,T): a dynamical system, L: its invariant sigma-
algebra.
If f € L*(Q, F,P) then

n—1 2
1 .
lim [ |=) f(T'w)—E(f|I) (w)| dP(w)=0.
n—oo QO n j:O
In particular, if (2, F,P,T) is ergodic then
1 n—1
L*- lim — f(IPw) = [ fdP

Proof of von Neumann’s mean ergodic theorem.

1

H = Ran(U — 1) ® Ker(U* — 1)

= Ran(U — 1) @ Ker(U — 1)

(1) : VA€ B(H): H=RanA® KerA*

(2) : Since U € B(H) is an isometry, Ker(U*—I) = Ker(U —I). (Homework)
For f € Ker(U — I):

—
N2

—
Nl

n—1
Uf=f=1f = %ZUjf:Hf-
j=0

For f € Ran(U — I): (Ve > 0) (39, h € H) such that
|h|| <e and =Ug—g+h.

Thus:
1 n—1 ' 1 1 n—1 '
- I — ([T _ - J
S U= (Ut —g)+ =) Uh
7=0 7=0
and hence
1 n—1 ; 2
> U< (=42 llgl
n = n

]

tankonyvtar.math.bme.hu Balint Toth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 13

1.3 Birkhoff’s “individual” (pointwise, almost
sure) ergodic theorem

Theorem 1.9 (Birkhoff’s individual ergodic theorem). (2, F,P,T):
a dynamical system, L: its invariant sigma-algebra.

If f € LY(Q, F,P) then

n—1

> H@) —E(F 7))

n
J=0

P-a.s. and in L'(Q, F,P).
In particular, if (2, F,P,T) is ergodic then
1 n—1
=3 f(T) — / fdP
n Q

J=0

P-a.s. and in L'(Q, F,P).

Proof [Birkhoff 1931, Yosida & Kakutani 1939, Garsia 1965]

Xj = XJ<(.U) = f T]CU), X = Xo,
k—1

Sk = Sk(W) = Xj(w), SO = O,
§=0

My = My (w) = max{Sj(w) : j =0,1,...,k}, M, = 0.

Lemma 1.2 (The maximal ergodic lemma).
E (X1 (50p) 2 0

Ezxplicitly spelled out:

/Qf<w)]1{Mk(w)>0}dP(W) >0

Mind the strict inequality: M, > 0!

Balint Téth, BME TTK tankonyvtar.math.bme.hu



14 LIMIT THEOREMS OF PROBABILITY THEORY

Proof of the mazimal lemma (Garsia 1965).

—
N

X(w) = max{Sjw):j=1,...,k+1} —max{S;(Tw) : j =0,...,k}
max{Sj(w):j=1,....,k} —max{S;(Tw): j=0,...,k}
= max{S;w):j=1,...,k} — M(Tw)

v

(1) : Since Sj41(w) = X(w) + 5;(Tw), j=0,1,....

Hence
/ X (w)L{at, (w)>0dP (w)
Q

> /Q (max{S;(w) : 7 =1,...,k} = Myp(Tw)) Lirs, (w)>03dP(w)

@ /Q (Mk(w) —Mk(TW))Il{MkW»O}dP(W)

> /Q (My(w) — My(Tw))dP(w) 2 0.

(2) : Here we use the strict inequality M} > 0.

(3) : Due to invariance of the measure under the action 7.

]

Proof of Birkhoff’s theorem. Without loss of generality assume E ( f ‘ I) =
0. Fix € > 0 and define

L(w) := lim sup Snéw)’ D :={w: L(w) >¢e} €T,
X°(w) == (X(w) — &) Lpe(w), Si(w) == ZX;(LU),
M (w) = max{S;(w) : j =0,...,k}, F® = Up{w : M (w) > 0}.

Note that

F* ={w :sup M;(w) > 0} = {w : sup Sj(w) > 0} = D*
k k

tankonyvtar.math.bme.hu Balint Toth, BME TTK



CHAPTER 1. STATIONARY SEQUENCES, ERGODIC THEOREMS 15

—
—
~—

2
E (XE]I{M73>O}> YE (X1 pe)

E(X1p) LE(X - o)1p) 2 —cP (D)

o
IA

—
w

=
—
=

(1) : due to the maximal lemma
(2) : dominated convergence

(3) : since F* = D?

(4) : by definition of X*

(5) : since D° € Zand E (X | Z) = 0.

It follows that Ve > 0: P (D®) =0, and

P (L > 0) =P (U.2oD%) = lim P (D°) = 0.

e—0

1.4 Back to the examples

Example 1.15 (I.i.d. sequence). See Frample 1.1. X;, iid.d., E(|X;]) <
0.

1 n—1
j=0

Laws of large numbers.

Example 1.16 (Factors). See Frample 1.2 and Frample 1.5. Laws of
large numbers for factors of i.i.d. sequences.

Balint Téth, BME TTK tankonyvtar.math.bme.hu



16 LIMIT THEOREMS OF PROBABILITY THEORY

Example 1.17 (Stationary denumerable Markov chains). See
&: stationary MC on S = U, S™ (S jrred. comp.)

f:9S—R: Zw(a)|f(a)|<oo.

a€es
n—1
1 > s T(a) f(a)
=D f(&) = ) Ligesmy = :
" ; - Zm: e Y s (@)
Law of large numbers for MC.
Example 1.18 (Rotations of the circle). See . 0 ¢ Q,
feL'0,1),B,dw):
1 =1 1
n Zf( + j6) — / f(w)dw, a.s. and in L*.
ni= 0
Remark 1.6. For f := 1, stronger:
1 n—1
1): — 1 0 b—a.
Yw € [0, 1) njz% ) (W + j6) — a

Proof: Homework.

Consequence 1.1. Fiz k € {1,2,...,9}. Then

#{m<n:2"=k--- indec.} log(k+1)—logk
—
n log 10

Proof. Let 6 := 182 ¢ Q.

" log 10

{2" =k---in dec.} & {{mb} € Ay := [log k/log 10, log(k + 1)/log 10) }

]

tankonyvtar.math.bme.hu Balint Toth, BME TTK
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Example 1.19 (Bernoulli shift). See FZrample 1.0.

w € [0,1), binary expansion: w = Zwﬂ’j
7=1

Theorem 1.10. For Lebesque-a.e. w € [0,1) any fized {0,1} string
(€1,€9,...,€x) occurs with its natural proper density 27".

L.e. “Almost all real numbers are normal.”
Example 1.20 (Statistical physics).

Ergodicity

)

{ time averages = phase space averages }

At the heart of statistical physics.

Balint Téth, BME TTK tankonyvtar.math.bme.hu



Chapter 2

Convergence in distribution,
weak convergence

2.1 Convergence in distribution, basics

e (5,d) complete, separable metric space,

S its Borel-sigma-algebra,

e.g. R, R™ with Euclidean distance,

e C([0,1]), C([0,00)) with sup-norm distance.

Definition 2.1. A probability measure v on (S,S) is reqular if
(VAeS)

v(A) = sup{v(K):K C A, K compact}
= inf{r(0): AC O, O open}

All measures considered will be assumed regular.

tn, n=1,2,... and pu regular probability measures on (5, S).

Y,,n=1,2,... and Y S-valued r.v. with distribution
P(Y,€A) =u,(A), P €A =yu(A)), AeS

not necessarily jointly defined.

tankonyvtar.math.bme.hu Balint Toéth, BME TTK



CHAPTER 2. CONVERGENCE IN DISTRIBUTION 19

Definition 2.2 (Weak convergence of probability measures). 1, =
w, orY, =Y iff Vf: S — R continuous and bounded

n—oo n—odo

lim fd,un:/fdu, or lim E(f(Y,)=E(f(Y)).
S S

Theorem 2.1 (Equiv. characterizations, “portmanteau thm”).

(0)=(b)=(c)=(d)

(a) [ = [
(b) (VA €S), A open: lim inf,, o ftn (4) > p(A).
(c) (VAeS), A closed: lim sup,, o pn (A) < p(A).
(d) (VA € S), such that u(0A) = 0: limy, o0 ptn (4) = p(A).
Proof. Probability 2. O

2.1.1 The special case of R (or RY)

The distribution function helps:

F(z) = P(Y, <2)=pn((—00,2)),
F(z) == P(Y <z)=p((—o00,)).

Theorem 2.2. i, = i (also denoted F,, = F) iff

lim F,(x) = F(z), at all points of continuity of F.

n—o0

Proof. Probability 2. ]

Balint Téth, BME TTK tankonyvtar.math.bme.hu



20 LIMIT THEOREMS OF PROBABILITY THEORY

2.1.2 Examples for weak convergence

Example 2.1. Convergence in probability (Probability 2, Analysis)— this
is NOT the typical case: (0, F,P)

Y,, Y :Q — R defined on the same probab. sp., Y, R

Example 2.2. Poisson approzimation of binomial (Probability 1):

Y, ~ BIN(p,,n), lim np,=X€ (0,00), Y ~ POI()).

Example 2.3. De Moivre’s CLT (Probability 1):

N 7
Y, ~ BIN(p,n), Y,:= (—pn
D

Example 2.4. De Moivre’s-type CLT for gamma-distributions ( Probability

2):
- Y, — a1
Y, ~ GAM(\n), Y, = " 1

=202 "y U N(O,1).

A in

Example 2.5. General CLT for sums of i.i.d. r.v.-s (Probability 2) — the
typical case:

X, i.i.d. r.v.-s, m = E(X;), o® := Var (X;),
" (X —m

Y, = NG >, Y ~ N(0,1)

av/n
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2.1.3 Tightness

Definition 2.3. The sequence of probability measures ji,, on (S.S), or the
sequence of S-valued random variables Y,,, is tight, if (Ve > 0) (K € 9)
such that

(Vn) : 1 (S\K) <e,
or P(Y, ¢ K)<e.

In the S =R case (Ve > 0) (K < o0) such that

(Vn) : fin ((—00, —K) U (K, 00)) <€,
or P(|Y,|>K) <e.

Proposition 2.1. If u,, = p then the sequence p, is tight.

Proof. Easy, if S is locally compact!

Choose B B
KeKesS st p(S\K)<e/2
and
f:8—=100,1 cont,st. f1z=0, flsax=1

Then

pn(S\K) < /Sfdun < (S '\ K)

!
p(S\K) < /fdu <u(S\K) <e/2
s

Hence, (3ng < oo) such that (Vn > ng) : 1, (S\ K) <e. O
Theorem 2.3 (Helly’s theorem). Let {u,/F,/Y,}, n = 1,2,..., be

a tight sequence of {probability measures /probability distribution func-
tions /random variables} on R. Then one can extract a weakly convergent
subsequence {fin, /Fn, /Yo, }, k=1,2,...:

{ Mn=p / F,=F / Y, =Y } as k — oo.
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Theorem 2.4 (Prohorov’s theorem). Let {p, /Y,} , n=1,2,..., be
a tight sequence of {probability measures / random variables} on the com-
plete separable metric space S. Then one can extract a weakly convergent

subsequence {fin, / Yo} , k=1,2,...:

{ pn,=p / Y,,=Y } as k — oo.

For proof of both Thms see: Probability 2.

2.2 Methods for proving weak convergence

General scheme
(1) prove tightness
(2) prove uniqueness of possible limits

(3) identify the limit

Methods

(A) With bare hands (e.g. De Moivre, Poisson, maxima of i.i.d.)
(B) Method of moments

(C) Method of characteristic functions (e.g. Markov—Lévy CLT)
(D) Coupling

(E) Mixed methods

2.3 With bare hands

2.3.1 Arcsine laws and related stuff

X,, simple symmetric random walk on Z (d = 1!):
. , 1
Xo=0, P(X,u=itl]|X,=1) =5
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Some relevant random variables:

The maximum: M, = max{X; :j € [0,n]},

First hitting of v € Z.: T, :=inf{n >0: X, =r},

Return times k € N: Ry =0, Rypyq:=inf{n > Ry : X,, = 0},

Local time at 0 € Z: L, :=#{j € (0,n] : X; =0},

Last visit to 0 € Z: Ap i=max{j € (0,n] : X; =0},
Time spent on Z, : = #{j € (0,n] : w > 0}.

Theorem 2.5 (Limit theorem for the maximum). (i)
Discrete,microscopic version: 0 < r < n fixed:

P(M,=r)=P(X,=r)+P(X,=7r+1).

(11) Local limit theorem: 0 < u fized, 1 < n:

2
n'/?pP (Mn = [nl/Qu]) = \/je_“2/211u>0 + O(n1?)
T

(111) Global (integrated) limit theorem: 0 < x fized:

lim P (n’l/QMn < m) = x>0\/7/ e 2y,

= ]lx>0 2<I)

Proof of part (i).

P (M, >r) P(M,>rX,#r)+P (M, >r,X,=r)
2P (M, >r, X, >r)+P (M, >r. X, =)

2P (X, >r)—P(X,=1).

I

* due to the reflection principle.
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DO

PM,=r) = PM,>r)—P(M,>r+1)
P(X,>r)—2P(X,>r+1)—
-P(X,=r)+P(X,=r+1)

= P(X,=r)+P(X,=r+1)

Proof of parts (ii) and (iii).

P (M, = [Vau)) = P (X, = [vm]) + P (X, = [Vau] +1)

o n—1/2\/§6—u2/2+0(n—1)
T

(iii) Integrated version follows from local version + Fatou + Riemannian
integration.

** due to De Moivre.

]

Theorem 2.6 (Limit theorem for the hitting times). (i) Discrete,
microscopic version: 0 < r <n fixed:

P =n) =1 y0)T

(i1) Local limit theorem: 0 < s fized, 1 < r:

2
r’P (TT = [T2S]) = \/;53/261/(23)]ls>0 + o).

(7ii) Global (integrated) limit theorem: 0 < t fized:

1 t
lim P (r 2T, <t) = Ly §—3/2,-1/(25) 4
r—00 o 7

2 D
= ]1t>0\/j/ e 2y,
T Jivi
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Proof of part (i).

P(T=n) = ;P ({maXX <r -1} A{X, 1:7~_1}>

- %P(Xn_lzr—l)—

_EP({maXX >r} A {X, 1—7”_1}>
- %p(xn_l:r—1)_§P(Xn_1:r+1)
- E(<n+r>/z)2"

* due to the reflection principle.

Proof of parts (ii) and (iii).

** due to Stirling.

(iii) Integrated version: local version + Fatou + Riemannian integration.

]
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Theorem 2.7 (Limit theorem for the return times). (i) Discrete,
microscopic version: 0 < k <n fived:

P(R,=Fk+n)= k(( " )2"

n+k)/2

(i) Local limit theorem: 0 < s fized:

kP (Ry, = [k?s]) = L

8—3/26—1/(25) ]13>0 + O(k'_l)
2m

(i11) Global (integrated) version: 0 < t fized:

573/25-1/(28) 45

Jim P (E7Ry <) = g \/_

= ﬂt>0\/j/ e "2 du.
T 1/\/7?

Proof.
R, 1iv T + k.
m
Remarks on the last two limit theorems
Remark 2.1 (I.i.d. sums).
L=G+&++&, Re=G+G+ - +G,
where &, 1=1,2,... and (;, 1 = 1,2,... are sequences of i.i.d. r.v.-s with

&i o T, Gi o Ry o T + 1.
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Remark 2.2 (Stability).

f1 (S) L LS—3/26—1/(23)]1

== 5505 fa(s) :=afi(as), a>0.

Then
Jax fo = f(\/a+\/5)2

Homework.

Theorem 2.8 (Limit theorem for the local time at zero). Global
(integrated) version:

2 s
lim P (n_l/gLn < t) = ]1t>0\/i/ e~ 2qy.
n—o0 ™ Jo

Proof.
{L, < k}={Rr > n}.
Hence
lim P (L, < nl/gt) = lim P (R, >n) = lim P (R, >m?/t?)

[

Remark 2.3. Note that

im P (n'?|X,| <u) = lim P (n 'L, <u)
= lim P (n’l/zMn < u)

For a simple symmetric random walk X,, (on Z) denote

u(n) =P (X, =0) = (n/2>2 "
f(n):=Pmin{m >1:X,, = Xo} =n)
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Recall the identity:

Theorem 2.9 (Paul Lévy’s arcsine theorem). (i) Discrete, micro-
scopic version: 0 < k < n:

P (Agni1 = 2k) Z P (g, = 2k) = u(2k)u(2n — 2k),
P (mans1 € {2k, 2k + 1}) £ P (1, = 2k) = u(2k)u(2n — 2k),
(P(Agn:2k+1) L P st = 2k + 1) Z P (man = 2k + 1) éo)
(#i) Local limit theorem: y € (0,1) fized 1 < n:
11

nP (Ao, = 2[ny]) = nP (ma, = 2[ny]) = ;m +O(n~1?)

(7ii) Global (integrated) limit theorem: x € (0, 1) fized

lim P (n~'\, <z) = lim P (n"'m, <z) = ]10<x<1% arcsin \/z.

n—o0 n—oo

Lemma 2.1.

P(X;#0,5=12,...,2n) =P (X, = 0) = u(2n).
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Proof of Lemma 2. 1.
P(X;#0,j=12,...,2n)
=2P(X;>0,j=1,2,...,2n)
=2> P{X;>0,j=12....2n =1} AN{Xy, = 2r})
r=1
|
=2 —(P(Xop1=2r—1)—P(Xy,.1=2r+1
; 2( (Xon—1 r ) (Xo2n—1 r+ ))
=P(X5,.1=1)=P (X, =0).
* due to the reflection principle.
]

Proof of Theorem 2.9. (i) For \,:

P (X =2k) = P{Xopo} A{X; #0, j=2k+1,...,2n})
= P (Xpo)P(X;£0, j=1,....2n— 2k)})
= u(2k)u(2n — 2k).

For 7, by induction. Note that
P (7o, = 2k) = P (ma, = 2n — 2k).
For k=0or k=n:

P(mn=0) = P(X;>0, j=1,2...,2n)
= P(X;>0,j=1,2...,2n—1)
2P (X, >0, 7=1,2,...,2n) = u(2n)u(0)

Denote
b(2n,2k) := P (mo, = 2k) = b(2n, 2n — 2k)
For 1 < k < n there is a first excursion to the left or to the right:

k n—Fk

b(2n, 2k) = % > F@r)b(2n — 2r, 2k — 2r) + % > f(2r)b(2n — 2r,2k)

r=1 r=1
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By the induction assumption:

WE

b(2n, 2k) — %u(Qn—%c) F2r)u(2k — 2) +

T

il
| =
ko

+%u(2k) f(2r)u(2n — 2k — 2r)

Il
—_

s

= S ul2n — 2)u(2k) + Ju(2K)u(2n — 2k) = u(2k)u(20 — 2K)

(i)
W@ny)u@in(l— ) Zntt L om)
Tyl —y)

% due to Stirling.

(iii) Integrated version: local version + Fatou + Riemannian integration.
[
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Chapter 3

The method of moments and
the method of characteristic
functions

o Recall everything you learnt about characteristic functions.

e Probability I1I.

3.1 The method of moments

Let X be a random variable, its absolute moments and its moments are
assumed finite:

A =E(|X[*) <00, M, :=E(X")

Remark 3.1. In order that the sequences Ay and My be the sequences of
(absolute) moments of a random variable X it must satisfy an infinite set of
(Jensen-type) inequalities: in particular, if ki + - - - + k., = k, respectively,
if ki1 + - + Ky, = 2k then

m

HAkj < Ay, H | My, | < Moy,
j=1

Jj=1
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The “Moment problem”: Given a sequence of moments My, does it de-
termine uniquely the distribution of a random variable?

Theorem 3.1. If M, is a sequence of moments such that

M, |\ ¥
limsup(l k|) =R'<o0

then it determines a unique random variable X (or: probability distribution)
such that M, = E (X*).

Proof. The power series of the characteristic function

[e%S) Mk o
?(ZU)

k=0

will have radius of convergence R > 0, and thus it will be uniquely deter-
mined. O

Example 3.1. Compute all moments of all remarkable distributions. E.g.
X ~EXP()): My = Ay = X"k
|
X ~ N(0,0) : Agk:ak;:Mgk,

Counterexample 3.1. The log-normal distribution (HW!).

3.1.1 Weak limit from convergence of moments

Theorem 3.2. Let Z, be a sequence of random wvariables which have all
moments finite and denote

M, =E(Z}).

If (Vk) the limit lim,, o M, =: My ezists and the sequence of moments
M. determines uniquely a distribution/random variable Z, then Z, = Z.
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Remark 3.2. The sequence My, is a sequence of moments.

Proof. (i) Tightness:

M, 5

sup,, M, 2
K2 '

KQ

P(Z,| > K) <22 <

(ii) Identification of the limit: Assume Z,, = Z. For K < oo let gy : R —

R,
or(x) = xlp<kx +sgn(r) K> k.
Then
E(Zk) = I}im E(@K(Z)k)
= [}im lim E ((pK(Zn/)k) (due to weak cvg.)
. . k k k

= Jim lim (E(Z;) - E (2, - ¢x(Zn)"))

= lim My — lim lim E (2} — ox(Z.)")
But:

E (2 — oxc(Zo)) | < B (| Zul* Uiz 5k |)

(1)

< /My VP (2] > K)
(<2) \/Mn/,Qk \/Mn/,Q

- K

(1) : due to Schwarz’s inequality
(2) : due to Markov’s inequality

Altogether:
E(Z4) = M.
O
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3.1.2 Appl 1: CLT with the method of mo-
ments

Sheds light on the combinatorial aspects of the CLT. Let §; be i.i.d. with all
moments finite, E (gf) = my, my =0, my=:0>

)

Gt

D
Vn

Then, with fixed k:

oy k1) ok 2K! o 2K!
E (Z"') = o(1) —0,

as n — oo (with k fixed).

3.2 The method of characteristic functions
(Repeat from Probability II.)

Theorem 3.3. Let Z, be a sequence of random variables and ¢, : R — R
their characteristic functions,

on(u) := E (exp(iuz,)) .

If
(Vu e R) : nh_)ngQ on(u) = @(u) (pointwise!)

and u — @(u) is continuous at u = 0, then ¢ is characteristic function of a
random variable Z and Z, = Z.

For proving tightness:

Lemma 3.1 (Paul Lévy). Let Y be a random wvariable and ¢(u) :=
E (exp(iuY)) its characteristic function. Then for any K < oo

K 2/K
P(Y|>K)< = _2/K(1 — (u))du.
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Proof of Lemma 5. 1.

K YK
Dl IO

(1) : Fubini,
(2) : [sina/a| <1,
(3)

csina/a < 1/ |al.

—
N

,\
V1

—
Ve

v

g/_z/;;E (1—e™)du
- ( (- sm(QY/K)) ]1|Y|>K)
2F ((1 — %)nm%)

2Y/K
P(Y|> K).

Proof of Theorem 3.5. (1) Tightness:

From continuity of u — ¢(u) at u = 0:

(3K < o0) :

K [YK €
— (1 —p(u))du < =.

From pointwise convergence (and uniform boundedness of ¢,,)

(Inog < 00) :

(Vn > ng) :

K 2/K
— (1 —pp(u))du < e.

2 J ok

Hence tightness, by Lemma 3.1,

(2) Identification of the limit: Assume Z, = Z, then

E (exp(z’uZ ))

Balint Toth, BME TTK

lim E (exp(iuZ,/)) = ¢(u).

n’/—oo

]
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3.3 Erdos—Kac theorem: CLT for number of
prime divisors

A mixture of the method of characteristic functions and method of moments.
Denote by P the set of primes and

g:N—=N,  g(m):=#{peP:p[m}.

Theorem 3.4 (Paul Erdés & Marc Kac, 1940).

. —loglogn T omy?/2
lim n'#{m e {1,2,...,n :g(m) <z :/ dy.
n—oo #{ { } Vl1oglogn } —oo V2T Y

Probabilistic setup: Let w,, be randomly sampled from
({1,2,...,n},UNI) and Z, := g(w,). Then

Z, —loglogn

= N(0,1).
Vloglogn (0.1)

Proof. We will use
1
E — =loglogn + O(1).

peEP:p<n

Define the random variables Y,, ,, p € P, n € N.
Yop =10, where w, ~UNI({1,2,...,n}).

Mind that for n € N fixed (Yn’p)pG]P are jointly defined.

Then
Zn=> Yo,

peP

Note that for any k£ < oo and py, ps, ..., pr € P fixed
(Yoprs Yopas - s Yope) = (Xp Xpo - - X))
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where X, p € P, are (jointly defined) independent random variables with
distribution

P(szl):%:l—P(Xp:O).

How to guess the result? Let

Qa, — 00, S, = Z Xp.

peEP:p<an
Then S, — loglog a
S = @ = N(0,1).
Note that
S, —loglogay, S, —E(S,) E(S,)—logloga,
Viogloga,  Vigloga, | logloga,
and

E (S,) —logloga,, loglogloga, + O(1)
Vvl1oglog o, B Vl1oglog av,,

The weak convergence

— 0

Sn —E(S,)
Vlog log o,

is proved with method of characteristic functions:

E (exp(iuS},)) :1—[ (]19 exp{w(p — 1)/p} + u ; ! expq —iu/p })

= N(0,1)

ePipa Vvloglog av,, Vvlog log av;,
— exp{—u?®/2} HW!
Let
a, = nl/loglogn
logn
loga, =
loglogn
loglog o, = loglogn — logloglogn.
Note that
(1): (Ve > 0) : o, = 0(n%),
1
(2): Z — =logloglogn + O(1).
an<p<n
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Let

Sy, = Z Xp,

pEPp<an

Too= Y Y

pEP:p<an

Zyi= > Y, =

peP:p<n

S, —logloga,
- Vloglog as,
T, —loglog a,
— Vloglog as,
_ Zy —loglogn
 Vloglogn

> Vi

peP

We know that S = N(0, 1) and we want to prove Z: = N(0,1).

Step 1.

E(|Z,-T,]|

lloglogn — loglog a,

Hence

Step 2. We prove 77" =
By computation:

>
peP:an,<p<n p

logloglogn + O(1) = o(y/loglogn)
logloglogn + O(1) = o(+/loglogn)

) 2

peP:ap <p<n

E (Ymp) S

oo

T = 2,

N(0,1) with method of moments.

lim E (SF) = /_ Z 6\/1/22_;2@/’“@ —: M. HW!
Forl <pi<pys<---<p <a,and ki, ko,... .k >1:
E(Xhxk XM = E(X,X,,...X,)= plpzl...pl
E(YSYE YY) = BV Y Yap) = % Lylp; 'le .
Hence:
B Xk X0~ B (v, ) <

tankonyvtar.math.bme.hu
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Using this and

(11 + 2o+ -+ an) =

N
= > > Ok k.o R)ak bz ol

=1 ki,k2,...,k;>1 1<mi<mo<---<m;<N
Ft koo =k

we readily obtain

k
[E () ~E () | < == =o(1)
n
and thus
lim E (1)) = M.
Hence:
T, = N(0,1),
which together with “Step 1”7 implies
Z, = N(0,1),

3.4 Limit theorem for the coupon collector

Mixture of “bare hands” and characteristic/generating function method.
For n € N, let &1, £ = 0,1,...,7n — 1 be independent geometrically
distributed random variables with distribution

K\ n—k
P(Sn,kzm):(—) " m=0,1,2,...

n n
and
n—1
Vn = gn k
k=0
Then
k nk
E (&ur) = 7 V. nk) = ————
(5 7k) n — k ar (g ,k)) (n _ k)Q
2
E (V) = nlogn + O(n), Var (V) = %nQ + O(nlogn).
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Theorem 3.5.

lim P

n—oo

V, —nlogn
n

< x) = exp{—e "}.

Remark 3.3. The (two-parameter family of) distributions

F,p(z) = exp{—e 2}, a€R,.,beER,
d

fa,b(x) = d_Fa,b(x) = anp{_e—aI-i-b —azr + b}
x

are called Type-1 Gumbel distributions and appear in extreme value theory.

Proof. Let (i :=&nn—k, k=1,...,n, and

Z ::Z(ﬁJ) _ Vaznlogn oy,

n k n
k=1

where « is Euler’s constant
v := lim (Z E~' —log n) ~ 0.5772....
k=1

Lemma 3.2. Let p, \, 0 so that np, — A € R, and (, be a sequence of
geometrically distributed random variables with distribution

P (Cn=1)=(1—pn)Pn

Then ¢,/n = EXP()).

Proof. Straightforward elementary computation. n
Thus e
(LJ,L’Q,> = (<1,<27...)
n’' n
where (i, k = 1,2,... are independent FX P(k)-distributed,
1 1 ~
E(G) = T Var (¢;) = =x G=C — E(G).
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It follows that

K
Zy = 7 = I}@OOZ@
k=1
Note that the limit defining Z exists a.s. due to Kolmogorov’s inequality

(see Probability II.)
Computing the distribution of Z: Let ® : (—1,00) — R, be the moment
generating function (Laplace transform) of Z:

o0

O(u) = E(exp(—uZ)):HE(eXp(_qu)):...

k=1

E k
= eXpZ(logk+u+%)
k=1

(Mind that the sum is absolutely convergent!)
Analiticity of (—1,00) 3 u + ®(u) and the identities

O0)=1, Du+1l)=e(ut1)®u) HW!

determine
O(u) =T (u+1).

On the other hand:

/ e_“ydexp{—e_(y'w)} — / e—uyeXp{_e—(erv)}e—(erv)dy

[e.e] e e)

o
= ew/ ZYe Fdz
0

= "I'(u+1).
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Chapter 4

Lindeberg’s theorem and its
applications

4.1 Triangular arrays of random variables

Let N, € N, lim,,_,,, V,, = oo and
b, k=1,2,...,N,, n=12...

random variables. Explicitly:

115 SN

§2.15 §2,2 SN §2,N,

3,15 £3,2 £33 e §3,N5

. . e o

En1s En,2, §n,3s En,as En,5s ceey En, Ny,

‘e ey ey ey

which are row-wise independent. (Different rows are not even jointly defined.)
Assume:
E <§n7k) = 0, Var (fn,k) = 0'7217]C < X0

and denote their characteristic functions
Onk(u) == E (exp{iu&, i }) .
Let
Sn = gn,l + gn,2 +-+ gn,Nn'
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Then
E (S

w) =0,
Var (S,) =02, +00y+ -+ 05y, = 0

n

S
Question: CLT for —7
0‘7’1

Theorem 4.1 (Lindeberg, 1922). If (Ve > 0)

PR I (N T, g (**)
n k=1
then s
— = N(0,1)
Onp
Remarks

Remark 4.1. Condition (“**) is Lindeberg’s condition.
Remark 4.2.

W.l.o.g., we may assume (¥n) : o, = 1.

Remark 4.3.

The “meaning” of Lindeberg’s condition:
“All components &, are negligibly tiny compared with S,,.”
In particular, it follows that
o,

. &
lim max 5
n—oo 1<k<N, (o)

= 0. (*)
Indeed,

Ufz,k = E (gi,kﬂ|fn,k ISEUn) +E (éi,kﬂ|§n,k \>50n)
< 05+ E (& llie,  |>e0m) -

BUT: condition () is genuinely weaker then (*) and it is not sufficient
for the CLT to hold!
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Remark 4.4.
The old CLT for sums of i.i.d. random variables (j, follows with &, 1, == (.
Remark 4.5.

In a very precise sense: Condition (“) is sufficient and necessary for the

CLT to hold (W. Feller).

Proof. W.l.o.g., we assume (Vn): o, = 1 and plan to prove:
(Vu) lim Hapnk(u) = V2,
k=1

Lemma 4.1.

. i\~ (@) N O e 1
(Vt e R): le —;T|§mm CEET
Proof of Lemma /. 1. By induction on m:
it - (Zt)l o im+1 ’ m 1S
e —;T = O(t—s) eds

It follows that

202 2 . ;
|90nk(U) -1+ Y Ik | = ‘E (eiuin,k _ Z (1u&n.k) ) ‘

2 — l!
= (iugn )’
W g n,k
< jemes 3 )
1=0
< E (min{|u&,x |*/6, [u&n i [}
< uf® 31
S 6 (|€n,k| \En,k\§€)+
HuPE |6k PLig, 4 15<)
< 5\u|3 2

Tan,k + ‘u ‘2E (’fn,k ’2]1|§n,k |>€) :
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I_Ience7 uslng (>}< * ;\;) 7

Ny, u?o?
T}LIIOIOZ |@ng(u) — 1+ — =0 (4.1)
k=1
This is the main point of the proof!
Nn 2 Nn 2.2
u u O—’I’L,k
[ D _togpnr(u) + 5| = | (logn(u) + —) |
k=1 k=1
Ny, 2 2
u oy, i
< > |logpni(u) + > |
k=1
Nn
< Z | log pnk(u) + (1 — @nr(u)) | +
k=1
Ny, 2 2
uso, .
+3 7 nalu) — 1+ | (42)
k=1
We show that the last two sums go to zero, as n — oo.
From (4.1) it follows that
fmsup, B, [ens(0 =1
< 1 W
o 1?_}8(}131) 1?2%& ‘gpn}i(u) T 2 (4'3)
I uzaik
e
=0.
This implies that for n > ngand 1 <k < N, :
|(pn,k(u) —1 | < 1/27
and
| 10g @n (1) + 1 = pui(w) | < 11— ppp(u)
_ . . u207217k uQUfL,k
— 1;2,&5]{\[” ’ = Pnk’ (u) ’ |(;0n,k(u) — 1+ 5 + 5
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Hence

S g pur(1) + (1 — gus(w) |

Nn u20.2 i u2
< 1 — Qo —1 & — .

Now, from (4.1), (4.2) and (4.3) it follows that

N, 9
nlljgl() ‘ Zlog Onk (1) + % | = 0.
k=1

4.2 Application 1: CLT for the number of
records

Let nx, k =1,2,... beii.d., ny > 0, with continuous distrib., and

S =1, & =Lysmaxqcipny £>1, Spi=&+ - +&.
Then &, k= 1,2,... are independent (HW!) with distribution

P(Ek—l)—%—l—P(ﬁk—O),

1 k—1
E (&) = T Var (&) = 7z
E(S,) =logn+ O(1), Var (S,) = logn + O(1).
Theorem 4.2. g _1
n — logn
—=— = N(0,1).
Vlogn = N1
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4.3 Application 2: CLT in the “borderline”
case

Let ng, k =1,2... ii.d. with distribution density

d
—P(n; <z)=:f(x)= |x]*3]1‘x‘>1.

dx
Then
(Ve >0): E(p["°) <00,  E(n)=0, E(In]*) = o0
Theorem 4.3. n n
/)71 PR ’)’In
——— = N(0,1).
vnlogn (0,2)

Proof. Define

&k 1= 1Ly < ymoglogns k=12,....n

And apply Lindeberg’s Theorem for the triangular array &, 5, k = 1,2,...n,
n=12....
Mind that (Vn) : &k, b =1,2,...n are i.i.d.

E (&) =0,
afw = ‘7721,1 = logn + 2logloglogn,

2 _ 2
0, = N0, ;.

Lindeberg’s condition (“"):

' 1
lim ——E <|€n,1 |2]l|§n,1|2>5”(’72u1> =0

holds because
1% |* < n(loglogn)? < 5”0721,1-
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So:
’ ~ = N(0,1). 4.4
oan (0,1) (4.4)
What is the error made with the cutoff?
1
P((3k<n): &un#m) <nP (& #m) = foglogn)? 0

Hence "
S e = &usl = 0. (4.5)
k=1

The theorem follows form (4.1) and (1.5). O
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Chapter 5

Stable distributions and stable
limits

5.1 Affine equivalence

Definition 5.1. The probability distributions Fy, F : R — [0, 1] are affine-
equivalent iff

(3ae(0,00),beR): (VzeR): Fy(z)=Fi(az+D).

Remarks

Remark 5.1. This is clearly an equivalence relation. A class of equivalence
can be parametrized as

(0,00) X (—00,00) 3 (a,b) — Fop() := Fip(a- +b).

Remark 5.2. In terms of the random variables X1, Xy (of disrib. Fy, F,):

(3@6(0,00),[)ER) XQNaXl+b.
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Remark 5.3. In terms of the characteristic functions @1, o (of the distri-
butions Fy, F»):

(3a€(0,00),b€R): (VueR): va(u)=e"pi(au).

5.2 Stability

Definition 5.2. An affine-equivalent class of distributions is stable iff it is
closed under convolution. A distribution is called stable if it belongs to a
stable class: the distribution I is stable iff

(Vai,as >0): (3az>0,b5 €R): Fl(ai-)* F(as) = F(as - +bs).

Remarks
Remark 5.4. In terms of the random variables:

(Val,ag >0) ; (Hag >O,b3€R) ; ale—l—ang:ang—f—bg,

where X1, Xo, X3 ~ F and X1, X5 are independent.

Remark 5.5. In terms of the characteristic function:

(Vai,az >0): (Jaz >0,b5 €R) : plaru)p(asu) = €™ p(azu).

Remark 5.6. By induction it follows that

(VkGN, al,...,ak>0): (EI agy1 > 0, kaER):
a1 X1+ -+ ap Xy = app1 X1 + b,

where X1, ..., Xg, Xgr1 ~ F and X4, ..., X} are independent.
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5.3 Examples

Example 5.1 (Counterexample). Discrete distributions CAN’T' BE sta-
ble. Actually: a stable distribution doesn’t have point mass. (Obvious!)

Example 5.2. The class of Gaussian (normal) distributions is stable:

o>0meR: fon(r):=

L exp{—(z - m)2/20%)},

\V2mo
o°u

Vo.m(u) = exp{imu — > }.

Indeed, for oi,09 >0 and my,my € R

f(J’l,ml * f(72am2 _ f0'37m37 Spalym1(p0'27m2 - ()00'3,7’)’1437

with
03 = (034’03)1/27 mg = My + My.

Example 5.3. The class of Cauchy distributions is stable:
1 1
7t 1+ (x —m)?/7%’

©rm(u) = exp{imu — 7|ul}.

T>0meR: f ()=

Indeed, for 7,17 >0 and my, ms € R

le,ml & ng,mz - ng,m37 Pri,m1 Pra,me — Pr3,mss

with
T3 = T1 + To, msg = My + ms.
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Example 5.4. Recall the distribution of first hitting times of Brownian
motion: B; standard 1d Brownian motion, By = 0.

T, :=inf{t: B, =r} W2 inf{t: B, =1}

fao(s) := %P (Tys <s) = %P (Ty < s/a).

(1) : By scaling of Brownian motion.

Then,

1
a>0m=0: faols) @ (s/a)_g/Qe_a/(zs)]ls>o,

V2t
®3) . N 1720 11/2
Pao(u) = exp{—(1 +i)a"ul/"}.
(2) : See earlier work. (Maxz. and hitting times of RW and BM.)

(3) : Computation. Will be done later. Try it as HW.

Indeed, for aq,as >0

(4)
fa1,0 B fag,O = fag,Oa Pa1,0Pa2,0 = Pas,0;

with
a3 = (o&/2 o a;/2)2.

(4) : By independent + stationary increments and scaling of Brownian
motion:

(Tl + 7n2)27ﬁ1 ~ ritrg Th + TT/’Q ~ T%Tl + rngl

where T,., and T, respectively, Ty and T| are independent.

r27

Homework 5.1. Let (X, Y;) be standard 2d Brownian motion, starting
form (Xo,Ys) = (0,0), and T, := inf{t : X; = 1}. Compute the distribution
Of YT1 o
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Proposition 5.1. The distribution F' is stable if and only if for any k € N
there exist ay, > 0, B, € R such that

X1+ + Xp = X + By,
where Xq,..., Xp, X ~ F and X4,..., X} are independent.

Proof of the Proposition: Later. ]

Limit laws of centred and normed sums of i.i.d. random variables are always
stable:

Theorem 5.1. Let X, Xs,... be i.1.d. random variables and S, = X, +
-+ X,,. If there exist (deterministic) sequences a, > 0 and b, € R such
that g ;

Ty =y,

G,

as n — 00, then the distribution of Y is stable.

Proof. Fix k € N and denote,

nj
Y X;=80) ~ S j=1...k

i=n(j—1)+1
Then
Sin =S + -+ + S

and

%an_M:Z(1)+...+Z(k)

n an, ! "
where ZY(LI), e ,ZT(Lk) ~ Z, are ii.d. Thus:
Zin = Y, 27(11)4_...4_27(11&’):>y(1)+...+y(k’)7

as n — oo, where Y . Y ~ YV areiid.

Lemma 5.1. Let W, be a sequence of random variables, o, > 0, 3, € R
(deterministic) sequences, and W, = a,W,, + B,. If both W,, = W and
W! = W' asn — oo where W and W' are both nondegenerate random
variables, then the limits lim, .. o, =: o > 0 and lim,_... 6, =: 0 € R
exist.
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Proof of Lemma 5.1. Easy: write the characteristic functions. O
By Lemma 5.1, the limits
Qfepy . kbn —b n
lim — =:qp > 0, hm—k::ﬁkeR
n—oo an n—oo CLn

exist, and thus
YO oo yv®) o oY — B.

Theorem 5.1 follows from Proposition 5.1, ]

5.4 Symmetric stable laws

Easier then the general case.

Theorem 5.2. (i) Let ¢ > 0 and a € (0,2]. The function ¢ : R — R
p(u) = exp{—clu|*} (5.1)
1s characteristic function of a symmetric stable distribution.

(ii) The characteristic function of a symmetric stable distribution is of the
form (5.1), with some ¢ > 0 and « € (0, 2].

Remarks

Remark 5.7. The parameter ¢ > 0 can be changed by scaling. The param-
eter o € (0,2] is essential. It is called the index of the stable law.

Remark 5.8. u +— ¢(u) of (5.1) obviously satisfies the stability condition.
It is to be checked that

— It is indeed a characteristic function.

— There are no other chf-s of symmetric stable laws.

Remark 5.9. Examples: o = 2: Gaussian; o = 1: Cauchy. No explicit
formula for the distribution function/density in other cases.
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Remark 5.10. In the symmetric stable case:

CL1X1 T CL2X2 ~ (CL(ll aF CLS{) 1/aX.

Proof of (i) in Theorem 5.2, for o € (0,1].
Theorem 5.3 (Gyorgy Poélya’s construction). Let o : R — [0, 1] satisfy:

o limp(u) =1, o p(—u)=p(u), [0,00)>u+— @(u) conver.

u—0
Then ¢ is a characteristic function.
If a € (0, 1], then ¢(u) of (5.1) is of this form. O

Proof of Pdlya’s theorem.

()= (1= Jul), = [

—00

Va(u) == 1 (au) = (1 — a|u|)+, a >0,

are characteristic functions. The functions of the theorem are pointwise limits
of functions of the form

1-—

o cos T
et ——dux,
T

K
w > pitha (1),
k=1
with
ala"'7aK>O; p17"'7pK€[071]7 p1++pK:17
which are themselves characteristic functions. O

Proof of (i) in Theorem 5.2, for a € (0,2). Let X1, Xo,... bei.i.d. with sym-
metric distribution density f:

Q

f(:ll') = 2‘x|a+1ﬂ|x\>17

and characteristic function . Then

1 t(u) = Oé/ de _ 04!“|a/ S
1 |

1 1
zt ul ya+
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Since 0 < a < 2 (!):

> 1—-cosy c
—2dy =: — < 00,
/0 ya+1 Y o

] — cosy _
/0 Wdy = O(’U‘Q ).
Thus,
Y(u) =1~ clul*+ O(Jul),
and hence, for any u € R fixed

nl/a

E (exp{iui}) = op(un"t/*)"

We have proved that u — e~ is the characteristic function of a symmetric
stable distribution F' and the limit theorem

: Sn
nh—>noloP (nl/a < l‘) = F(x).

O

Proof of (ii) in Theorem 5.2. We prove that if ¢ is characteristic function of
a symmetric stable law then it is of the form (5.1).
Let F' be a symmetric stable law and ¢ its characteristic function.

Lemma 5.2. [Some basic facts about ]

(i
(VueR):  pu) = pw) = p(~u).

(i)
(i1i) If b > a > 0 then

(FueR): ¢(bu) # p(au).
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Proof of the Lemma 5.2. (i) It follows from symmetry of the distribution
F.

(ii) Due to symmetry and stability,
(3ce(0,1)U(l,00)): (VueR): ou)* = p(cu)

(If c =1 then (Vu € R) : ¢(u)? = ¢(u), and, by continuity at u = 0,
©(u) = 1. This case is excluded.)

{cp(uo) = O} = {(V ke Z) :o(cfug) = 0}.
This is impossible, due to continuity at u = 0.

(iii) This holds for any characteristic function.
Let ¢ :=a/b < 1. By continuity at u =0

{(VueR): ou)=plu)} = {pk) =1}

But this case is excluded.

By symmetric stability there exists

v:N—- Ry, VueR): ou)" = p(y(n)u).

We get
(VueR): o(y(nm)u) = o)™ = p(y(n)y(m)u)

Hence, by (iii) of Lemma 5.2,

y(nm) = ~(n)y(m).

Extend
7:Q—=Ry,  y(n/m):=~(n)/yv(m).
Then
(VueR): o)™ == p(y(n/mu)
Let r ¢ R, and r, € Q, lim,, .7, = 7.
Then

Tn

e(v(rn)u) = p(u)™ — p(u)".
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¥(rp) — 0 or v(r,) — oo implies p(u) = 1 — impossible.
Similarly, if v(r,,) — ¢ € R and y(r,») — ¢” € R then again by (iii) of
the Lemma ¢’ = ¢”. So, we extend v : R, — R, such that

(VueR): o) =eo((r)u) 5.
Y(rs) =(r)y(s). (5.3)
r+ (r) is continuous. 5

Lemma 5.3 (“Cauchy’s problem”). Let v : (0,00) — (0,00) satisfy
(5.3) and (5.4). Then y(r) =r® for some 3 € R.

From (5.2) it follows that ¢(u) = exp{—c|u|*} with o = 1/0.
c<0ora¢(0,2] are a priori excluded. O

Remarks

Remark 5.11. The symmetric stable distributions are absolutely continuous
with C* density functions.

Remark 5.12. “Heavy tail”: For o € (0,2):

F'(z) =: f(z) ~ C(a)|z|™* 1, as x| — o0

Remark 5.13. In particular

(Ve >0): E(|X]*7) <
E (]X]%) = oo
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Theorem 5.4. Let X, X,,... be i.i.d. random wvariables. Denote their
(common) distribution function by F and S, := Xy + --- + X,,. Assume
that the distribution F is symmetric

F(—z)=1-F(z+0),
and the tail of the distribution has reqular power-law asymptotics

lim z%(1 — F(z)) = b,

with a € (0,2) and b € (0,00). Then
lim E (exp{iuSn/nl/a}) = e~dul?
with

1 —cosy
CZQbOé/O de

Remark 5.14. This Theorem extends the earlier construction. A more
general theorem will be stated later.

Proof. We prove for |u| < 1
U(u) == E (exp{iuX;}) = 1 — clul* + of[ul®), (**%)
and hence

B (exp{ius,/n'/"}) = (4 (u/n'))"
= (1= clul*/n + o(1/n))" — e~cIl".

Proof of (***) follows:
Fix € > 0, at the end of the proof we let ¢ — 0.

1 —(u) = 2/000 (1 — cos(uz))dF (x)

1/(eu)
= 2/0 (1 — cos(ux))dF(x) + 2/1 (1 — cos(ux))dF ().

/(eu)
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Further,
1/(eu)
2/ (1 — cosux)dF(x)
0

=2 /l/(EU) (1 — cosuz)d(F(z) — 1)

1/(eu)
2(1 —cos(1/e)) (F(1/(eu)) — 1)) + 2u/0 (1 — F(x)) sin(uz)dz.
Altogether
1 —(u) = A(u,e) + B(u,e) + C(u, ),

where

A(u,e) = 2/1;O | (1 — cos(uz))dF(z),
B(u,g) :=2(1—cos(1/e)) (F(1/(cu)) — 1)),
1/(eu)
C(u,e) == 2u/0 (1 — F(z)) sin(uz)dz.
We keep € > 0 fixed. Then clearly,

max{|A(u,e)|, |B(u,e)|} <4(1— F(1/(cu))) = 4be®|u|* + o(|u|*).

sin y

dy

(e}

1 1/e
amagzwéA (v/u) (1 - Fly/uw))

/¢ ¢in
ﬁﬁ%ww/ "y + ol
0

1/6 1 _
® zba|u\a/ L= SO iy 9bfufen (1 — cos(1/2)) + offul*)
0 y
%1 _ %01 _ ;
W Qba]u\"‘/ #dy—%ahda/ ﬂdy—i—
0 Y

1/e ya—l-l
+ 2b|u|*e*(1 — cos(1/e)) + o(|u|®)
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1) : Change of variable y := ux

2) : Dominated convergence.

(1)
(2)
(3) : Integration by parts.
(4) : Absolute integrability.
Altogether, with any ¢ > 0 fixed:
11— (u) — clul*| < of|u]™) + 16b*|u|®.
Hence (777). O

5.5 Examples, applications

Example 5.5 (Sums of reciprocals of absolutely continuous i.i.d.
r.v.-s). Let Xy, Xo,... be i.i.d. random variables with absolutely contin-
uwous distribution. Denote their density function f and assume that [ is
continuous at x =0 and f(0) € (0,00). Then

with some T € (0, 00).

Example 5.6 (Holtzmark’s first (one dimensional) problem). For
neN,let Xp1,...,Xnn beiid UNI[—n/2,n/2]. These are “positions of
stars or charges”. A star/charge located at © € R generates at the origin
the force

F(z) = sgn(z)|x|7".

So, the resulting total force generated by the system of n randomly posi-
tioned stars at the origin is

Ry=)_ sgn(X)| Xkl ™.
k=1

Question: Does R,, have a limiting distribution, as n — oo ?
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Theorem 5.5. If 1/2 < p < oo then
lim E (exp{iuR,}) = el

with
c= HW!.

Proof. Let Y1,Ys, ... beiid. UNI[—1/2,1/2]-distributed. Then

{Xn,lv s »Xn,n} ~ {TLYL e ,nYn}

n

R, ~n™"> sgn(Vi)|Yil ™.

k=1

Note that & := sgn(Yy)|Ye| P, £ =1,2,3,... are i.i.d., symmetric and

P (sgn(Yi)|[Yi| P >2) =P (0 <Y, <2 V/P) =271/

and the limit theorem is applied. O
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Example 5.7 (Holtzmark’s second (multi-dimensional) problem).

Identical stars/charges are located in R? according to a hOmogeneous Poisson

point process (PPP) of density p. Denote their locations X1 ,X ), ce.in

some (arbitrary) ordering. A star/charge located at & € R\ 0 generates at
the origin the force

Denote by R®) the resulting total force generated at the origin by all
stars/charges. Formally:

_ Z ﬁ()z—’i(/)))

Note that convergence problems may arise.
Question: Assuming that R?) makes some sense, can we say something
about its distribution?

1. Scaling:

(X, X0 ) ~ (VRO 5 1ZP )

It follows that
R® ~ pp/dRO) (5.5)

2. “Independent increments”: If PPP®) qnd PPP®?) qgre two indepen-
dent Poisson point processes of density py, respectively, py then

PpPpPY y pPpP®P) ~ ppplertes), (5.6)

From (5.5) and (5.0) it follows that:

p/dR/+p12)/dR// _ (P1 +p2)p/dR’///

R' ~ RB" ~ RV, R and R" are independent, an Py >

where B ~
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If R does make sense then it has symmetric stable distribution of index

a=—, — < p<oo.
5 p

Remarks

Remark 5.15. The summation should be done as
R=1lim Y F(X)lg,
where A,, is a sequence of increasing, symmetric domains, U, A, = R?.

Remark 5.16. Ifp > d/2 then the limit ezists a.s., if p < d/2 then far-away
charges/stars have divergent effect.

Remark 5.17. Case of Coulomb or gravitational forces: In

d>3: p=d—1>d/2, OK!

Towards more general limit theorems

Definition 5.3. The function L : (0,00) — (0,00) is slowly varying (at
infinity) iff
= L

. L(ax)
: 1
Examples, remarks, HWs
(1) If lim, .o L(x) = b € (0,00) then obviously L is s.v.
(2) For any 8 € R, L(z) := (logz)” is s.v.

(3) Show that for 3 < 1 and ¢ € R, L(x) := exp{c(log z)"} is s.v.
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(4) Construct a s.v. function L for which

liminf L(z) =0, limsup L(z) = co.

T— 00 r—00

Theorem 5.6. Let X1, X5, ... be i.1.d. with symmetric distribution F for
which
1 - F(x) =2"%L(x), as x — 0o,

where a € (0,2] and L(x) is slowly varying at infinity. Let
a, :=inf{z : 1 — F(z) <1/n}.

Then
lim E (exp{iuS,/a,}) = exp{—c|u|"}

with some ¢ € (0,00).

Remarks

Remark 5.18. This extends (quite far) the previous limit theorems.
Remark 5.19. The proof is more technical. We omit it.

5.6 Without symmetry

Stable distributions are parametrized by:

— the index a € (0, 2];

the skewness k € [—1, 1];
— the scale ¢ € (0, 00);
— the shift b € R.
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Remarks

Remark 5.20. The scale and shift change with affine transformations. We
will choose them later c =1, b= 0.

Remark 5.21. The index and skewness are relevant.

Remark 5.22. Notation: STAB(a, k, ¢, b)

Theorem 5.7. The characteristic functions of stable distributions are

a#l: p(u) = exp {ibu — clu|*(1 — i sgn(u) & tan %)}
21
a=1: ¢(u) = exp {ibu — clu|(1 + i sgn(u) K M)}
m
Remarks

Remark 5.23. Symmetric stable laws: k = 0.
Remark 5.24. No skewness for a = 2.

Remark 5.25. All stable laws are absolutely continuous with C*> density.
Follows from fast decay of the chf. as |u| — oo.

Remark 5.26. No explicit formula for the distribution/density function,
except for the (already known) cases:

o a=2 (Gauss);
e o =1,k=0 (Cauchy);

e a=1/2k =21 (Lévy).

Remark 5.27. Let X,Y ~ STAB(a,k=1,¢c=1,b = 0) be i.i.d. and
P, q > 0 such that p* +q=* =1. Then

pX —qY ~ STAB(a, k=p “—q % c=1,b=0).
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Remark 5.28. “Heavy tail”: From the type of singularity of p(u) at u =10
it follows that

(Ve >0): E(|X[*) < oo,
(Ve >0): E(|X|**) = o0.

More precisely:
P(X|>x) ~ Cz™®

Remark 5.29. “Lower tail” in the totally skew (kr = 1) case. Fiz: b =
0W),c=1((),k=1(!): Then the chf
. am
a#l: p(u) = exp { — |u|*(1 — i sgn(u) tan 7)}

a=1: p(u) = exp { — |u|(1 + i sgn(u) 210+g|u|)}

can be continued analytically into the complex upper half-plane C; = {z €
C : Re(z) > 0}:, as py : CL — C,

a1 p+(2) = exp { — cos(om/2)™ (~i2)°)

a=1: p4(2) =exp {(i — %log(z)) (iz)}

No analytic continuation (matching both halflines w > 0 and u < 0) into the
lower half plane!

Theorem 5.8. Let X ~ STAB(a,k = +1,¢ = 1,b = 0). The “moment
generating function” @ : [0,00) — R,

$(u) := E (exp{—uX}) = ¢ (iu)

18

a#l: P(u) = exp { — cos(am/2) " u}
a=1: &(u)—exp{%ulog(u)}.
Proof. Just done. ]
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Corollary 5.1. (i) For o € (0,1):
P(X>0) =1,

d
d_P (0< X <z) ~ cla)e Vo=@ 45 2 — 0.
7

(i) For o = 1:
P(X < —z) < exp{—ce”}

(iii) For o € (1,2):

P (X < —1) < exp{—cz®/(®"V}

Proof. Tauberian arguments. ... O]

Theorem 5.9 (Limit theorem in the non-symmetric case). Let
X1, Xo,... be i.i.d. random variables. Assume

(1) P(|X;| > x) =2 “L(x) with a € (0,2),
P(X;>x) 14k

(2) xginoo P(X,<—2) 1—n € [0, 00] ewists.
Define
a, = inf{z : P(|X;| >z) <n"'}
b = nE (X;11x; <0, ) -
Then

Sp — by,
an

with some ¢ € (0,00), b € R.

= STAB(a, K, c,b),

Remark 5.30. Note that
an = n"*L(n),
with L slowly varying at infinity.
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Infinitely divisible distributions

6.1 Infinite divisibility

Definition 6.1. The probability distribution F' is infinitely divisible iff for
any n € N there exists a probability distribution F,, so that

F=(F)"

Remarks

Remark 6.1. In terms of the random variables: X is infinitely divisible iff
for any n € N there are X, 1, Xp2,...,Xpn t.i.d. so that

X ~ Xn,l +Xn,2+ +Xn,n

Remark 6.2. In terms of the characteristic functions: ¢(u) is an infinitely
divisible chf. iff for any n € N there exists a chf. ¢,(u) so that

p(u) = ((Pn(u))n
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6.2 Examples

Example 6.1. The normal distribution:

N(0,0% =t) = N(0,0% = t/n)*".

i) = o=, i) = exp{—tu/2)

Example 6.2. The Cauchy distributions:

CAU(0,7 =t) = N(0,7 =t/n)*™".

1t

fily) = T Bt wi(u) = exp{—t|u|}

Example 6.3. Stable distributions in general: If
X ~ STAB(a, k,c=1t,b=0),
and

Xonts-ooy Xpn ~STAB(a, k,c =t/n,b=0)

are 1.1.d. Then

Xn,l Xn,n

Xwnfa(Xn,l‘i‘"'—i_Xn,n): - e

The density and characteristic functions (for o # 1):

F) =77, @u(u) = exp { — thul* (1~ sgnu) s tan )}
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Example 6.4. Poisson (Not stable!):
POI(pt) = POI(pt/n)™.

— eftp (tp)k

pt(k) k' )

@¢(u) = exp {tp(ei“ — 1)}

Example 6.5. The gamma distributions (Not stable!):

GAM(t) = GAM((t/n)*".
fily) =T (@) tevytt, pi(u) = exp{ — tlog(1 — zu)}

Example 6.6. The negative binomial distributions (Not stable!):

NB(p,t) = NB(p,t/n)™.

n) = C1F () 0=t ) = e { —og L,

I—p
where, forr € R

@ ST ke D) i(z)xk:aﬂy.

k=0
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Example 6.7. (a) The compound Poisson distribution (CPOI): Let
&1,60 ... be d.a.d. with distribution

P (¢ <) = G(a),

and v ~ POI(p) independent of the &;-s. Then we call
X = Z@ ~ CPOI(G, o).
Then:

CPOI(G, ot) = CPOI(G, ot /n)™"

follows from infinite divisibility of Poisson: Let N, be a Poisson process
of intensity o > 0, independent of the &;-s and

Z g] - Z mt/n - X(m—l)t/n)-

m=1

where Xptm — Xm—1)t/m, m=1,2,...,n, are i.i.d.
The characteristic function of CPOI(G, ot) is

vi(u) = E (exp{iuX;})

— e |t /_OO (6™ — 1)dG(y)}.

(b) The centred compound Poisson distribution (CCPOI): Let &,& ... be
1.1.d. with distribution

P (gj < .23) = G<x)>

and v ~ POI(p) independent of the &;-s. Then we call
X =) & —oE (&) ~ CCPOI(G, o).
=1
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Remark 6.3. Mind that CCPOI(G,0) # CPOI(G,0)! (Here G is the
centred distribution.) Then:

CCPOI(G, ot) = CCPOI(G, ot /n)™

follows from infinite divisibility of Poisson:
Let Ny be a Poisson process of intensity o0 > 0, independent of the &;-s
and
~ Nt n ~ ~
Xy = Zgj - QtE (5) = Z (th/n - X(m—l)t/n)'
j=1

m=1

where th/n — Xm-1)t/n, m=1,2,...,n, are i.i.d.
The characteristic function of CCPOI(G, ot) is

oi(u) =E (exp{iu)?&)

> el [” i) exp { — inet® ()}

—O00

exp { ot /00 (e — 1 —iuy)dG(y)}.

—00

Remarks

Remark 6.4. In all ezamples we have seen a one parameter family of ran-
dom variables (Xt) such that for any n € N

>0

Xy~ Z XL{/n,m
m=1

where Xz/njl, Xt,/n,2’ . 7Xi,{/n,n ~ Xi/n are i.i.d.

It 1s reasonable to expect the existence of a process t — Xy with stationary
and independent increments and Xo =0 = a Lévy process.

[Mind the difference between a one-parameter family of random variables

and a process: process = consistent family of joint distributions of finite
dimensional marginals.]

o bixample 6.1: t — X, is standard Brownian motion.
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Foxample 6.2: The Cauchy process: Let (&, 7ns) two-dim. Brownian
motion, (&o,70) = (0,0). Let

7, :=inf{s : & = t}, X =0,

Example 6.3: Stable processes. E.g. for a = %, k=1

X, =1, of the previous example.

Example 6.4: X; is the Poisson process.

Example 6.5, Example 6.6: later

Example 6.7: Defined from start as a process: the compound Poisson
process.

Remark 6.5. If X and Y are infinitely divisible and independent then Z =
X +Y is infinitely divisible. (HW!) If X; and Y; are two independent Lévy
processes then Z; := X, + Y} is also a Lévy process. (HW!)

Lemma 6.1. If X is infinitely divisible and p(u) := E (exp{iuX}) then
(Vu € R) : p(u) # 0.

Proof. Let X,1,...,X,,, beiid. so that X ~ X, ; +---+ X, ,. Then
Xn1 L 0asn— o (HW!). It follows that for any u € R

lim @(u)"" = lim E (exp{iuX,}) = 1.

n—0o0

Thus: ¢ : R — C, ¥(u) :=log ¢(u) is well defined.
Remark 6.6. Ift+— X, is a Lévy process with X ~ X, then

oi(u) = E (exp{iuX,;}) = exp{ty(u)}.
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Remark 6.7. If X is infinitely divisible and p(u) = E (exp{iuX}) then
for any a >0 and 3 > 0:

is infinitely divisible chf. _
Ift — X, is a Lévy process then so is t — X, := aXp and

¢i(u) = E <exp{z’u)~(t}> = E (exp{ivaXs})
= exp{fty(au)} = (got(au))ﬂ.

Remark 6.8. If X,,, n=1,2... are infinitely divisible and X, = X then
X s also infinitely divisible. (HW!)

Remark 6.9. If X s infinitely divisible then for any K < oo:
P(X|>K)>0. (HW!)

6.3 Back to the examples

All the previous examples are derived in some way from the compound Pois-
son.

e Example 6.1, normal: 5](-6), 7 =1,2,... iid. with distribution
P (¢ =) = 1/2.

N Poisson process of intensity =2, independent of the ¢ ](»6)—8. CPOI
process and its chf.:

N(E)

X7 = i &7, exp{tO(w)} = B (exp{iux7}).
j=1

Compute 1) (u) and its lim._:

U2

Y& (u) = e 2(cos(eu) — 1) — -5
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e Example 6.2, symmetric stable of index a € (0, 2): 5(-8), g =12 ...

j
i.i.d. with symmetric distribution

P (1671 > lyl) = min{(lyl/e) ", 1}
d ©) L ol —a1
P (67 <v) = Goc e

Nt(a) Poisson process of intensity =%, independent of the fj(-a)—s.
CPOI process and its chf.:

N©®
X0 =360 ep{tw}i=E (expfiux?})

Jj=1

Compute ¥ (u) and its lim._q:

. 1
O = [ (@ = 1) jac gy
ly|>e 2
~a [ (eostu) 1y

o0
Do [ costuy) = 1y = el
0

o ml—cosyd
C.—OéO Wy

(1) : absolute integrability at 0 and at oco.

where

e Example 6.3, skew stable: later,
e bxample 6.4, Poisson: nothing to prove,

o Lixample 6.5, gamma: €7, j=1,2,... iid. with distribution density

d () B 1 e . . eV
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Nt(g) Poisson process of intensity o(¢), independent of the fj(fs)—s.
CPOI process and its chf.:

X .= Z 5](5), exp{ty®(u)} == E (exp{iuXt(E)}> :

Compute 1) (u) and its lim._:

V) = ole) [ (e = 1)ale) My
= /:0 (ei“y — 1)67ydy

oo —y
1) (ewy _ 1)6 dy (i)
0 Yy

—log(1 —iu)

(1) : absolute integrability at 0.
(2) : HW!

e [ixample 6.0, negative binomial: HW: Construct N B(p, t) as compound
Poisson.

e (a) Example 6.3, skew stable, STAB(a,k = 1,¢,0), with « € (0,1):
€9, j=1,2,... iid. with distribution

P (¢ > y) = min{(y/=) .1}, y>0,

d £ [o% —a—
d_yP (fj( ) < y) = ac|y| " My, y > 0.

Nt(a) Poisson process of intensity =%, independent of the & ](-6)—8.
CPOI process and its chf.:

()
XD =306, ep{tnO(w)} = E (exp{iux(7})
j=1
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Compute 1) (u) and its lim,_:

zp(a)(u) = e_a/ ("™ — 1)ac®y * 'dy
—a [y

HON a/ (e — 1)y~ 'dy
0

© —I'(1 — ) cos % (1 —itan % sgn(u)) |ul®.

(1) : The real part is absolutely integrable at co and at 0 for any
ae€(0,2) V.
The imaginary part is absolutely integrable at oo for any o €
(0,2) v, but at 0 only for « € (0,1) !!!

(2) Computation below.

a/ (e — 1)y *"'dy
0

(zl)lima/ (e= =D — 1y Ldy
0

e—0

0o y .
= —li_r)%(e—i)a/o (/ e_(a_l)zdz)y *Ldy

0

2 lim(e — z)/ (a/ y’a’ldy)e’(s”')zdz
0 z

—

e—0

= —lim(e — z)/ e~ EDz ey
e—0 0

©_ lim(e — z)o‘/ e "2 %z
e—0 0

= —T(1 —a)e /2,

(1) : DC, valid only for a € (0,1) !!l;
(2) : Fubini;
(3) : Change of integration path in C (HW!).
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(b) Example 6.3, skew stable, STAB(a,k = 1,¢,0), with a € (1,2):
Centre! ¢, j=1,2,... iid. with distribution

P (7 >y) = min{(y/e) 1}, y >0,

d € o —a—
d_yP (SJ( ) < y) = as|y| " M., y > 0.

Nt(g) Poisson process of intensity ¢, independent of the & ](-5)-5
CCPOI process and its chf.:

N<E>

O . = 25(5 ( fe)) E <§](e>) ’

7=1

exp{ty® (u)} : = E (exp{iu)?t(e)}> :

Compute 1) (u) and its lim,_:

WO = [ 1 duyacty ey
3
:a/ (€™ — 1 —iuy)y * 'dy
&€

&a/ (€™ — 1 —duy)y > *dy
0

NP

(1) : The real part is absolutely integrable at 0 and at oo for any
€(0,2) v.
The centred imaginary part is absolutely integrable at 0 for
any a € (0,2) v/, but at oo only for a € (1,2) !!!

(2) : Computation below.
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(1) : Fubini;
(2) : integration by parts;
(3) : Change of integration path in C (HW!).
Definition 6.2. A non-negative sigma-finite measure on R for which
(1) ,LL((—OO, _1] U [17 OO)) < 00,
(2) [ y*Ly<dp(y) < oo,
(3) u(0) =0
1s called Lévy measure.
Theorem 6.1 (Aleksandr Yakovlevich Khinchin, Paul Lévy). Char-

acteristic functions of infinitely divisible distributions are exactly the func-
tions of the form p,(u) = exp{ti(u)} with

2

Y(u) = ibu — %uz + /R (ei“y —1- iuy]l|y|<1)du(y), (LH)

where b € R, 02 >0, and p is a Lévy measure.
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Remarks

Remark 6.10. The parameters b, o and u are uniquely determined.
Remark 6.11. (LH) is the Lévy—Khinchin formula.
Remark 6.12. If g: R — R s such that

/R lylpy<1 — 9(y) | dp(y) < oo

then the Lévy—Khinchin formula can be written

() = u— o+ [ (=1~ dugly) duly).

with

Wo=1b— /R (<1 — 9(y))du(y)

Remark 6.13. Another usual conventional choice

2
— o U_ 2 wy 1—34 Y
Y(u) = ibu 5 U —l—/R(e zu1+y2)du(y),

Remark 6.14. If
/ lyldu(y) < oo
R

then the Lévy—Khinchin formula can be written
2

i) = ibu— G+ [ (e = 1)duty)

Proof. We prove that functions ¢;(u) = exp{ti(u)} with ¢)(u) given by (LH)
are indeed chf-s of infinitely divisible distributions. We write ¢ (u) = ¢ (u) +
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Pa(u) + o(u) + Ya(u), with

U1 (u) = ibu, ta(u) = =5’
U(u) = /R (€ = 1) Lpy>1dp(y)
a(u) = /R (€™ — 1 — duy) Ly <rdp(y)
Then:
— ¢1(u) comes from a simple shift by b.
— 1hy(u) comes from a Gaussian ~ N(0,c?).

— 13(u) comes from a compound Poisson C'POI(p, F') with

o=p{y:lyl >1}),  dF(y) = o 'Liys1du(y).

— 1b4(u) comes as weak limit of a sequence of CC'POI(o®, G®):

/ (e™ — 1 — iuy) Ny <1 du(y)
R
= lim (eiuy —-1- Zuy) ﬂs<|y|<1du<y>
e—=0 Jp
= lim o® / (ei“y —1- iuy) 115<‘y|<1dG(5) (v)
R

e—0

where

09 =pu{y e <yl <1}),  dG9(y) = (&) M ecpyarduly).

]
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83

6.4 Lévy measure of stable laws

For STAB(a, k, ¢, b)

[e.e]

(u) = dbu + C/ (€™ =1 — iuyly<1)dpta s (y),

14+ k& 1—k 1
dua,,{(y) = ( 9 ]1y>0 + Tﬂy<0> Wdy-

Remark 6.15. These are the only homogeneous Lévy measures.

Remark 6.16. Alternative forms:

88

€ (0,1): »(u zb’u+c/oo " — 1) dpar(y),
/.

€ (1,2): P(u) =ib'u+ c e — 1 — iuy)dpia x(y),

8

Proof. If

‘ 0.2 00 i
Y(u) = ibu — ?uz —|—/ ( v_1-— zuy]l‘y|<1)du( )

o0

and a > 0 then

~9 00

D) = ) = = G [ (=1 gy ) di()

o0

Stability: (¥ ai,as > 0) (3 az > 0,b3 € R) such that:

Y(aru) + P(agu) = ibsu + P (azu).

b=ab — a/y (]1|y|<1 — ]l‘y|<a—1> du(y), 52 :a2027 d/j(y) :dﬂ<y/a)'
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It follows that

du(y/ar) +du(y/az) = du(y/as), (6.1)

(a? + a3)o* = az0”.

(6.1) implies homogeneity of p: with some a € (0,2) and C,C_ >0

1
du(y) = (Cyyso + C-Tly<) Wd%
and
{Ci+C_>0} = {af+a5=45 }.
From (6.2) it follows that either 0> =0 or C, =0=C_, O

6.4.1 Poisson point processes

Let (S,d) be a complete, separable, locally compact metric space. E.g. S =
R™, or S = (—00,0) U (0, 00) with properly chosen metrization.
The space of locally finite point systems:

M=TI1(S):={xXCcS: (VKESI):|[¥YNK|< oo}

I1(S) is endowed with a natural metric topology, ..., Borel sigma algebra F.
Counting functions: for K € S

mg 11 — N, mg(X) =X NK|.

Definition 6.3. A (random) point process on (S, d) is a (II, F)-valued ran-
dom variable, =. Ie. it is a probability measure on (I, F).

Definition 6.4. Let pu be a sigma-finite, tight positive measure on S. The
Poisson point process with intensity mesure p — denoted PPP(u) — is the
unique point process = on (S, d) satisfying the following: If K1,..., K, €S
are disjoint then (my,(2),...,mk,(2)) are independent, and my,(Z) ~

POI(u(K;)).
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Remark 6.17. Ezistence of PPP(u): see constructions below. Uniqueness
of PPP(u):

e Construction for u(S) < oo: Let &,&, -+ € S be i.i.d., and v € N
independent of the &;-s, with distribution

PGed) =t v~ POIS),

Then 2 := {&,&, ..., &} is PPP(p). (HW!).
e Construction for u(S) = oco: Let S = U2 Sy, with disjoint Sk-s and

(VEk) : pu(Sk) < oo. Let pg(-) := p(- N Sk), and Zx ~ PPP(ux) as
defined above. Then = :=J;_, Ex is PPP(u). (HW!).

Remarks

Remark 6.18. A theorem of Rényi:

Theorem 6.2. Let p be a non-atomic measure on S. (That is: (Vx € S) :
uw({x}) =0.) Let A C P(S) generate the Borel-algebra of (S,d). If for a
point process X the following holds:

(VA e A, with p(A) < oo) : ma(X) ~ POI(u(A)),

then X ~ PPP(u).
Homework 6.1. Give counterexample with atomic !

Remark 6.19. Relation to CPOI(o,G): For S = R, ¢ = p(S) < oo,
dG(y) == ¢~ dp(y):
Y ¢ =:X ~CPOI(g,G).

§eE
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Remark 6.20. Relation to Lévy measure, Lévy—Khinchin formula —
summable case: S = (0,00). If

(1): /loodu(y)<oo, (2): /Oydu(y)<oo,

let
X Y& Xp= ) &
€€2N(1,00) €€2n(0,1)
Then
P(X, <oo)=1 (v),
B05) = [ wiuly) <o (W)

The characteristic function of X := X1 + Xy is:

Ww%ﬂbwﬂ[%WJW@}
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Remark 6.21. Relation to Lévy measure, Lévy—Khinchin formula — non-
summable case: S = (0,00). If

(1): /lwdu@)@o, (2): / A

let
1
Yim Y & Yo=Y 6 [ vt
EEEN[1,00) EEEN(e,1) €
Then
P (X; < 00) =1 (v),
3 (3 lim X, . = XQ) ~1, (HW)

(Hint: Compute Var (X, .) and use Kolmogorov’s criterion.)
The characteristic function is of X = Xy + Xy is:

B (exp{iuX}) = exp { [ (€~ 1= iuylocye)du(n)}

6.4.2 Back to stable convergence

Definition 6.5. The function L : (0,00) — (0,00) is slowly varying (at
infinity) iff

(Va > 0) : lim L{az)

= I

Examples, remarks, HWs

(1) If lim, . L(x) = b € (0,00) then obviously L is s.v.

(2) For any 8 € R, L(z) := (log x)? is s.v.

(3) Show that for 3 < 1 and ¢ € R, L(z) := exp{c(log z)"} is s.v.
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(4) Construct a s.v. function L for which

liminf L(z) =0, limsup L(z) = oo.

LT—00 T—00

Definition 6.6. The function U : (0,00) — (0,00) is reqularly varying (at
infinity) iff

(Va > 0) : lim Ulaz)

et W exists

Fact 6.1. The function x — U(x) is reqularly varying at oo if and only if
U(z) = 2°L(x) with some 3 € R and L(z) slowly varying. (HW!)

Some basic facts about slowly varying functions

(1) If 5 > —1 then

(2) If B < —1 then

| vty = - (51 + o)) 7 10e)

L(z) = a(x exp{/

where 3 lim a(y) = hm e(y) 0.

y—00 y—00
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Theorem 6.3 (Skew stable limit theorem.). Let &, &, ... be i.i.d. ran-
dom variables. Assume

(1) P(|&| > ) = 2 *L(x) with « € (0,1) U (1,2),

(2) 3 xETwP<§1<_x) — 1_,16[0,00].

Define

an = inf{z : P(|&] > z) < n '} = n/°L(n).

O @ (0,1) emse
B (explius/on}) = e { [ (% = o)}
) @ @ (L2) s
B (exp{iu(S, — E(E)) an) — exp{ [ (6 = 1 = iun) o)}

Proof.

Lemma 6.2 (1).

é, 5—2, e f_n} =:Z, = PPP(ltox)
Ap  Gp Qn,
Lemma 6.3 (2). Let X,,, n = 1,2,..., be a sequence of random variables

and assume that for anyr =1,2,..., X,, is decomposed as X,, =Y, ,+Z, .
If

n—oo

Yor =2 Yoo, = Y,

Y

and
(V6 >0): lim limsup P (|Z,,.| > 9) =0,

T—=xX noco

Then X, =Y.
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Case o € (0,1)

S &
X, =—"= >J
an, — an
ji
n n
§ §j
= =g+ E L, |
Ay an 27 a
- n a . n an
Jj=1 J=1
= Yn,r + Zny

E (eiuan (i exp{/ uy —1 ]1|y‘>r—1d,ua n( )}

ﬂsexp{/ 1) dptg ()}

E <|Z7l71”|) S ”aﬁlE (|§1|]1\§1|<an/r)

~ na! /0 " P ()] < o)

et [P (61> 0) P (8l > ) Yo
— na; / " L) — (anfr) ' L{an/r)}
= na; (an/r) " L(an/7) <% + 0(1)>

— {na;"L(a,)} LL(C(LZ,{ 7)"> ( 4+ 0(1)> rel,

11—«

Hence: lim,_, limsup,,_. . E(|Z,,|) = 0.
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Case a € (1,2)

n

n
6‘ 1
Y, :E 2L e, —na, "E(&§1
n,r a %27‘71 n 51 %27«—1
Jj=1

- TLCL:LIE (glﬂigf,ﬁ—l> )

Computation below.
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na,'E (5111.571»_1)

= nanl/ zdP (& < x)
an/T

=na,’ Oj {—d=P (& >2))+P (& >a)ds}

= na, {(a,/r) "L (a,/r) + / =L (z)dx}

an /T
L+(an/r)
L(ay)

Ta—l

= na, “L(a,) (a C_Y 1 +o(1))r "

noso K+1 «
— _
2 a—1

k+1 [ «
— d V).
2 /l/r yya+1 Y ( )

E(22,) < na;*{E (&1 car) — B (g <o) }

an/T an /T
:naf{/o 22dP (& < 2) — (/O 2dP (1¢1] < 2))*)
< na? / " 2ap (16| < 2)
<na? |
an/T
= na,{ ~ (an/rPP (6] 2 an/r)+ [ 20P (6] 2 ) de)
0

= (= (L) + (2 +0l1)) /Ll )}

_ L(a,/r) a _2
= “L 1 o
{na,*L(a,)} L(a) (2 — + o( )) r
Hence: lim, o limsup, . E (Z2,) =0. O
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